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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from
lhttps://rulebasedintegration.org

The number of integrals in this report is [ 84 ]. This is test number [ 128 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.
1. Mathematica 12.1 (64 bit) on windows 10.
2. Rubi 4.16.1 in Mathematica 12 on windows 10.
3. Maple 2020 (64 bit) on windows 10.
4. Maxima 5.43 on Linux. (via sagemath 8.9)
5. Fricas 1.3.6 on Linux (via sagemath 9.0)
6. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.
7. Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.
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The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes

System solved Failed
Rubi % 100. ( 84 ) %0.(0)
Mathematica | % 95.24 (80 ) | % 4.76 ( 4)

Maple % 59.52 (50 ) | % 40.48 ( 34)
Maxima % 34.52 (29) | % 65.48 ( 55)
Fricas % 76.19 (64) | % 23.81 (20)
Sympy % 41.67 (35) | % 58.33 (49 )
Giac % 52.38 (44 ) | % 47.62 ( 40 )

the meaning of these grades.

grade

description

A

Integral was solved and antiderivative is optimal in quality and leaf size.

B

Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C

Integral was solved and antiderivative is non-optimal in quality. This

can be due to one or more of the following reasons

1.

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

antiderivative contains a hypergeometric function and the optimal

Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table

summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.

Mathematica 84.52 10.71 0. 4.76
Maple 50. 2.38 7.14 40.48
Maxima 17.86 16.67 0. 65.48
Fricas 50. 16.67 9.52 23.81
Sympy 41.67 0. 0. 58.33
Giac 47.62 4.76 0. 47.62




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
EB
C
' .F

Rubi Mathematica Maple FriCAS Giac/Xcas Maxima Sympy

The figure below compares the CAS systems for each grade level.

53
=k
100 g §
L N
©
=
80 g
L X
[ >
Q
z €
B %2}
60 g .
L £aa ° ®
— g0 e O
> [0
i %) =
40 @ %)
- © Q @
X E <G © = TS
" o m2 S ®» © |
20 = s =0 To «© S
— S £owm 2
i = g8 SIELZ 5
| 9 —cS £ o —
€O i~ X E“j o=
> =] © S8 =]
- mq rx§|_|§ O
A B - c F

1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.



System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.47 301.2 0.6 73. 1.
Mathematica 8.09 418.78 0.94 73.5 1.04
Maple 0.2 89.52 0.74 0. 0.
Maxima 0.96 1188.28 4.83 70. 1.92
Fricas 0.32 860.02 3.37 0. 0.
Sympy 0.4 543 0.16 0. 0.
Giac 0.3 31.43 0.51 0. 0.

1.4 list of integrals that has no closed form an-
tiderivative

@L
654[06} 70} [71} [72}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica
Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.

Fricas Verification phase not implemented yet.

Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.



1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an I grade. The time used by failed
integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 30 such integrals out of total 705, or about 4
percent. This pecrentage can be higher or lower depending on the specific input test file.

Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'

'load (simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.
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from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-different-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used

#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in-:

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35%len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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One record (line) per one integral result. The line is CSV P ed. It ins 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) ngh level overview of the CAS
integer. Leaf size of result. . . .

integer. Leaf size of the optimal antiderivative. lndependent mtegratlon test
number. CPU time used to solve this integral. 0 if failed. build system

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. Mone s 018"
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[2} 3} 4} 5}[6} [7}[8 9} [L0} (L1} 12} 13, L4 [L5}[16}[17}[18} 19} 20} 21} 22] 23} [24} [25} [26}[27)
(28} 29} 30} 51, 32 (33, B4} (3536, (37} 58, [39} [0, 1,2 3 4 45, 26, 7 48} 19, 50, B 52, 53, 5
%%I%L}l@@llll@@l@l@t@tllll@@@@@ 81}

B grade: { }
C grade: { }
F grade: { }

[

2.1.2 Mathematica

A grade: (12456710012 3,14/ T5
(82} 33,3435}, B6} 37} 38} B9, [0} L}, 42, 43} 10, 46
062,361 65 66,7, 68 69, 7071 PR T3 T, P 7

B grade: {[5}8}[10}[18} 25,57, 61}, 80, 83}

C grade: { }

F grade: {[75}[78,[81}[84}

2.1.3 Maple

A grade: (BFBB LI 7 707 5 2955 5 B 0
[45) 49} 50} 53} 54 55} 58, 59} 60} 1} 64} 65} 664 70, 71} 72 }

B grade: {}

C grade: (FTHTOTATHE0)

F grade: ()80} [0y [18,23) 25, BT 52 5 0 57, ) L 2 13 7 8 ) 2 ) 7, 6
55116768 751 75,51, B4 3,54}

E

I[N
B
KE
HE
M
=
B
B
2=

<El
[S—;

RE

CJ‘(
O
;_A
\I
l\’)

2.1.4 Maxima

A grade: (BB /T 14 22 B0 53 BB 50 G172
B grade: { F){[0)[T2T7) 1,52 83) 56,57 BB P 52 56 57)

C grade: { }
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F grade: {513
(71, 73, 74 75, 76, 771 78, 79, 80,

FE3) 6, 7 18, 19} 50} 8 55} 603 624 63 544 65 56, 67 58,6 70,
[B1,182,83}/84]}

2.1.5 FriCAS

A gracte: (21567043 3} 77 19) 20,21 22,24 20 2 2) 5, 7 5,00 15,
1503 53} 55) 59, 60} 02 65,60} 7OV 71, 2 73, 7, VB

B grade: { P} [0)[2)T5) T8, 25) 27 8 61} 69,74, 7 B0, 89}

C grade: {[1}8)T6/23, 7 78, BL 6T

F grade: { (51,3253 6 7 55, ) 12 1307 8 5 52 5, 57 52, 63, 6 68

21.6 Sympy

A grade: {[2 [ b161[7,0} (11} (13} 1417, 19} [21) 22} (24} 26} 28} [29} [30} ]34 [35}, B, 40} 4.} A5} 49} (50}
(53464} 5558, (59, (604 62166, [70]

B grade: { }

C grade: { }

F grade: { 133,36} [37} [38) [41} [42} [43}, (46}, [47} [48} [p1
(52, 56} 57} 61} 62} 63} 524 67} 68, 69} 71} ] 76,77 (78,779, B0, B1, B2 B3, B4}

2.1.7 Giac

A grade: (BAF BTG babatubabtuldatutlaleld
149} 50, 53} (5455, 591 (60} 54} 62, 66} 69} 70, 71,72

B grade: {[12}[15][58}[61] }

C grade: { }

F grade: {[1)[3][8} [10}[16}[18|[23| 2531 32 B3| 36} 87, [38} [41} [42} 43} 46} (17} 48} [p1} 52} 5, 57, 62
(63167468} 73, [74,[75,[76, [77, 78, [79} 80} B1} B2} [B3} B4}

\]D—‘
O
\T
>_|
\I

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — e -
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F C F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 129 129 159 0 0 1126 0 0
normalized size | 1 1. 1.23 0. 0. 8.73 0. 0.
time (sec) N/A 0.15 0.259 0.15 0. 0.567 0. 0.
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Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.016 3.241 0.124 0. 0. 0. 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 118 0 0 757 0 0
normalized size | 1 1. 14 0. 0. 9.01 0. 0.
time (sec) N/A 0.083 0.093 0.118 0. 0.547 0. 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.016 2.541 0.115 0. 0. 0. 0.
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 57 39 42 119 42 41
normalized size | 1 1. 2.19 1.5 1.62 4.58 1.62  1.58
time (sec) N/A 0.023 0.027 0.019 0968  0.511 2431 1.212
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.017 2.318 0.087 0. 0. 0. 0.
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.017 2.389 0.106 0. 0. 0. 0.
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F B C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 228 228 639 0 1087 1723 0 0
normalized size | 1 1. 2.8 0. 4.77 7.56 0. 0.
time (sec) N/A 0.369 3.148 0.268 1.579  0.611 0. 0.
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.023 13.661 0.238 0. 0. 0. 0.
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F B B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 125 125 268 0 819 1148 0 0
normalized size | 1 1. 2.14 0. 6.55 9.18 0. 0.
time (sec) N/A 0.159 4.915 0.325  1.463 0.59 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.023 13.503 0.294 0. 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 86 61 132 236 0 113
normalized size | 1 1. 1.91 1.36 2.93 5.24 0. 2.51
time (sec) N/A 0.051 0.397 0.03 0.958  0.505 0. 1.182
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.022 30.345 0.221 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.022 16.789 0.237 0. 0. 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 90 90 167 94 4783 463 0 285
normalized size | 1 1. 1.86 1.04 53.14 5.14 0. 3.17
time (sec) N/A 0.076 0.089 0.023 1.399  0.498 0. 1.193




17

Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 396 396 488 0 0 3459 0 0
normalized size | 1 1. 1.23 0. 0. 8.73 0. 0.
time (sec) N/A 0.946 1.155 0.319 0. 0.796 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.026 1.538 0.257 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F(-2) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 271 271 987 0 0 2526 0 0
normalized size | 1 1. 3.64 0. 0. 9.32 0. 0.
time (sec) N/A 0.569 4.31 0.33 0. 0.945 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 1.349 0.232 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-1) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 63 63 66 73 0 560 0 113
normalized size | 1 1. 1.05 1.16 0. 8.89 0. 1.79
time (sec) N/A 0.118 0.175 0.063 0. 0.524 0. 1.142
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 1.073 0.095 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.017 0.273 0.008 0. 0. 0. 0.
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Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) C F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1124 1124 2033 0 0 6602 0 0
normalized size | 1 1. 1.81 0. 0. 5.87 0. 0.
time (sec) N/A 2.378 9.351 0.466 0. 1.133 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 15.572 0.37 0. 0. 0. 0.
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F(-2) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 616 616 2446 0 0 4188 0 0
normalized size | 1 1. 3.97 0. 0. 6.8 0. 0.
time (sec) N/A 1.201 15.315 0.53 0. 1.075 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 11.168 0.284 0. 0. 0. 0.
Problem 27 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-1) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 120 120 158 261 0 1138 0 235
normalized size | 1 1. 1.32 2.17 0. 9.48 0. 1.96
time (sec) N/A 0.242 0.667 0.086 0. 0.572 0. 1.341
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 21.073 0.364 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 16.53 0.414 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 20 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 16.497 0.466 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 432 432 445 0 2022 0 0 0
normalized size | 1 1. 1.03 0. 4.68 0. 0. 0.
time (sec) N/A 0.426 0.513 0122  1.861 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 316 316 333 0 1291 0 0 0
normalized size | 1 1. 1.05 0. 4.09 0. 0. 0.
time (sec) N/A 0.289 0.344 0.109  1.606 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 200 200 260 0 721 0 0 0
normalized size | 1 1. 1.3 0. 3.6 0. 0. 0.
time (sec) N/A 0.178 0.377 0.11 1.383 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 23 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.017 5.107 0.108 0. 0. 0. 0.
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.017 6.085 0.135 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 695 695 954 0 8640 0 0 0
normalized size | 1 1. 1.37 0. 12.43 0. 0. 0.
time (sec) N/A 0.82 20.85 0.181 3.538 0. 0. 0.
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Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 513 513 779 0 5207 0 0 0
normalized size | 1 1. 1.52 0. 10.15 0. 0. 0.
time (sec) N/A 0.612 13.711 0199  2.279 0. 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 333 333 449 0 2624 0 0 0
normalized size | 1 1. 1.35 0. 7.88 0. 0. 0.
time (sec) N/A 0.432 8.221 0.182 1.658 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.021 40.841 0.181 0. 0. 0. 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.022 21.59 0.191 0. 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1075 1075 1176 0 0 0 0 0
normalized size | 1 1. 1.09 0. 0. 0. 0. 0.
time (sec) N/A 1.493 2.338 0.239 0. 0. 0. 0.
Problem 42, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 807 807 898 0 0 0 0 0
normalized size | 1 1. 1.11 0. 0. 0. 0. 0.
time (sec) N/A 1.218 1.841 0.144 0. 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 539 539 659 0 0 0 0 0
normalized size | 1 1. 1.22 0. 0. 0. 0. 0.
time (sec) N/A 0.972 1.593 0.108 0. 0. 0. 0.
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.026 2.365 0.112 0. 0. 0. 0.
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 25 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.015 0.604 0.008 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 3205 3205 3831 0 0 0 0 0
normalized size | 1 1. 1.2 0. 0. 0. 0. 0.
time (sec) N/A 4.24 14.847 0.25 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 2385 2385 2829 0 0 0 0 0
normalized size | 1 1. 1.19 0. 0. 0. 0. 0.
time (sec) N/A 3.362 14.091 0.242 0. 0. 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1565 1565 1729 0 0 0 0 0
normalized size | 1 1. 11 0. 0. 0. 0. 0.
time (sec) N/A 2.699 14.463 0.181 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 40.582 0.161 0. 0. 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 29.079 0.181 0. 0. 0. 0.
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Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 258 258 286 0 986 0 0 0
normalized size | 1 1. 1.11 0. 3.82 0. 0. 0.
time (sec) N/A 0.238 0.48 0.106 1.506 0. 0. 0.
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 144 144 191 0 500 0 0 0
normalized size | 1 1. 1.33 0. 3.47 0. 0. 0.
time (sec) N/A 0.126 3.55 0.116 1.383 0. 0. 0.
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 52 32 42 130 58 41
normalized size | 1 1. 2. 1.23 1.62 5. 2.23 1.58
time (sec) N/A 0.022 0.093 0.024 0986 0.515 3.848 1.496
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 29 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.014 6.607 0.117 0. 0. 0. 0.
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.014 6.603 0.131 0. 0. 0. 0.
Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 421 421 749 0 3800 0 0 0
normalized size | 1 1. 1.78 0. 9.03 0. 0. 0.
time (sec) N/A 0.538 8.357 0.195 1.858 0. 0. 0.
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F B F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 241 241 681 0 1648 0 0 0
normalized size | 1 1. 2.83 0. 6.84 0. 0. 0.
time (sec) N/A 0.326 3.804 0.197  1.446 0. 0. 0.
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Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 93 62 70 277 90 112
normalized size | 1 1. 1.98 1.32 1.49 5.89 191 2.38
time (sec) N/A 0.053 0.443 0.039 0986  0.525 7.742 1.52
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.022 21.113 0.19 0. 0. 0. 0.
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.022 22.494 0.201 0. 0. 0. 0.
Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B A A B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 57 24 46 198 0 95
normalized size | 1 1. 2.38 1. 1.92 8.25 0. 3.96
time (sec) N/A 0.021 0.039 0.023 0.989  0.489 0. 1.313
Problem 62, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 675 675 757 0 0 0 0 0
normalized size | 1 1. 1.12 0. 0. 0. 0. 0.
time (sec) N/A 1.116 1.982 0.119 0. 0. 0. 0.
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 407 407 512 0 0 0 0 0
normalized size | 1 1. 1.26 0. 0. 0. 0. 0.
time (sec) N/A 0.865 10.897 0.112 0. 0. 0. 0.
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 68 74 0 630 0 113
normalized size | 1 1. 1.03 1.12 0. 9.55 0. 1.71
time (sec) N/A 0.105 0.218 0.086 0. 0.545 0. 1.377
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Problem 65 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 3.602 0.108 0. 0. 0. 0.
Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 3.618 0.105 0. 0. 0. 0.
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1977 1977 2293 0 0 0 0 0
normalized size | 1 1. 1.16 0. 0. 0. 0. 0.
time (sec) N/A 2.985 13.292 0.259 0. 0. 0. 0.
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1157 1157 846 0 0 0 0 0
normalized size | 1 1. 0.73 0. 0. 0. 0. 0.
time (sec) N/A 2.14 8.336 0.174 0. 0. 0. 0.
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 172 263 0 1312 0 235
normalized size | 1 1. 1.38 2.1 0. 10.5 0. 1.88
time (sec) N/A 0.215 0.755 0.121 0. 0.596 0. 1.442
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 26.701 0.167 0. 0. 0. 0.
Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-1) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 24 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.024 28.199 0.176 0. 0. 0. 0.
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Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.049 2.79 0.472 0. 0. 0. 0.
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 45 45 61 158 0 165 0 0
normalized size | 1 1. 1.36 3.51 0. 3.67 0. 0.
time (sec) N/A 0.05 0.126 0.346 0. 0.521 0. 0.
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 141 141 185 739 0 979 0 0
normalized size | 1 1. 1.31 5.24 0. 6.94 0. 0.
time (sec) N/A 0.109 0.219 0.658 0. 0.588 0. 0.
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-2) C F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 221 221 0 0 0 1432 0 0
normalized size | 1 1. 0. 0. 0. 6.48 0. 0.
time (sec) N/A 0.184 4.007 0.711 0. 0.618 0. 0.
Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 80 80 102 275 0 288 0 0
normalized size | 1 1. 1.27 3.44 0. 3.6 0. 0.
time (sec) N/A 0.092 0.698 0.334 0. 0.534 0. 0.
Problem 77 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-2) B F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 214 214 286 674 0 1415 0 0
normalized size | 1 1. 1.34 3.15 0. 6.61 0. 0.
time (sec) N/A 0.2 6.171 0.333 0. 0.644 0. 0.
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-2) C F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 377 377 0 0 0 2184 0 0
normalized size | 1 1. 0. 0. 0. 5.79 0. 0.
time (sec) N/A 0.396 12.912 1.053 0. 0.717 0. 0.
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Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F(-1) A F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 85 85 79 315 0 639 0 0
normalized size | 1 1. 0.93 3.71 0. 7.52 0. 0.
time (sec) N/A 0.154 0.274 0.396 0. 0.557 0. 0.
Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B C F(-1) B F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 338 338 1003 1332 0 2865 0 0
normalized size | 1 1. 2.97 3.94 0. 8.48 0. 0.
time (sec) N/A 0.621 5.108 0.658 0. 0.953 0. 0.
Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-1) C F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 499 499 0 0 0 3856 0 0
normalized size | 1 1. 0. 0. 0. 7.73 0. 0.
time (sec) N/A 0.941 1.97 0.733 0. 0.88 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-1) A F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 156 156 176 0 0 1353 0 0
normalized size | 1 1. 1.13 0. 0. 8.67 0. 0.
time (sec) N/A 0.286 0.959 180. 0. 0.609 0. 0.
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F(-1) B F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 778 778 2839 0 0 5230 0 0
normalized size | 1 1. 3.65 0. 0. 6.72 0. 0.
time (sec) N/A 1.302 10.357 180. 0. 1.253 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F(-1) C F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 1417 1417 0 0 0 8043 0 0
normalized size | 1 1. 0. 0. 0. 5.68 0. 0.
time (sec) N/A 2.442 10.602 1.539 0. 1.309 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder

integrand size
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the integral was to solve. In this test, problem number [23] had the largest ratio of [ 0.6667

]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand I
# | grade steps unique antideri\./ative leaf size togrand leaf size
used rules leaf size

1 A 10 6 1. 16 0.375
2 A 0 0 0. 0 0.

3 A 8 5 1. 16 0.312
4 A 0 0 0. 0 0.

5 A 4 3 1. 14 0.214
6 A 0 0 0. 0 0.

7 A 0 0 0. 0 0.

3 A 15 11 1. 18 0.611
9 A 0 0 0. 0 0.
10 A 10 7 1. 18 0.389
11 A 0 0 0. 0 0.
12 A 5 5 1. 16 0.312
13 A 0 0 0. 0 0.
14 A 0 0 0. 0 0.
15 A 5 3 1. 12 0.25
16 A 13 8 1. 18 0.444
17 A 0 0 0. 0 0.
18 A 11 7 1. 18 0.389
19 A 0 0 0. 0 0.
20 A 5 5 1. 16 0.312
21 A 0 0 0. 0 0.
22 A 0 0 0. 0 0.
23 A 31 12 1. 18 0.667
24 A 0 0 0. 0 0.
25 A 22 10 1. 18 0.556
26 A 0 0 0. 0 0.
27 A 7 7 1. 16 0.438
28 A 0 0 0. 0 0.
29 A 0 0 0. 0 0.
30 A 0 0 0. 0 0.
31 A 20 7 1. 18 0.389
32 A 16 7 1. 18 0.389
33 A 12 7 1. 16 0.438
34 A 0 0 0. 0 0.
35 A 0 0 0. 0 0.
36 A 30 10 1. 20 0.5
37 A 24 10 1. 20 0.5
38 A 18 10 1. 18 0.556
39 A 0 0 0. 0 0.
40 A 0 0 0. 0 0.
41 A 23 9 1. 20 0.45

Continued on next page




Table 2.1 — continued from previous page

number of num?)er of no.rma.lize.d integrand T
# | grade steps unique antldem./atlve leaf size togrand leaf size
used rules leaf size

42 A 19 9 1. 20 0.45
43 A 15 9 1. 18 0.5
44 A 0 0 0. 0 0.
45 A 0 0 0. 0 0.
46 A 61 11 1. 20 0.55
47 A 49 11 1. 20 0.55
48 A 37 11 1. 18 0.611
49 A 0 0 0. 0 0.
50 A 0 0 0. 0 0.
51 A 14 7 1. 20 0.35
52 A 10 6 1. 20 0.3
53 A 4 3 1. 20 0.15
54 A 0 0 0. 0 0.
55 A 0 0 0. 0 0.
56 A 21 10 1. 22 0.454
57 A 15 11 1. 22 0.5
58 A 5 5 1. 22 0.227
59 A 0 0 0. 0 0.
60 A 0 0 0. 0 0.
61 A 3 3 1. 14 0.214
62 A 17 9 1. 22 0.409
63 A 13 8 1. 22 0.364
64 A 5 5 1. 22 0.227
65 A 0 0 0. 0 0.
66 A 0 0 0. 0 0.
67 A 43 11 1. 22 0.5
68 A 31 12 1. 22 0.546
69 A 7 7 1. 22 0.318
70 A 0 0 0. 0 0.
71 A 0 0 0. 0 0.
72 A 0 0 0. 0 0.
73 A 5 4 1. 20 0.2
74 A 9 6 1. 22 0.273
75 A 11 7 1. 22 0.318
76 A 6 6 1. 22 0.273
77 A 11 8 1. 24 0.333
78 A 16 12 1. 24 0.5
79 A 6 6 1. 22 0.273
30 A 12 8 1. 24 0.333
81 A 14 9 1. 24 0.375
82 A 8 8 1. 22 0.364
83 A 23 11 1. 24 0.458
84 A 32 13 1. 24 0.542
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Chapter 3

Listing of integrals

3.1 fx5 (a + besc (c + dxz)) dx

Optimal. Leaf size=129

ibx*PolyLog (2, —ei(”d"z)) ibx*PolyLog (2,ei("+d"2)) bPolyLog (3, —ei(“dxz)) bPolyLog (3,ei(f+dx2))

ax

7 7 e " e i

[Out] (a*xx"6)/6 - (b*xx~4*xArcTanh[E~(I*(c + d*x~2))]1)/d + (I*b*x~2+PolyLog[2, -E~(

Ix(c + d*x72))]1)/d"2 - (Ixb*x~2%PolyLogl[2, E~(I*(c + d*x72))])/d"2 - (bx*Pol

yLog[3, -E~(Ix(c + d*x"2))])/d"3 + (b*PolyLogl[3, E"(I*(c + d*x~2))])/d"3

Rubi [A] time = 0.149944, antiderivative size = 129, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 16, %

= 0.375, Rules used = {14, 4205, 4183, 2531, 2282, 6589}

ibx*PolyLog (2, —ei(c+dx2)) ibx?*PolyLog (2, ei(”d"z)) bPolyLog (3, —ei(”dxz)) bPolyLog (3, ei(”dxz)) 16
P } 7 B P " P i

Antiderivative was successfully verified.

[In] Int[x"5*%(a + b*Csclc + d*x"2]),x]

[Out] (a*x"6)/6 - (b*xx"4*xArcTanh[E~(I*(c + d*x~2))]1)/d + (Ixb*x~2%PolylLog[2, -E~(
Ix(c + d*x72))]1)/d"2 - (Ixb*x~2%PolyLogl[2, E~(I*(c + d*x72))])/d"2 - (bx*Pol
yLog[3, -E~(I*(c + d*x~2))]1)/d"3 + (b*PolyLog[3, E~(I*(c + d*x~2))])/d"3

Rule 14

Int[(u )*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl[(c_.) + (d_)*x )" (@ )I*Mm_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4183
29
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Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) m*ArcTanh[E~(Ix(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2531

Int[Logl[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£f_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(bxc*n*Logl[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bxd, axel

Rubi steps

fx5 (a +bcese (c + dxz)) dx = f (ax5 + bx® csc (c + dxz)) dx

6
= &+bfx5csc(c+dx2) dx
6

= 6l6i6 + %b Subst (fx2 csc(c + dx) dx, x, xz)

» bt tanh=) (ei(c+dx2)) b Subst ( f xlog (1 - ei(”dx)) dx, x, xz) b Subst ( f x 1o
6 d B d "

NS tanh ™’ (ei(”dxz)) ibx?Li, (—ei(c+dx2)) ibx?Li, (ei(c+dx2)) (ib) Subst ( [
=6 d " P B 2 -

g6 bt tanh™ (ei(”dxz)) ibxLi, (—ei(”dxz)) ibx*Li, (ei(”dxz)) b Subst ( b
6 d " 7 B 72 )

16 bx* tanh ™! (ei(c+dx2)) ibx*Li, (—ei(c+dx2)) ibx*Li, (ei(CerxZ)) bLis, (—ei(”dx
6 d " P B 2 ) P

Mathematica [A] time = 0.25874, size = 159, normalized size = 1.23

ax® b (—idszolyLog (2, — cos (c + dxz) —isin (c + dxz)) + idx?PolyLog (2, Cos (c + dxz) +isin (c

+ dxz)) + PolyL

6
Warning: Unable to verify antiderivative.

[In] Integrate[x”5*(a + b*Csclc + d*x~2]),x]
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[Out] (a*x76)/6 - (b*(d~2*x"4xArcTanh[Cos[c + d*x"2] + I*Sin[c + d*x"2]] - Ixd*x"
2xPolyLog[2, -Cos[c + d*x"2] - I*Sin[c + d*x72]] + I*d*x~2*PolyLog[2, Cosl[c

+ d*x72] + I*Sin[c + d*x~2]] + PolyLogl[3, -Cos[c + d*x~2] - I*Sin[c + d*x~

2]] - PolyLog[3, Cos[c + d*xx~2] + I*Sin[c + d*x72]]1))/d"3

Maple [F] time = 0.15, size = 0, normalized size = 0.
fo (u +bcese (dx2 + c)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~5*(a+b*xcsc(d*x”~2+c)),x)

[Out] int(x~5*(a+b*csc(d*x~2+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 x° sin (alx2 + c) x° sin (dx2 + c)
—ax®+b f 5 5 dx + f 5 5
6 coS (dx2 + c) + sin (dx2 + c) + 2 cos (dx2 + c) +1 coS (dx2 + c) + sin (dx2 + c) -2 cos (d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(a+b*csc(d*x”2+c)),x, algorithm="maxima")

[Out] 1/6*a*x”6 + b*(integrate(x~5*sin(d*x~2 + c)/(cos(d*x"2 + c)72 + sin(d*x"2 +
c)"2 + 2%cos(d*x"2 + ¢c) + 1), x) + integrate(x~5*sin(d*x~2 + c)/(cos(d*x"2
+ ¢)72 + sin(d*x"2 + ¢)72 - 2*%cos(d*x"2 + ¢c) + 1), x))

Fricas [C] time = 0.567168, size = 1126, normalized size = 8.73

2ad3x® - 3bd%x* log (cos (dx2 + c) +1 sin (dx2 + c) + 1) —3bd?x*log (cos (dx2 + c) —1sin (dx2 + c) + 1) — 61 bdx?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(a+b*csc(d*x~2+c)),x, algorithm="fricas")

[Out] 1/12%(2%a*d”3*x"6 - 3*b*d~2*x"4*xlog(cos(d*x~2 + c) + I*sin(d*x"2 + c) + 1)
- 3xb*d"2*x"4xlog(cos(d*x™2 + c) - Ixsin(d*x"2 + c) + 1) - 6*xIxb*xd*x"2*dilo
g(cos(d*x”"2 + c) + I*sin(d*x”2 + c)) + 6%I*bxd*x"2*dilog(cos(d*x”2 + c) - I
*sin(d*x"2 + c¢)) - 6xI*bxd*x"2*dilog(-cos(d*x"2 + c) + Ixsin(d*x"2 + c)) +
6*xI*xb*d*x~2*dilog(-cos(d*x"2 + c) - I*sin(d*x"2 + c)) + 3xbxc™2xlog(-1/2%co
s(d*x"2 + c) + 1/2*%I*xsin(d*x"2 + c) + 1/2) + 3*b*c”™2*xlog(-1/2xcos(d*x"2 + c
) — 1/2*%Ixsin(d*x"2 + c) + 1/2) + 3*(b*d™2%x"4 - b*c~2)*log(-cos(d*x~2 + c)
+ I*sin(d*x™2 + c) + 1) + 3*(b*d"2xx"4 - b*c~2)*log(-cos(d*x"2 + c) - Ixsi
n(d*x”2 + ¢c) + 1) + 6xb*polylog(3, cos(d*x”2 + c) + I*sin(d*x"2 + c)) + 6%b
*polylog(3, cos(d*x"2 + c) - I*sin(d*x"2 + c)) - 6*b*polylog(3, -cos(d*x"2
+ ¢c) + Ixsin(d*x"2 + c)) - 6%bxpolylog(3, -cos(d*x™2 + c) - I*sin(d*x"2 + c
)))/d"3
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Sympy [F] time = 0., size = 0, normalized size = 0.

fx5 (a +besc (c + de)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**5*(at+b*csc(d*x**2+c)),x)

[Out] Integral(x**5%(a + bk*csc(c + d*x**2)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)x5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(a+b*csc(d*x”2+c)),x, algorithm="giac")

[Out] integrate((b*csc(d*x™2 + c) + a)*x~5, x)
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3.2 fx4 (a + besc (c + dxz)) dx

Optimal. Leaf size=25
bUnintegrable (x* dx?), —
nintegra e(x csc(c+ x ) x)+ z

[Out] (a*xx~5)/5 + b*Unintegrable[x~4*Csc[c + d*x~2], x]

Rubi [A] time = 0.0160538, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}
fx4 (a +bese (c + dxz)) dx

Verification is Not applicable to the result.
[In] Int[x"4x(a + b*Cscl[c + d*x~2]),x]

[Out] (a*x"5)/5 + bx*Defer[Int] [x"4*Cscl[c + d*xx~2], x]

Rubi steps

fx4 (a +bese (c + dxz)) dx = f(ax4 + bx*csc (c + dxz)) dx

5
= K+bfx4(:sc(c+dx2) dx
5

Mathematica [A] time = 3.24103, size = 0, normalized size = 0.

fx4 (u + bcsc (c + de)) dx

Verification is Not applicable to the result.

[In] Integrate[x~4*(a + b*Csclc + d*x~2]),x]

[Out] Integrate[x~4x(a + bxCsc[c + d*x~2]), x]

Maple [A] time = 0.124, size = 0, normalized size = 0.

fx4 (a +bese (dxz + c)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4*(atbxcsc(d*x~2+c)),x)

[Out] int(x~4*(a+b*csc(d*x"2+c)),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

1 . x*sin (dx2 + c)
—ax>+b f > > dx + f
5 cos (dx2 + c) + sin (dx2 + c) + 2 cos (dxz + c) +1

x*sin (dx2 + c)

coS (dx2 + c)2 + sin (dx2 + c)2 -2 cos (dx2 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*csc(d*x"2+c)),x, algorithm="maxima"

[Out] 1/5*a*x”5 + b*(integrate(x~4*sin(d*x~2 + c)/(cos(d*x"2 + ¢c)72 + sin(d*x"2 +
c)"2 + 2%cos(d*x”™2 + ¢) + 1), x) + integrate(x~4*sin(d*x~2 + c)/(cos(d*x"2
+ ¢)72 + sin(d*x"2 + ¢c)72 - 2%cos(d*x"2 + ¢c) + 1), x))

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (bx4 csc (dx2 + c) + ax?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(a+b*csc(d*x”2+c)),x, algorithm="fricas")

[Out] integral(b*x~4xcsc(d*x”2 + c) + a*x"4, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fx4 (u + bcse (c + de)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4*(a+b*csc(d*x**2+c)) ,x)

[Out] Integral(xx*4x(a + bxcsc(c + d*x**2)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)x4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*csc(d*x~2+c)),x, algorithm="giac")

[Out] integrate((bxcsc(d*x”2 + c) + a)*x"4, x)
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3.3 fx3 (a + besc (c + dxz)) dx

Optimal. Leaf size=84

ibPolyLog (2, —ef(”d"z)) ibPolyLog (2,ei(c+dx2)) 4 b2tanh! (ei(c+dx2))

272 22 B i

[Out] (a*x~4)/4 - (bxx"2xArcTanh[E~(I*(c + d*x~2))]1)/d + ((I/2)*b*PolyLogl[2, -E~(
Ix(c + d*xx"2))])/d"2 - ((I/2)*bxPolyLog[2, E~(I*(c + d*x~2))])/d"2

Rubi [A] time = 0.0825487, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 16, il llLT

integrand size
0.312, Rules used = {14, 4205, 4183, 2279, 2391}
ibPolyLog (2, -¢**)) " ivPolyLog (2,¢1*)) s b2 tanh (e47))

272 22 T d

Antiderivative was successfully verified.

[In] Int[x"3%(a + b*Csclc + d*xx~2]),x]

[Out] (a*xx~4)/4 - (bxx~2*ArcTanh[E~(Ix(c + d*x~2))]1)/d + ((I/2)*b*PolyLogl[2, -E~(
Ix(c + d*x72))])/d"2 - ((I/2)*bxPolyLogl[2, E~(I*(c + d*x~2))])/d"2

Rule 14

Int[(u )*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl[(c_.) + (d_D)*x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) “m*¥ArcTanh[E~(Ix(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Log[l + E"(Ix(e + f*xx))1, x1, x]) /; FreeQ[{c, 4, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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Rubi steps

fx3 (a +bese (c + dxz)) dx = f(ax3 + bx3 csc (c + dxz)) dx

ax*
_ 3 2
= +bfx Csc(c+dx)dx

= Zﬁ + %b Subst (fxcsc(c + dx) dx, x, xz)
axt bx? tanh‘l (ei(c+dx2)) b Subst (f log (1 _ ei(t+dx)) dx, x, xz) b Subst (f log(
S 4 d - 2d *
VNS tanh ™’ (ei(”dxz)) (ib) Subst ( ) log(+x) dx, x, ei(”dxz)) (ib) Subst ( [ lo_g(:
N d T 242 - >
VNS tanh ™ (ei(”dxz)) ibLi, (—ei(”dxz)) ibLi, (ei(” de))
- 4 d * 242 - 242

Mathematica [A] time = 0.093025, size = 118, normalized size = 1.4

ot b (i (PolyLog (2, —ei(”dxz)) — PolyLog (2, ei(”dxz))) + (c + dxz) (log (1 — ei(”dxz)) - log (1 + ei(”dxz))) —clog ‘
— 4+
4 242

Antiderivative was successfully verified.

[In] Integrate[x”3x(a + b*Csclc + d*x~2]),x]

[Out] (a*xx~4)/4 + (b*x((c + d*x~2)*(Logl[l - E~(Ix(c + d*x~2))] - Logl[l + E~(Ix(c +
d*x~2))]) - c*Logl[Tan[(c + d*x~2)/2]] + Ix(PolyLog[2, -E~(I*(c + d*x72))]
- PolyLogl[2, E"(Ix(c + d*x~2))])))/(2*d"2)

Maple [F] time = 0.118, size = 0, normalized size = 0.

fx3 (a +bese (dx2 + c)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3%(a+b*csc(d*x"2+c)),x)

[Out] int(x~3*(atb*csc(d*x~2+c)),x)

Maxima [F] time = 0., size = 0, normalized size = 0.

1
—ax*+0b

! f X3 sin (dx2 + c) s f X3 sin (dx2 + c)
1

coS (dx2 + c)z + sin (dx2 + c)z +2 cos (dxz + c) + coS (dx2 + c)2 + sin (dx2 + c)2 -2 cos (dx2 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*csc(d*x"2+c)),x, algorithm="maxima"
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[Out] 1/4*a*x”4 + b*(integrate(x~3*sin(d*x~2 + c)/(cos(d*x™2 + c)72 + sin(d*x"2 +
c)"2 + 2%cos(d*x”2 + ¢) + 1), x) + integrate(x~3*sin(d*x~2 + c¢)/(cos(d*x"2
+ ¢)72 + sin(d*x"2 + ¢c)72 - 2%cos(d*x"2 + ¢c) + 1), x))

Fricas [B] time = 0.547048, size = 757, normalized size = 9.01

ad®x* - bdx? log (cos (dx2 + c) +1i sin (dx2 + c) + 1) — bdx?log (COS (dx2 + c) —isin (dx2 + c) + 1) — bclog (—% co

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”3*(atb*csc(d*x"2+c)),x, algorithm="fricas")

[Out] 1/4*(a*d™2*x"4 - bxd*x"2xlog(cos(d*x"2 + c) + Ixsin(d*x"2 + c) + 1) - b*xd*x
~2xlog(cos(d*x”2 + c) - I*sin(d*x”2 + c) + 1) - bxc*log(-1/2*cos(d*x"2 + c)
+ 1/2xI*sin(d*x”2 + c) + 1/2) - b*xcxlog(-1/2xcos(d*x"2 + c) - 1/2*Ixsin(d*
X"2 + ¢) + 1/2) - Ixbxdilog(cos(d*x™2 + c) + I*sin(d*x"2 + c)) + I*b*dilog(
cos(d*x”2 + c¢) - I*sin(d*x”2 + c)) - I*b*dilog(-cos(d*x~2 + c) + I*ksin(d*x~
2 + c)) + Ixbxdilog(-cos(d*x"2 + c) - I*sin(d*x”2 + c)) + (b*d*x"2 + b*c)x*1
og(-cos(d*x”2 + c) + I*sin(d*x"2 + c) + 1) + (b*d*x"2 + b*c)*log(-cos(d*x"2
+ ¢) - I*sin(d*x"2 + ¢c) + 1))/d"2

Sympy [F] time = 0., size = 0, normalized size = 0.

fx3 (a +bcese (c + dxz)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*csc(d*x**2+c)) ,x)

[Out] Integral(x**3*(a + b*csc(c + d*x**2)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (b csc (dxz + c) + a)x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*csc(d*x~2+c)),x, algorithm="giac")

[Out] integrate((b*csc(d*x”™2 + c) + a)*x~3, x)
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3.4 fxz (a + besc (c + dxz)) dx

Optimal. Leaf size=25
bUnintegrable (x? dx?), —
nintegra e(x csc(c+ x ) x)+ 3

[Out] (a*xx~3)/3 + b*Unintegrable[x~2*Csc[c + d*x~2], x]

Rubi [A] time = 0.0158869, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}
fxz (a +bese (c + dxz)) dx

Verification is Not applicable to the result.
[In] Int[x"2x(a + b*Cscl[c + d*x~2]),x]

[Out] (a*x"3)/3 + bx*Defer[Int] [x"2*Csc[c + d*x~2], x]

Rubi steps

fxz (a +bese (c + dxz)) dx = f(ax2 + bx? csc (c + dxz)) dx

3
= K+bfx2(:sc(c+dx2) dx
3

Mathematica [A] time = 2.54107, size = 0, normalized size = 0.

fxz (u + bcse (c + de)) dx

Verification is Not applicable to the result.

[In] Integrate[x”2*(a + b*Csclc + d*x~2]),x]

[Out] Integrate[x"2x(a + bxCsc[c + d*x~2]), x]

Maple [A] time = 0.115, size = 0, normalized size = 0.

fxz (a +bese (dxz + c)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(atb*csc(d*x~2+c)),x)

[Out] int(x~2*(a+b*csc(d*x~2+c)),x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

1 X% sin (dx2 + c)
—ax>+b f 5 dx + f
3 1

coS (dx2 + c) + sin (dx2 + c)z +2 cos (dxz + c) +

x2 sin (dx2 + c)

coS (dx2 + c)2 + sin (dx2 + c)2 -2 cos (d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*csc(d*x"2+c)),x, algorithm="maxima"

[Out] 1/3*a*x”3 + b*(integrate(x~2*sin(d*x~2 + c)/(cos(d*x”2 + ¢c)~2 + sin(d*x"2 +
c)"2 + 2%cos(d*x”™2 + ¢) + 1), x) + integrate(x"2*sin(d*x~2 + c)/(cos(d*x"2
+ ¢)72 + sin(d*x"2 + ¢c)72 - 2%cos(d*x"2 + ¢c) + 1), x))

Fricas [A] time = 0., size = 0, normalized size = 0.

integral (bx2 csc (dx2 + c) + ax?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*csc(d*x”2+c)),x, algorithm="fricas")

[Out] integral(b*x~2xcsc(d*x”2 + c) + a*x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fxz (u + bcse (c + de)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2*(a+b*csc(d*x**2+c)) ,x)

[Out] Integral(x**2x(a + bxcsc(c + d*x**2)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)xz dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*csc(d*x~2+c)),x, algorithm="giac")

[Out] integrate((bxcsc(d*x”2 + c) + a)*x"2, x)
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3.5 fx (a + besc (c + dxz)) dx

Optimal. Leaf size=26

g2 btanh™ (cos (c + dxz))

2 2d

[Out] (a*x"2)/2 - (b*ArcTanh[Cos[c + d*x"2]])/(2x*d)

Rubi [A] time = 0.0233589, antiderivative size = 26, normalized size of antiderivative
number of rules

1., number of steps used = 4, number of rules used = 3, integrand size = 14,
0.214, Rules used = {14, 4205, 3770}

a2 btanh™ (cos (c + de))

2 2d

integrand size

Antiderivative was successfully verified.

[In] Int[x*(a + bxCscl[c + d*x~2]),x]
[Out] (a*x”2)/2 - (b*ArcTanh[Cos[c + d*x~2]])/(2x*d)

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*x(x_)"(m_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, X1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] & IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
Rubi steps
fx (a +besc (c + dxz)) dx = f (ax + bx csc (c + dxz)) dx

:%xz+bfxcsc(c+dx2) dx

2 1
= % + Eb Subst (f csc(c + dx) dx, x, xz)
a2 btanh™ (COS (c + dxz))
T2 2d

Mathematica [B] time = 0.0266236, size = 57, normalized size = 2.19

. c  dx® c  dx?
a_x2 . blog (sm (E + 7)) . blog (cos (E + 7))
2 2d 2d
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Antiderivative was successfully verified.

[In] Integrate[x*(a + b*Csclc + d*x~2]),x]

[Out] (a*xx"2)/2 - (bxLoglCosl[c/2 + (d*x~2)/2]1]1)/(2xd) + (b*Logl[Sin[c/2 + (d*x~2)/
211)/ (2xd)

Maple [A] time = 0.019, size = 39, normalized size = 1.5

a2 bln (csc (dx2 + c) + cot (rilx2 + C)) ac
- +

2 2d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*csc(d*x~2+c)),x)

[Out] 1/2*a*xx"2-1/2/d*b*x1ln(csc(d*x"2+c)+cot (d*x"2+c))+1/2/d*ax*c

Maxima [A] time = 0.968429, size = 42, normalized size = 1.62

% e blog (Cot (dx2 +2c6)Z + csc (dxz + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*csc(d*x~2+c)),x, algorithm="maxima")

[Out] 1/2*a*x~2 - 1/2*xbxlog(cot(d*x”2 + c) + csc(d*x"2 + c))/d

Fricas [A] time = 0.510691, size = 119, normalized size = 4.58

2adx? - blog (% cos (dxz + c) + %) +blog (—% cos (dx2 + c) + %)
4d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*csc(d*x~2+c)),x, algorithm="fricas")

[Out] 1/4*(2*axd*x”~2 - bxlog(1l/2*cos(d*x~2 + c) + 1/2) + b*xlog(-1/2*cos(d*x"2 + ¢
) +1/2))/d

Sympy [A] time = 2.43082, size = 42, normalized size = 1.62

{a(chdxz)blog(cot (c+dx2)+csc(c+dx2)) ford 0

(a+besc(c)) otherwise
2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(atb*csc(dxx**2+c)),x)

[Out] Piecewise(((a*(c + d*x**2) - bxlog(cot(c + d*x*x2) + csc(c + d*x**2)))/(2xd
), Ne(d, 0)), (xxx2x(a + bxcsc(c))/2, True))

Giac [A] time = 1.21211, size = 41, normalized size = 1.58

(dx2 + c)a +blog (|tan (% dx? + %c)|)
2d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(d*x"2+c)),x, algorithm="giac")

[Out] 1/2*%((d*x"2 + c)*a + b*xlog(abs(tan(1/2*d*x~2 + 1/2xc))))/d
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dx

3.6

Optimal. Leaf size=21

f a+b csc<c+dx2)

X

csc (c + dxz)
bUnintegrable — x|+ alog(x)

[Out] axLogl[x] + b*Unintegrable[Csc[c + d*x~2]/x, x]

Rubi [A] time = 0.0173375, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0., Rules used = {}

dx

fa+bcsc(c+dx2)

X

Verification is Not applicable to the result.

[In] Int[(a + b*Csclc + d*x"2])/x,x]

[Out] axLogl[x] + b*Defer[Int] [Csc[c + d*x~2]/x, x]

Rubi steps

X X X

fa+bcsc(c+dx2)d f[a bcsc(c+dx2)]d
x= |-+ ——2|dx

csc (c + dxz)

:alog(x)+bf—dx

X

Mathematica [A] time = 2.31812, size = 0, normalized size = 0.

2
fa+bcscx(c+dx )dx

Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*x~2])/x,x]

[Out] Integrate[(a + b*Cscl[c + d*x"2])/x, x]

Maple [A] time = 0.087, size = 0, normalized size = 0.

dx

a+bcesc (dx2 + c)
J—

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(d*x"2+c))/x,x)
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[Out] int((a+b*xcsc(d*x~2+c))/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

sin (dx2 + c) sin (dxz + c)

ol [ . 2 dx + . 2
X COS (dx2 + c) + x sin (dx2 + c) + 2 x cos (dx2 + c) +x X COS (dx2 + c) + x sin (dx2 + c) —2xcos (dx2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(d*x~2+c))/x,x, algorithm="maxima")

[Out] b*(integrate(sin(d*x™2 + c)/(x*cos(d*x"2 + c)72 + x*sin(d*x™2 + c)72 + 2*xx
cos(d*x"2 + c¢) + x), x) + integrate(sin(d*x”2 + c)/(x*cos(d*x"2 + c)72 + x*
sin(d*x”2 + ¢)72 - 2xx*cos(d*x”2 + ¢c) + x), x)) + axlog(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

2
bcsc (dx +c) +a/x)

integral [
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))/x,x, algorithm="fricas")

[Out] integral((b*csc(d*x”2 + c) + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

fa+bcsc(c+dx2)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x*x*2+c))/x,x)

[Out] Integral((a + b*csc(c + d*x**2))/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx
X

fbcsc(dxz-i-c) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x~2+c))/x,x, algorithm="giac")

[Out] integrate((bxcsc(d*x”2 + c) + a)/x, x)
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dx

3.7

Optimal. Leaf size=23

f a+b csc<c+dx2)

x2

csc (c + dxz) ) a
—’ x p—
X

bUnintegrable [ 2

[Out] -(a/x) + b*Unintegrable[Csc[c + d*x~2]/x72, x]

Rubi [A] time = 0.0166206, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0., Rules used = {}

dx

fa+bcsc(c+dx2)

x2

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*x"2])/x"2,x]

[Out] -(a/x) + b*Defer[Int] [Csclc + d*x"2]/x"2, x]

Rubi steps

x2 x2

fu+bcsc(c+dx2)d f[a bcsc(c+dx2)J ;
x= ||+ ———F|dx

dx

a beSC (c+dx2)

X2

Mathematica [A] time = 2.38859, size = 0, normalized size = 0.

fa+bcsc(c+dx2)d
x

2
Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*x~2])/x"2,x]

[Out] Integrate[(a + b*Cscl[c + d*x~2])/x"2, x]

Maple [A] time = 0.106, size = 0, normalized size = 0.

dx

a+bcesc (dx2 + c)
f x2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(d*x"2+c))/x"2,x)
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[Out] int((at+b*csc(d*x~2+c))/x"2,x%)

Maxima [A] time = 0., size = 0, normalized size = 0.

sin (dxz + c)

sin (dx2 + c) ;
X +

b f
2 ] 2 2 ] 2
X2 cos (dx2 + c) + x2sin (dx2 + c) +2x2cos (dx2 + c) + x2 X2 cos (dx2 + c) + x2sin (dx2 + c) -2x2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(d*x™2+c))/x"2,x, algorithm="maxima"

[Out] b*(integrate(sin(d*x”2 + c)/(x"2%cos(d*x"2 + c)72 + x"2*sin(d*x"2 + ¢)72 +
2xx"2%cos(d*x"2 + ¢c) + x72), x) + integrate(sin(d*x"2 + c)/(x"2*cos(d*x"2 +
c)72 + x"2*xsin(d*x”2 + c)72 - 2*xx"2*cos(d*x"2 + ¢c) + x72), x)) - a/x

Fricas [A] time = 0., size = 0, normalized size = 0.

2
bcsc (dx +c) +a/x)

integral [ 5
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))/x"2,x, algorithm="fricas")

[Out] integral((b*csc(d*x™2 + c) + a)/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

a+bcsc (c + dxz)
f x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(d*xx*2+c))/x**2,x)

[Out] Integral((a + b*csc(c + d*x**2))/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcsc(dxz-i-c) +a

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))/x"2,x, algorithm="giac")

[Out] integrate((bxcsc(d*x™2 + c) + a)/x"2, x)
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3.8 fx5 (a + besc (c + dxz))2 dx

Optimal. Leaf size=228

2iabx?PolyLog (2, —ei(c+dx2)) 2iabx?PolyLog (2, ei(”d"z)) 2abPolyLog (3, —ei(c+d"2)) 2abPolyLog (3, pilcrx

2 - 2 - B * B

[Out] ((-I/2)*%b~2%x~4)/d + (a"2%x"6)/6 - (2%a*bxx~4*ArcTanh[E~(I*(c + d*x~2))])/d
- (b~2xx~4%Cot[c + d*x~2])/(2xd) + (b~ 2*x"2*Log[l - E~((2+¢I)*(c + d*x~2))]

)/d”2 + ((2%I)*axb*x~2*PolyLog[2, -E~(I*(c + d*x~2))])/d"2 - ((2*I)*a*b*x~2
*PolyLog[2, E~(I*(c + d*x"2))1)/d"2 - ((I/2)%b~2%PolyLogl[2, E~((2xI)*(c + d
*x72))]1)/d"3 - (2%axb*PolylLog[3, -E~(I*(c + d*x~2))]1)/d"3 + (2*a*b*PolyLogl

3, E7(Ix(c + d*x72))])/d"3

Rubi [A] time = 0.368607, antiderivative size = 228, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 11, integrand size = 18, o 0 TR
integrand size

= 0.611, Rules used = {4205, 4190, 4183, 2531, 2282, 6589, 4184, 3717, 2190, 2279, 2391}

2iabx?PolyLog (2, —ei(c+dx2)) 2iabx?PolyLog (2, ei(”dxz)) 2abPolyLog (3, —ei(c+d"2)) 2abPolyLog (3, pilcrx

2 2 B * B

Antiderivative was successfully verified.

[In] Int[x"5*(a + b*Csclc + d*x"2])"2,x]

[Out] ((-I/2)*b~2*%x~4)/d + (a~2*%x~6)/6 - (2%a*bxx~4xArcTanh[E~(I*(c + d*x~2))])/d
- (b2*x"4xCot[c + d*x~2])/(2+d) + (b~2%x"2%Logll - E™((2+I)*(c + d*x"2))]

)/d”2 + ((2%I)*axb*x~2+PolyLogl[2, -E~(Ix(c + d*x72))])/d"2 - ((2+I)*a*xb*x"2
*PolyLog[2, E~(I*(c + d*x~2))1)/d"2 - ((I/2)*b~2xPolyLogl[2, E~((2*I)*(c + d
*x72))])/d”3 - (2%a*xb*PolyLog[3, -E~(I*(c + d*x~2))])/d"3 + (2*a*b*PolyLogl

3, E"(Ix(c + d*x~2))])/d"3

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x_D)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + fx*x])~n, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531
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Int[Logll + (e_)*((F)"((c_)*((a_.) + (b_)*x)IN"(m_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)1)/ (oxcxnxLog[F]1), x] + Dist[(g*m)/(b*ckn*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, 8, n}, x] & GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4184

Int[csc[(e_.) + (f£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% Ixk*Pi) *E~ (2%Ix(e + f*x)))/(1 + E~(2%IxkxPi)*E~(2%Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(((F)~((g_)*((e_.) + (£_)*_ DN @_)*((c_) + (d_)*x))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Logl[1 + (bx(F~(gx(e + £¥x)))n)/al)/(bxf*g*n*LoglFl), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + f*xx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))~(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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1
fx5 (a +besc (c + dxz))z dx = > Subst (f x%(a + besc(c + dx))? dx, x, xz)

1
=5 Subst ( f (azx2 + 2abx? csc(c + dx) + b?x? csc?(c + dx)) dx, x, xz)

2.6 ,
- ﬂ6x + (ab) Subst (f X csc(c + dx) dx, x, xz) + Ebz Subst (f x? csc?(c + dx) dx, ;
-1 1 d 2
26 2abx* tanh (el(c+ ’ )) b2xt cot (c +dx ) (2ab) Subst ( [ xlog (1 -
S 6 d - 2d d
ib?x*  a?x® 2abx* tanh”™! (e (C+dXZ)) b?x* cot (c + dx 2iabx?Li, ( gl
T Zd * 6 B d h Zd + dz
a2t 246 2abxttanh™ (el’(”dxz)) Pt cot (¢ +dx2)  VPlog (1 _ 2ile
T Zd T 6 B d B Zd + dz
2t g246 Zabx4tanh,l(é@+dg)) Bt ot (c + dx?) bzleog(l-eﬁ@*
T 2d * 6 B d B 2d + dz
234 246 2abx*tanh” ' (e (C+dxz)) b2xt cot (c + dxz) b?x% log (1 _ Aile
T2 "6 i - 53 + >

Mathematica [B] time = 3.148, size = 639, normalized size = 2.8

12ib (—1 + eZiC) (b - 2adx?) PolyLog (2, —e_i(”dxz)) +12ib (—1 + ¢2) (Zadxz + b) PolyLog (2, e_i(”d"Z)) — 24abe**1

Antiderivative was successfully verified.

[In] Integrate[x~5*%(a + b*Csclc + d*x~2])72,x]

[Out] ((-12%I)*b~2*%d"2%x"4 - 2*%a~2%xd"3*x"6 + 2%a~2*%d"3*E~((2*I)*c)*x~6 — 12%b~2xd

*x"2+Log[1 - ET((-I)*(c + d*x"2))] + 12xb~2*d*E~ ((2*I)*c)*x"2xLog[1l - E~((-
D*(c + d*x"2))] - 12%axb*xd"2xx"4*xLogl[l - E7((-I)*(c + d*x~2))] + 12xa*xbxd”
2%E~ ((2xI)*xc)*x~4xLog[1l - E7((-I)*(c + d*x"2))] - 12xb~2xd*x"2xLog[1 + E~((
-D*(c + d*x"2))] + 12%b72xd*E”~ ((2*I)*c)*x"2*xLog[1l + E~((-I)*(c + d*x~2))]
+ 12xaxbxd~2*x"4*Log[1l + E~((-I)*(c + d*x72))] - 12%axb*d"2+E~ ((2*I)*c)*x~4
xLog[1 + ET((-ID)x(c + d*x"2))] + (12xI)xb*(-1 + E~((2*xI)*c))*(b - 2*axd*x"2
)*¥PolyLog[2, -E~((-I)*(c + d*x72))] + (12*I)*b*x(-1 + E~((2%I)*c))*(b + 2%ax
d*x~2)*PolyLog[2, E"((-I)*(c + d*x72))] + 24*axb*PolyLog[3, -E~((-I)*(c + d
xx72))] - 24*axbxE” ((2%I)*c)*PolyLog[3, -E~((-I)*(c + d*x72))] - 24*axb*Pol
yLog[3, E7((-I)*(c + d*x~2))] + 24xa*b*E~((2xI)*c)*PolyLogl[3, E~((-I)*(c +
d*x~2))] - 3*b~2+d”"2*x"4*Csc[c/2]*Csc[(c + d*x~2)/2]*Sin[(d*x~2)/2] + 3*b~2
*d"2+E” ((2%I)*c) *x~4*Csc[c/2]*Csc[(c + d*x~2)/2]*Sin[(d*x~2)/2] - 3*b~2xd"2
xx~4xSec[c/2]*Sec[(c + d*x~2)/2]*Sin[(d*x"2)/2] + 3*b~2%d"2xE~ ((2*I)*c)*x"4
xSec[c/2]*Sec[(c + d*x~2)/2]*Sin[(d*x~2)/2])/(12*d"3* (-1 + E~((2*I)*c)))

Maple [F] time = 0.268, size = 0, normalized size = 0.

fx5 (a +bcese (dx2 + c))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"5*(a+bxcsc(d*x"2+c))~2,x)
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[Out] int(x"5*(a+b*csc(d*x~2+c))~2,x)

Maxima [B] time = 1.57885, size = 1087, normalized size = 4.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*csc(d*x”2+c))~2,x, algorithm="maxima")

[Out] 1/6*a”2*x"6 — (2*b~2*%d"2*x"4*cos(2*d*x"2 + 2*c) + 2*%I*b " 2*d"2*x"4*sin(2*d*x
"2 + 2%c) - (2%axbxd"2*x74 - 2*b"2*xd*x"2 - 2x(a*b*xd"2*x"4 - bT2*xd*x”2)*cos(
2%d*x"2 + 2*%xc) - (2%I*axbxd™2*x"4 - 2*xI*b~2*xd*x~2)*sin(2*d*x~2 + 2%*c))*arct
an2(sin(d*x”2 + c), cos(d*x"2 + c) + 1) - (2*axb*d™2*x"4 + 2xb72*d*x"2 - 2%
(a*xb*d"2%x"4 + b~ 2*xd*x"2)*cos(2xd*x~2 + 2%c) - (2*xI*axbxd"2*xx~4 + 2*xI*xb~2x*d
*x72)*sin(2*xd*x"2 + 2%c))*arctan2(sin(d*x”2 + c), -cos(d*x”2 + c) + 1) + (4
*axb*d*x"2 - 2*b72 - 2% (2*xaxbxd*x"2 - b"2)*cos(2xd*x"2 + 2*c) + (-4*Ixaxbx*d
*x72 + 2xI*b72)*sin(2%d*x"2 + 2%c))*dilog(-e” (Ixd*x"2 + Ixc)) - (4*axb*xd*x”
2 + 2%b72 - 2% (2*%axbxd*x"2 + b72)*cos(2*%d*x"2 + 2*c) - (4xIxaxbxd*x~2 + 2xI
*b72) *sin (2%d*x"2 + 2%c))*dilog(e” (Ixd*x"2 + Ixc)) + (Ixa*xbxd~2*xx"4 - I*b~2
*d*x72 + (—I*axb*xd"2*x74 + I*b~2*d*x"2)*cos(2xd*x"2 + 2*xc) + (a*xb*d™2*x"4 -
b~ 2*%d*x"2) *sin (2*d*x"2 + 2*c))*log(cos(d*x"2 + ¢)72 + sin(d*x"2 + ¢c)72 + 2
¥cos(d*x"2 + c) + 1) + (~I*xaxb*xd™2*x"4 - I*b"2*d*x~2 + (I*xaxb*d™2*x"4 + Ix*b
“2%d*x"2) *cos (2xd*x"2 + 2xc) - (axb*d”2*x"4 + bT2xd*x"2)*sin(2*%d*x"2 + 2*c)
)*log(cos(d*x”2 + ¢)72 + sin(d*x™2 + ¢c)72 - 2xcos(d*x”2 + c) + 1) + (-4xIx*a
xb*cos (2*%d*x"2 + 2%c) + 4*axb*sin(2*d*x~2 + 2%c) + 4xI*axb)x*polylog(3, -e~(
Ixd*x"2 + I*c)) + (4*xI*axbxcos(2*xd*x~2 + 2%c) - 4*xaxb*sin(2*xd*x~2 + 2%c) -
4xI*a*b)*polylog(3, e (I*d*x"2 + I*c)))/(-2xIxd"3*cos(2xd*x"2 + 2xc) + 2%d~
3*sin(2*xd*x~2 + 2%c) + 2%I*d"3)

Fricas [C] time = 0.61137, size = 1723, normalized size = 7.56

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*csc(d*x"2+c))~2,x, algorithm="fricas")

[Out] 1/6%(a”2*d"3*x"6*sin(d*x~2 + c) - 3*b~2xd"2*x"4*cos(d*x"2 + c) + 6*axbxpoly
log(3, cos(d*x"2 + c) + I*sin(d*x"2 + c))*sin(d*x”2 + c) + 6*axb*polylog(3,
cos(d*x”2 + c) - I*sin(d*x”2 + c))*sin(d*x"2 + c) - 6*xaxb*polylog(3, -cos(
d*x"2 + c) + Ixsin(d*x"2 + c))*sin(d*x"2 + c) - 6*a*xbxpolylog(3, -cos(d*x~2
+ ¢) - Ixsin(d*x"2 + c))*sin(d*x"2 + c) + (-6*xIxa*xbxd*x~2 - 3*xI*b~2)*dilog
(cos(d*x™2 + c) + I*sin(d*x”2 + c))*sin(d*x"2 + c) + (6*I*axbxd*x™2 + 3*I*b
~2)*dilog(cos(d*x™2 + c) - I*sin(d*x"2 + c))*sin(d*x"2 + c) + (-6*I*kaxbxd*x
"2 + 3%I*¥b"2)*dilog(-cos(d*x"2 + c) + I*sin(d*x”2 + c))*sin(d*x"2 + c) + (6
xI*axb*xd*x~2 - 3*I*b"2)*dilog(-cos(d*x"2 + c) - Ixsin(d*x"2 + c))*sin(d*x"2
+ ¢c) - 3x(axb*d"2%x"4 - b72xd*x"2)*log(cos(d*x"2 + c) + Ixsin(d*x"2 + c) +
1)*sin(d*x"2 + c) - 3*(a*xbxd™2+x"4 - b~2xd*x72)*log(cos(d*x”2 + c) - Ixsin
(d*x"2 + c) + 1)*sin(d*x"2 + c) + 3*(a*xb*c™2 - b~2*c)*log(-1/2*cos(d*x"2 +
c) + 1/2%Ixsin(d*x"2 + c) + 1/2)*sin(d*x"2 + c) + 3*(a*bxc”2 - b~2*c)*log(-
1/2*%cos(d*x"2 + c) - 1/2%I*sin(d*x"2 + c) + 1/2)*sin(d*x"2 + c) + 3x(axb*xd”
2%x74 + b72%d*x"2 - a*bxc”2 + b"2xc)*log(-cos(d*x"2 + c) + I*sin(d*x"2 + c¢)
+ 1)*sin(d*x"2 + c) + 3x(a*xbxd™2+x"4 + b72%d*x”2 - axb*c”2 + b~ 2xc)*log(-c
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0s(d*x"2 + ¢c) - I*sin(d*x™2 + c) + 1)*sin(d*x"2 + ¢))/(d"3*sin(d*x"2 + c))

Sympy [F] time = 0., size = 0, normalized size = 0.

fx5 (a +bese (c + dxz))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**5*(a+b*csc(d*x**2+c))**2,x)

[Out] Integral (x*x5*(a + b*csc(c + d*x**2))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)2x5 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(atb*csc(d*x™2+c))~2,x, algorithm="giac")

[Out] integrate((b*csc(d*x™2 + c) + a)~2%x"5, x)
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3.9 fx4 (a + bese (c + dxz))z dx

Optimal. Leaf size=20

Unintegrable (x4 (a +bese (c + dxz))z , x)

[Out] Unintegrable[x~4*(a + b*Csclc + d*x72])72, x]

Rubi [A] time = 0.0228732, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =
integrand size

0., Rules used = {}

fx4 (a +bcese (c + dxz))z dx

Verification is Not applicable to the result.
[In] Int[x"4*(a + b*Csclc + d*xx~2])"2,x]

[Out] Defer[Int] [x"4*(a + b*Cscl[c + d*x~2])"2, x]

Rubi steps

fx4 (a +besc (c + dxz))2 dx = fx4 (a +bcese (c + dxz))2 dx

Mathematica [A] time = 13.661, size = 0, normalized size = 0.

fx4 (a +bcese (c + dxz))z dx

Verification is Not applicable to the result.

[In] Integrate[x™4*(a + bxCsclc + d*xx~2])"2,x]

[Out] Integrate[x~4*(a + b*Csclc + d*x72])72, x]

Maple [A] time = 0.238, size = 0, normalized size = 0.

fx4 (a +bcese (dx2 + c))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*(a+bxcsc(d*x"2+c)) 2,x)

[Out] int(x"4*(a+b*csc(d*x"2+c))~2,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

b2x3sin(2dx2 +2c) - % (dcos(de2 +2c)2 +dsin(2dx2 +2c)2—2dcos(2dx2 +2c) +d)f (e

d cos(dx2+c):

5 d cos (2 dx? +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*csc(d*x"2+c))~2,x, algorithm="maxima")

[Out] 1/5*%a~2%x"5 - (b™2*xx"3*sin(2*d*x~2 + 2xc) - (d*cos(2*d*x"2 + 2%c)~2 + d*sin
(2%d*x~2 + 2%c) "2 - 2*d*cos(2xd*x”2 + 2xc) + d)*integrate(1/2x*(4d*xaxbxd*x~4

- 3*%b"2*x"2)*sin(d*x"2 + c¢)/(d*cos(d*x”2 + ¢c)~2 + d*sin(d*x"2 + c)~2 + 2xdx
cos(d*x”2 + ¢c) + d), x) - (d*xcos(2xd*x"2 + 2%c)~2 + d*sin(2xd*x~2 + 2%c) "2

- 2xd*cos(2xd*x"2 + 2%c) + d)*integrate(1/2x(4*a*bxd*x”~4 + 3*b~2*x"2)*sin(d

*x72 + c)/(d*xcos(d*x"2 + ¢)”2 + d*sin(d*x"2 + ¢)72 - 2*d*xcos(d*x"2 + c) + d

), x))/(d*cos(2%d*x"2 + 2%c)~2 + d*sin(2*d*x"2 + 2%c) "2 - 2xd*cos(2*d*x"2 +

2%c) + d)

Fricas [A] time = 0., size = 0, normalized size = 0.

2
integral (b2x4 csce (dx2 + c) +2abx* csc (alx2 + c) + ax?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*csc(d*x"2+c))~2,x, algorithm="fricas")

[Out] integral(b~2*x"4*csc(d*x™2 + c)72 + 2xa*b*x"4*csc(d*x™2 + c) + a"2%x"4, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fx4 (a +bese (c + dxz))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x*x4x*(a+b*csc(dxx**2+c))**2,x)

[Out] Integral(x*x4*(a + b*csc(c + d*x**2))**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)2x4 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(atb*csc(d*x"2+c))~2,x, algorithm="giac")

[Out] integrate((bxcsc(d*x"2 + c) + a)~2*x"4, x)
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3.10 fx3 (a + bese (c + dxz))Z dx

Optimal. Leaf size=125

iabPolyLog (2, —ei(”dxz)) iabPolyLog (2, ei(”d"z)) 2oh 2aby? tanh ™! (ei(c+dx2)) B log (sin (c + dxz)) P2y

2 2 T i * 22 T

[Out] (a"2xx74)/4 - (2xaxbxx"2xArcTanh[E~(I*(c + d*x~2))])/d - (b~2*x"2*Cot[c + d
xx72])/(2%d) + (b"2%Log[Sin[c + d*x~2]])/(2xd"2) + (Ixa*xb*PolyLog[2, -E~(Ix
(c + d*x"2))]1)/d"2 - (Ixaxb*PolyLog[2, E~(Ix(c + d*x~2))])/d"2

Rubi [A] time = 0.158748, antiderivative size = 125, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 7, integrand size = 18, e e e

= 0.389, Rules used = {4205, 4190, 4183, 2279, 2391, 4184, 3475}

integrand size

iabPolyLog (2, —ei(”dxz)) iabPolyLog (2, ei(”dxz)) 2oh 2aby? tanh ™! (ei(”dxz)) B log (sin (c + de)) P2y
P ) P Ty d " 2072 T

Antiderivative was successfully verified.

[In] Int[x"3*%x(a + b*Csclc + d*x~2])"2,x]

[Out] (a”2xx74)/4 - (2%axb*x”~2xArcTanh[E~(I*(c + d*x~2))])/d - (b™2*xx"2xCot[c + d
xx72])/(2%d) + (b"2%Logl[Sin[c + d*x~2]])/(2xd"2) + (Ixa*b*PolyLog[2, -E~(Ix
(c + d*x"2))]1)/d"2 - (Ixa*xb*PolyLog[2, E~(I*(c + d*x~2))])/d"2

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x_D)" (@ )I*(M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (f£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4183

Int[csc[(e_.) + (£_)*(x)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391



55

Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4184

Int[cscl(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
p[((c + d*x) “m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3475
Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d

*xx], x]1/d, x] /; FreeQ[{c, d}, xI

Rubi steps

1
fx3 (a +besc (c + dxz))z dx = 5 Subst (f x(a + besc(c + dx))? dx, x, xz)

1
=5 Subst (f (azx + 2abx csc(c + dx) + bPx csc?(c + dx)) dx, x, xz)

2.4 1
= % + (ab) Subst (fx csc(c + dx) dx, x, xz) + zbz Subst (fx csc?(c + dx) dx, x,
1 ( i(c+dx? .
g2yt 2abx?tanh (e e+ )) b?x? cot (c + dxz) (ab) Subst ( [log (1 — pilc+d
T4 d - 2d - d
1 ( i(c+dx? .
2yt 2abx* tanh (e s )) b2 cot (c+dx?) b2 log(sin (c + dx?)) (ial
4 d 2d 242
-1 ( i(ct+dx? ey
2t 2abx* tanh (e s )) 22 cot (c +dx?)  B?log(sin (c +da?)) iab
4 d 2d 242

Mathematica [B] time = 4.915, size = 268, normalized size = 2.14

i tan1(taH(C))+dX2)]_iPolyL0g

i (tan=Lts d2
SeC(c)[iPolyLog(Z,—g( (Z,El(tdn (tan(c))+dx )

-1 -1 — 9] ﬁ
4ab|2tan " (tan(c)) tanh (Cos(c) sm(c)tan( 5 )) + A

Warning: Unable to verify antiderivative.

[In] Integrate[x~3*(a + b*Csclc + d*x~2])72,x]

[Out] (2%b~2xd*x~2%Cot[c] + d*x"2%(a”2%d*x”"2 - 2xb~2*Cot[c]) - 2*b~2x(d*x"2*Cot [c
] - Logl[Sin[c + d*x"2]]) + 4*axbx(2xArcTan[Tan[c]]*ArcTanh[Cos[c] - Sin[c]x*
Tan[(d*x~2)/2]] + (((d*x~2 + ArcTan[Tan[c]])*(Log[l - E~(I*(d*x"2 + ArcTan[
Tan[c]]))] - Log[l + E~(I*(d*x"2 + ArcTan[Tan[c]]))]) + I*PolyLog[2, -E~(I*
(d*x~2 + ArcTan[Tan[c]]))] - I*PolyLog[2, E"(I*(d*x~2 + ArcTan[Tan[c]l]))])=*
Sec[c])/Sqrt[Sec[c]™2]) + b~ 2*d*x~2*Csc[c/2]*Csc[(c + d*x~2)/2]*Sin[(d*x~2)

/2] + b~ 2xd*x"2*xSec[c/2]*Sec[(c + d*x~2)/2]*Sin[(d*x~2)/2])/(4*d"~2)

Maple [F] time = 0.325, size = 0, normalized size = 0.

fx3 (a +bese (dx2 + c))2 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(a+bxcsc(d*x"2+c))”2,x)

[Out] int(x"3*(a+b*csc(d*x"2+c))~2,x)

Maxima [B] time = 1.46267, size = 819, normalized size = 6.55

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*csc(d*x"2+c))~2,x, algorithm="maxima"

[Out] 1/4*a”2*x"4 - (4xb~2%d*x"2%cos(2*d*x™2 + 2*%c) + 4xI*b"2*d*x"2*sin(2*xd*x~2 +
2%c) - (4dxaxbxd*x"2 - 2%b72 - 2% (2*axb*d*x™2 - b~2)*cos(2*%d*x"2 + 2*c) - (
AxTxaxbxd*x™2 — 2%I*b~2)*sin(2*d*x"2 + 2%c))*arctan2(sin(d*x"2 + c), cos(d*
X"2 + ¢c) + 1) - (2%b"2*cos(2*xd*x"2 + 2*c) + 2*%I*b " 2*sin(2*xd*x"2 + 2%c) - 2%
b~2)*arctan2(sin(d*x”"2 + c), cos(d*x™2 + c) - 1) + (4xaxb*xd*xx~2*cos(2*d*x"2
+ 2%c) + 4dxIxaxbxdxx"2xsin(2*%d*x~2 + 2%c) - 4d*xaxbxdxx~2)*arctan2(sin(d*x~2
+ ¢c), —cos(d*x"2 + c) + 1) - (4*axb*cos(2xd*x"2 + 2*c) + 4xIxaxbxsin(2*dx*x
T2 + 2%c) - 4xaxb)*dilog(-e” (Ixd*x"2 + Ixc)) + (4*axbxcos(2*d*x™2 + 2xc) +
4xT*axb*sin (2*%d*x~2 + 2%c) - 4xaxb)*dilog(e” (I*d*x~2 + I*c)) + (2*xIxaxbkxd*x
"2 - I*%b"2 + (—2*xI*axbxd*x~2 + I*b~2)*cos(2xd*x"2 + 2*c) + (2*axb*d*x"2 - b
~2)*sin(2%d*x”2 + 2xc))*log(cos(d*x™2 + ¢c)72 + sin(d*x"2 + ¢)~2 + 2*cos(d*x
T2 + ¢) + 1) + (—2xI*xaxbxdxx"2 - I*b~2 + (2*kI*axbxd*x~2 + I*b~2)*cos(2*d*x”
2 + 2%c) - (2xa*xbxd*x”2 + b72)*sin(2xd*x"2 + 2xc))*log(cos(d*x™2 + ¢c)72 + s
in(d*x”2 + ¢)72 - 2*xcos(d*x”2 + c) + 1))/(-4*I*d"2*cos(2*xd*x"2 + 2*c) + 4x*d
"2%3in(2*%d*x"2 + 2*%c) + 4xI*d"2)

Fricas [B] time = 0.590094, size = 1148, normalized size = 9.18

a?’d?x* sin (dxz + c) —2b%dx? cos (dx2 + c) —2iabli, (COS (dx2 + c) +i sin (dx2 + c)) sin (dx2 + c) +2iabLi, (cos (dx:

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a+b*csc(d*x~2+c))~2,x, algorithm="fricas")

[Out] 1/4%(a”2*%d"2+x"4*sin(d*x"2 + c) - 2%b"2xd*x"2*cos(d*x”2 + c) - 2*xI*xa*bxdilo
g(cos(d*x"2 + c) + I*sin(d*x”2 + c))*sin(d*x"2 + c) + 2*xIxaxb*dilog(cos(d*x
"2 + ¢) - I*sin(d*x"2 + c))*sin(d*x”2 + c) - 2*I*axbxdilog(-cos(d*x™2 + c)
+ I*sin(d*x”2 + c))*sin(d*x"2 + c) + 2*xIxa*bxdilog(-cos(d*x"2 + c) - Ixsin(
d*x"2 + c))*sin(d*x"2 + c) - (2*%axb*d*x"2 - b~2)*log(cos(d*x”2 + c) + I*sin
(d*x72 + c) + Dx*sin(d*x"2 + c) - (2xa*xbxd*x"2 - b"2)*log(cos(d*x~2 + c) -
I*sin(d*x”2 + ¢c) + 1)*sin(d*x"2 + c) - (2%a*bxc - b~2)*log(-1/2*cos(d*x"2 +
c) + 1/2*%Ixsin(d*x"2 + c) + 1/2)*sin(d*x”2 + c) - (2%a*bxc - b~2)*log(-1/2
*xcos(d*x"2 + c) - 1/2%I*sin(d*x"2 + c) + 1/2)*sin(d*x"2 + c) + 2%(axbxd*x"2
+ axbxc)*log(-cos(d*x”2 + c) + I*sin(d*x”2 + c) + 1)*sin(d*x”2 + c) + 2*(a
*xb*d*x~2 + axbkxc)*log(-cos(d*x”2 + c) - I*sin(d*x”2 + c) + 1)*sin(d*x"2 + ¢
))/(d"2xsin(d*x"2 + c))
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Sympy [F] time = 0., size = 0, normalized size = 0.

fx3 (a +bcese (c + dxz))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**3*(a+b*csc(d*xx**2+c))**2,x)

[Out] Integral(x**3*(a + b*csc(c + d*x**2))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)2x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*csc(d*x"2+c))~2,x, algorithm="giac")

[Out] integrate((bxcsc(d*x"2 + c) + a)~2*x"3, x)
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3.11 fo (a + bese (c + dxz))Z dx

Optimal. Leaf size=20

Unintegrable (x2 (a +bese (c + dxz))z , x)

[Out] Unintegrable[x~2*(a + b*Csclc + d*x72])72, x]

Rubi [A] time = 0.0225364, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————— =
integrand size

0., Rules used = {}

fxz (a +bcese (c + dxz))z dx

Verification is Not applicable to the result.
[In] Int[x"2%(a + b*Csclc + d*xx~2])"2,x]

[Out] Defer[Int] [x"2*(a + b*Cscl[c + d*x~2])"2, x]

Rubi steps

fxz (a +besc (c + dxz))2 dx = fxz (a +bcese (c + dxz))2 dx

Mathematica [A] time = 13.5025, size = 0, normalized size = 0.

fxz (a +bcese (c + dxz))z dx

Verification is Not applicable to the result.

[In] Integrate[x™2x(a + bxCsclc + d*xx~2])72,x]

[Out] Integrate[x~2*(a + b*Csclc + d*x72])72, x]

Maple [A] time = 0.294, size = 0, normalized size = 0.

fxz (a +bcese (dx2 + c))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(a+bxcsc(d*x"2+c)) " 2,x)

[Out] int(x"2*(a+b*csc(d*x"2+c))~2,x)
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Maxima [A] time = 0., size = 0, normalized size = 0.

(4

d cos(dx2+c)2-

bzxsin(Zalx2 +2c) - % (dcos(Zalx2 +2c)2 +dsin(2dx2 +2c)2—2dcos(2dx2 +2c) +d)f

dcos (2 dx? +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*csc(d*x"2+c))~2,x, algorithm="maxima"

[Out] 1/3*a"2*x"3 - (b™2*x*sin(2*d*x"2 + 2*c) - (d*cos(2*d*x~2 + 2%c)~2 + d*sin(2
*xd*x72 + 2%xc)72 - 2xd*cos(2xd*x”2 + 2%c) + d)*integrate(1/2x(4*a*xbxd*x”"2 -
b~2)*sin(d*x"2 + c)/(d*cos(d*x"2 + ¢)”2 + d*sin(d*x"2 + c)~2 + 2*d*xcos(d*x~

2 +c) +d), x) - (d¥cos(2%d*x"2 + 2%c)~2 + d*sin(2*d*x"2 + 2*c)”~2 - 2*d*co
s(2xd*x~2 + 2xc) + d)*integrate(1/2*(4d*xaxb*xd*x~2 + b~2)*sin(d*x”2 + c)/(d*c
os(d*x”2 + ¢)~2 + d*sin(d*x"2 + c)~2 - 2*d*cos(d*x"2 + c) + d), x))/(d*cos(
2%d*x"2 + 2%c) 72 + dxsin(2xd*x"2 + 2%c) 72 - 2*d*cos(2xd*x"2 + 2%c) + d)

Fricas [A] time = 0., size = 0, normalized size = 0.

2
integral (b2x2 csc (dx2 + c) +2abx? csc (dx2 + c) + a°x?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*csc(d*x”2+c))~2,x, algorithm="fricas")

[Out] integral(b~2*x"2*csc(d*x™2 + c)~2 + 2*kaxbxx"2*csc(d*x"2 + c) + a™2*x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fxz (a +bese (c + dxz))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*csc(d*x**2+c))**2,x)

[Out] Integral (x*x2*(a + b*csc(c + d*x**2))**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f(b cse (dxz + c) + a)zxz dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(at+b*csc(d*x~2+c))~2,x, algorithm="giac")

[Out] integrate((b*csc(d*x™2 + c) + a)~2%x"2, x)
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3.12 fx (a + bese (c + dxz))z dx

Optimal. Leaf size=45

2y2 abtanh™ (cos (c + dxz)) b? cot (c + dxz)

2 d 2d

[Out] (a"2*x72)/2 - (a*bxArcTanh[Cos[c + d*x"2]])/d - (b"2*Cotl[c + d*x~2])/(2xd)

Rubi [A] time = 0.0508865, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 16, LT

integrand size
0.312, Rules used = {4205, 3773, 3770, 3767, 8}
22 abtanh™ (cos (c + dxz)) b? cot (c + dxz)
2 d - 2d

Antiderivative was successfully verified.

[In] Int[x*(a + bxCscl[c + d*xx"2])"2,x]
[Out] (a"2*x"2)/2 - (axbxArcTanh[Cos[c + d*x~2]])/d - (b~2xCot[c + d*xx~2])/(2xd)

Rule 4205

Int[((a_.) + Cscl[(c_.) + (d_)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQlpl]

Rule 3773

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))~2, x_Symbol] :> Simp[a~2*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b~2, Int[Cscl[c + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, xl]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> -Dist[d”(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8

Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps
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1
fx (a +besc (c + dxz))z dx = 5 Subst (f(a + besc(c + dx))? dx, x, xz)

2,2 1
= % + (ab) Subst (fcsc(c +dx) dx, x, xz) + Ebz Subst (f csc?(c + dx) dx, x, xz)

2y2  abtanh™ (cos (c + dxz)) b? Subst (fl dx, x, cot (c + dxz))

2 d 2d
2y2  abtanh™! (cos (c + dxz)) b2 cot (c + dxz)
-2 T d - 2d

Mathematica [A] time = 0.396546, size = 86, normalized size = 1.91

2a (ac + adx? + 2blog (sin (% (c + dxz))) - 2blog (cos (% (c + dxz)))) + b? tan (% (c + dxz)) +b? (— cot (% (c + dx
4d

Antiderivative was successfully verified.

[In] Integratel[x*(a + b*Csc[c + d*x72])72,x]

[Out] (-(b~2*Cot[(c + d*x72)/2]) + 2%a*x(axc + axd*x~2 - 2xb*Log[Cos[(c + d*x~2)/2
11 + 2*%bxLog[Sin[(c + d*x~2)/2]]) + b~ 24Tan[(c + d*x~2)/2])/(4*d)

Maple [A] time = 0.03, size = 61, normalized size = 1.4

fﬁ_#an@ﬂ+d+aMn@m@ﬁ+d—deLm»+gi
> ¥ d 2d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*csc(d*x"2+c))"2,x)

[Out] 1/2*%a"2xx"2-1/2%b~2*cot (d*x~2+c)/d+1/d*a*b*x1ln(csc(d*x~2+c)-cot (d*x"2+c))+1/
2/d*xa”2%*c

Maxima [B] time = 0.95805, size = 132, normalized size = 2.93

1

, , ablog (cot (clx2 + c) + csc (dx2 + c)) b?sin (2 dx? +2 c)
2252 _

2 d dcos(de2+2c)2+dsin(2dx2+2c)2—2dcos(2dx2+20)+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

[Out] 1/2*%a”2%x72 - axbxlog(cot(d*x”2 + c) + csc(d*x™2 + c))/d - b~ 2*sin(2*xd*x"2
+ 2%c)/(d*cos(2%d*x"2 + 2%c)"2 + d*sin(2*%d*x"2 + 2*c)"2 - 2xd*xcos(2*d*xx"2 +
2%xc) + d)
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Fricas [B] time = 0.504679, size = 236, normalized size = 5.24

a?dx? sin (dx2 + c) —ablog (% cos (dx2 + c) + %) sin (dx2 + c) +ablog (—% cos (dx2 + c) + %) sin (dxz + c) - b% cos (d

2dsin (dx2 + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(d*x~2+c))~2,x, algorithm="fricas")

[Out] 1/2*(a”2xd*x"2*sin(d*x"2 + c) - a*bxlog(l/2*cos(d*x”2 + c) + 1/2)*sin(d*x"2
+ c) + axbxlog(-1/2*cos(d*x"2 + c) + 1/2)*sin(d*x"2 + c) - b~ 2*cos(d*x~2 +
c))/(d*sin(d*x"2 + c))

Sympy [F] time = 0., size = 0, normalized size = 0.
2
fx (a +besc (c + dxz)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(d*x**2+c))**2,x)

[Out] Integral(x*(a + bxcsc(c + d*x**2))**2, x)

Giac [B] time = 1.18247, size = 113, normalized size = 2.51

1,21 2
4abtan(2 dx +2c)+b

2 (dx? +c)a? +4ablo (|tan (1 dx? + lc)|) + V% tan (1 dx? + 10) _
( ) & 2 2 2 2 tan(% dx24 ! c)

2

4d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(d*x~2+c))~2,x, algorithm="giac")

[Out] 1/4%(2%(d*x"2 + c)*a”2 + 4xaxb*log(abs(tan(1/2xd*x"2 + 1/2xc))) + b~2*tan(1
/2xd*x"2 + 1/2xc) - (4*axbxtan(1/2*d*x"2 + 1/2%c) + b~2)/tan(1/2*xd*x"2 + 1/

2xc))/d
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(c+dx2))’

X

dx

313 f (a+b csc

Optimal. Leaf size=20

Unintegrable

((a +besc J(Cc+dx2))2,x]

[Out] Unintegrable[(a + b*Csclc + d*x~2])72/x, x]

Rubi [A] time = 0.0222762, antiderivative size = 0, normalized size of antiderivative =

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, e

integrand size
0., Rules used = {}

f (a +bcesc (c + dxz))z

X

dx

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*x"2])~2/x,x]

[Out] Defer[Int][(a + b*Csclc + d*x~2])"2/x, x]

Rubi steps

dx

f (a +besc (c + dxz))z e f (a +besc (c + dxz))z

X X

Mathematica [A] time = 30.345, size = 0, normalized size = 0.

f (a +besc (c + dxz))z N

X

Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*x~2])72/x,x]

[Out] Integrate[(a + b*Cscl[c + d*x~2])72/x, x]

Maple [A] time = 0.221, size = 0, normalized size = 0.

dx

f (a +besc (dx2 + c))2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(d*x"2+c))"2/x,x)
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[Out] int((a+b*csc(d*x~2+c))~2/x,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))~2/x,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

b? csc (dx2 + c)z +2abcsc (dx2 + c) + a?

X

, X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))~2/x,x, algorithm="fricas")

[Out] integral((b~2*csc(d*x”2 + c)~2 + 2*xaxbxcsc(d*x™2 + c) + a™2)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

(c+ax?))

(a + bcesc
f dx

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(d*x**2+c))**2/x,%)

[Out] Integral((a + bkxcsc(c + dkxx**2))**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f (b csce (dx2 o+ c) + a)z

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))~2/x,x, algorithm="giac")

[Out] integrate((bxcsc(d*x™2 + c) + a)~2/x, x)
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a CSC|C x2 2
314 [ltedet)

x2

Optimal. Leaf size=20

(a +besc (c + dxz))z
x? &

Unintegrable [

[Out] Unintegrable[(a + b*Cscl[c + d*x~2])72/x72, x]

Rubi [A] time = 0.0217219, antiderivative size = 0, normalized size of antiderivative =

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, e

integrand size
0., Rules used = {}

f (a +bcesc (c + dxz))z

dx
2

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*x"2])"2/x"2,x]

[Out] Defer[Int][(a + b*Csclc + d*x"2])"2/x"2, x]

Rubi steps

dx

f (a +besc (c + dxz))z e f (a +besc (c + dxz))z

X2 x2

Mathematica [A] time = 16.7891, size = 0, normalized size = 0.

f (a +besc (c + dxz))z N

X2

Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*x~2])72/x72,x]

[Out] Integrate[(a + b*Csc[c + d*x~2])"2/x72, x]

Maple [A] time = 0.237, size = 0, normalized size = 0.

dx

f (a +besc (dx2 + c))2

12
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(d*x"2+c))"2/x"2,x)
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[Out] int((a+b*csc(d*x™2+c))~2/x72,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

b? sin (2 dx? +2 c) - % (dx3 cos (2 dx? +2 c)z + dx3sin (2 dx? +2 c)2 —2dx3 cos (2 dx? +2 c) + dx3) f

dx% cos (dx2

~

* dx3 cos (;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))~2/x72,x, algorithm="maxima"

[Out] -a"2/x - (b™2*sin(2*d*x"2 + 2%c) - (d*x"3*cos(2*xd*x"2 + 2%c)~2 + d*x"3*sin(
2%d*x"2 + 2%c)72 - 2xd*x"3*cos(2*d*x"2 + 2%c) + d*x"3)*integrate(1/2x*(4*axb
*d*xx"2 + 3%b72)*sin(d*x"2 + c)/(d*x"4*xcos(d*x"2 + c)72 + d*x"4*sin(d*x"2 +

c)"2 + 2%d*x"4*cos(d*x"2 + c) + d*x"4), x) - (d*¥x"3*cos(2*xd*x"2 + 2%c)"2 +
d*xx"3*%sin(2*d*x"2 + 2%c) "2 - 2xd*x"3*cos(2*%d*x"2 + 2%c) + d*x”3)*integrate(

1/2% (4*axbxd*x"2 - 3*b~2)*sin(d*x"2 + c)/(d*x"4*cos(d*x"2 + c)72 + d*xx"4x*si
n(d*x"2 + ¢)72 - 2*%d*x"4*cos(d*x"2 + c) + d¥x"4), x))/(d*¥x"3*cos(2*xd*x"2 +

2xC) "2 + d*x"3*sin(2*d*x72 + 2%c) "2 - 2xd*x"3*cos(2xd*x"2 + 2xc) + d*x"3)

Fricas [A] time = 0., size = 0, normalized size = 0.

b2 csc (dxz + c)z +2abcsc (dxz + c) +a?

x2

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x~2+c))~2/x72,x, algorithm="fricas")

[Out] integral((b~2*csc(d*x™2 + c)72 + 2xa*bxcsc(d*x”2 + c) + a~2)/x72, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

X

f (a + bcesc (c + dxz))z p

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x**2+c))**2/x**2 %)

[Out] Integral((a + b*csc(c + d*x**2))**2/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f (b csc (dx2 + c) + a)2 N

x2



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))~2/x72,x, algorithm="giac")

[Out] integrate((b*csc(d*x”™2 + c) + a)~2/x72, x)
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3.15 fxcsc7 (a + bxz) dx

Optimal. Leaf size=90

5tanh’ (cos (u + bxz)) cot (a + bxz) csc? (a + bxz) 5cot (a + bxz) csc? (a + bxz) 5cot (u + bxz) csc (a + bx?
- 32b - 12b - 48b - 32b

[Out] (-5*%ArcTanh[Cos[a + b*x~2]])/(32%b) - (5*Cot[a + b*x"2]*Cscl[a + b*x"2])/(32
xb) - (5*Cot[a + b*x"2]*Cscl[a + b*x~2]7°3)/(48%b) - (Cotl[a + b*x"2]*Cscl[a +
b*x~2]"5)/(12%b)

Rubi [A] time = 0.0757443, antiderivative size = 90, normalized size of antiderivative =

. . b f rul
1., number of steps used = 5, number of rules used = 3, integrand size = 12, e -

0.25, Rules used = {4205, 3768, 3770}

integrand size

5tanh! (cos (a + bxz)) cot (a + bxz) csc? (a + bxz) 5cot (a + bxz) csc? (a + bxz) 5cot (a + bxz) csc (a + bx?
- 32b - 12b - 48b - 32b

Antiderivative was successfully verified.

[In] Int[x*Cscl[a + b*x"2]77,x]

[Out] (-5*%ArcTanh[Cos[a + b*x~2]])/(32%b) - (5*xCot[a + b*x"2]*Cscl[a + b*x"2])/(32
*b) - (b*Cotl[a + b*x"2]*Cscla + b*x"2]73)/(48%b) - (Cotl[a + b*x"2]*Cscla +
b*x72]75)/(12*b)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n )I*(_.))"(p_.)*(x_ )" (m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 3768

Int[(cscl(c_.) + (d_)*(x_)]*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*(b*Csclc + d*x])"(n - 1))/(d*(n - 1)), x] + Dist[(b™2*%(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])~(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &%
IntegerQ[2x*n]

Rule 3770
Int[ecscl[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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1
fxcsc7 (a + bxz) dx = 5 Subst (f csc’(a + bx) dx, x, xz)

cot (a + bxz) csc® (a + bxz) 5
_ + 3 Subst (f csc®(a + bx) dx, x, xz)

12b
2) o3 2 AP 2
_ _5 cot (a + bx4)SZSC (a + bx ) B cot (a + bx 22(::(: (u + bx ) s % Subst (fcsc3(a 4 b,
5 cot (a + bxz) csc (a + bxz) 5 cot (a + bxz) csc? (a + bxz) cot (a + bxz) csc? (a + bx?
32b 48b 12b
5tanh ™" (cos (a + bxz)) 5cot (a + bxz) csc (a + bxz) 5 cot (a + bxz) csc? (a + bx2)
32b 32b 48b

Mathematica [A] time = 0.0885973, size = 167, normalized size = 1.86

cscl (% (a + bxz)) csct (% (a + bxz)) 5 csc? (% (a + be)) sec® (% (a + bxz)) sect (% (a + bxz)) 5sec? (
- 768D - 128b - 128b " 768D 128b "

Antiderivative was successfully verified.

[In] Integrate[x*Cscla + b*x"2]77,x]

[Out] (-5*Cscl[(a + b*x72)/2]172)/(128%b) - Cscl[(a + b*x~2)/2]174/(128%b) - Cscl[(a +
b*x~2)/2]76/(768*%b) - (5xLogl[Cos[(a + b*x~2)/2]]1)/(32*%b) + (5xLogl[Sin[(a +
b*x72)/2]1]1)/(32xb) + (5*Sec[(a + b*x72)/2]72)/(128%b) + Sec[(a + b*x~2)/2]
~4/(128*b) + Sec[(a + b*x72)/2]76/(768*b)

Maple [A] time = 0.023, size = 94, normalized size = 1.

cot (bx2 + a) (csc (bx2 + a))5 5 cot (bx2 + a) (csc (bx2 + a))3 5 csc (bx2 + a) cot (bx2 + a) 5In (csc (bx2 4
120 B 430 B 320 "

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*csc(b*x~2+a)”7,x)

[Out] -1/12%cot (b*x~2+a)*csc(b*x"2+a) ~5/b-5/48*cot (b*x~2+a)*csc(b*x~2+a) ~3/b-5/32
*cot (bxx~2+a)*csc(b*x~2+a) /b+5/32/bx1n(csc(b*x~2+a)-cot (b*x~2+a))

Maxima [B] time = 1.3985, size = 4783, normalized size = 53.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*csc(b*x"2+a)”~7,x, algorithm="maxima"

[Out] 1/192x(4*x(15*cos(11*b*x~2 + 11%a) - 85*%cos(9*b*x~2 + 9%*a) + 198*cos(7*b*xx~2
+ T*a) + 198*cos(5xbxx~2 + 5%a) - 85*cos(3*b*x~2 + 3*a) + 15*cos(b*x”2 + a
))*cos(12%b*x~2 + 12%a) - 60*(6*cos(10*b*x~2 + 10%*a) - 15*%cos(8*b*xx~2 + 8*a

) + 20*cos(6%b*x"2 + 6*a) — 15xcos(4*b*x"2 + 4*a) + 6*xcos(2xb*xx"2 + 2%a) -
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1)*cos(11xbxx~2 + 11%a) + 24*(85*cos(9*bxx~2 + 9%a) - 198*cos(7*b*x~2 + 7xa
) — 198%cos(b5*b*x”2 + 5%a) + 85*%cos(3*b*x”2 + 3*a) - 15*cos(b*x”2 + a))*cos
(10*b*x~2 + 10%*a) - 340*%(15%cos(8*b*x"2 + 8*a) - 20*cos(6*b*xx~2 + 6%a) + 15
*cos (4*%b*x™2 + 4*a) — 6xcos(2%b*x"2 + 2*a) + 1)*cos(9*b*xx~2 + 9*a) + 60*(19
8*cos (7*b*x"2 + 7*xa) + 198*cos(b*b*x"2 + 5*a) — 85xcos(3*b*x"2 + 3*a) + 15x%
cos(b*x"2 + a))*cos(8xb*x"2 + 8*a) - 792%(20*cos(6*b*x"2 + 6*a) — 15xcos(4x*
b*x"2 + 4*a) + 6*cos(2%b*x”2 + 2%a) - 1)*cos(7*bxx"2 + 7T*a) - 80*(198*cos(5
*b*x"2 + 5*%a) - 8bxcos(3*b*x”2 + 3*a) + 15*xcos(b*x"2 + a))*cos(B6*xb*x"2 + 6%
a) + 792*%(15*%cos(4*xb*x"2 + 4*a) - 6*cos(2*b*x”2 + 2*a) + 1)*cos(5*b*x"2 + 5
*a) — 300%(17*cos(3*b*x”"2 + 3*xa) - 3*xcos(b*x"2 + a))*cos(4xb*x"2 + 4x*a) + 3
40% (6*%cos (2*%b*x"2 + 2*a) - 1)*cos(3*b*x”2 + 3*a) - 360*xcos(2*xb*x~2 + 2*a)*c
0s(b*x"2 + a) + 15x(2*x(6*xcos(10%b*x~2 + 10*a) - 15*%cos(8*b*xx~2 + 8*a) + 20%
cos(6xb*x~2 + 6%a) — 15*cos(4*b*x~2 + 4*xa) + 6xcos(2xb*x”2 + 2%a) - 1)*cos(
12%b*x~2 + 12%a) - cos(12*b*x™2 + 12*%a)~2 + 12+ (15*cos(8*b*x~2 + 8*a) - 20%
cos(6xb*x™2 + 6%a) + 15%cos(4*b*xx~2 + 4*xa) - 6xcos(2xb*x”2 + 2%a) + 1)x*cos(
10*b*x~2 + 10%a) - 36*cos(10*b*x"2 + 10*a)”~2 + 30*(20*cos(6*b*x"2 + 6*a) -
15%cos (4xbxx~2 + 4%a) + 6*cos(2xb*x"2 + 2xa) - 1)*cos(8*b*x~2 + 8*a) - 225%
cos(8*b*x~2 + 8%a)”2 + 40*x(15*cos(4*b*x"2 + 4*a) - 6xcos(2xb*x"2 + 2%a) + 1
)Y*cos(Bxb*x"2 + 6%*a) - 400*cos(6xb*x"2 + 6%a)”2 + 30*(6*cos(2*b*x"2 + 2x*a)
- 1)*cos(4xb*xx™2 + 4x*a) - 225%cos(4*b*xx~2 + 4xa)”2 - 36*cos(2*b*xx~2 + 2%a)”
2 + 2%(6*%sin(10*b*x"2 + 10*a) - 15%sin(8*b*x"2 + 8*a) + 20*sin(6%b*x"2 + 6%
a) - 15*sin(4*b*x”2 + 4*a) + 6*xsin(2*xb*x~2 + 2%a))*sin(12*b*x~2 + 12%a) - s
in(12*b*x~2 + 12%a)”2 + 12*x(15*sin(8*b*x~2 + 8*a) - 20*sin(6*b*x~2 + 6*a) +
15*%sin (4*b*x"2 + 4%a) - 6*sin(2*b*x"2 + 2%a))*sin(10*b*x~2 + 10%a) - 36%*si
n(10*b*x~2 + 10%a)”2 + 30*(20*sin(6*b*x"2 + 6%a) - 15*sin(4*b*x"2 + 4*a) +
6*sin(2*b*x"2 + 2%a))*sin(8*b*xx~2 + 8*a) - 225*sin(8*b*x"2 + 8*xa)”~2 + 120%*(
5%sin(4*b*x~2 + 4*xa) - 2*xsin(2*b*x~2 + 2+*a))*sin(6*b*x~2 + 6*a) - 400*sin(6
*b*x"2 + 6*%a)”2 - 225*sin(4*b*x"2 + 4*a)”2 + 180*sin(4*b*x~2 + 4xa)*sin(2*b
*x"2 + 2%a) - 36%sin(2%b*x"2 + 2%a)”2 + 12%cos(2%b*x"2 + 2%a) - 1)*log(cos(
b*x~2) "2 + 2*cos(b*x"2)*cos(a) + cos(a)”2 + sin(b*x"2)72 - 2*xsin(b*x~2)*sin
(a) + sin(a)”2) - 16%(2*%(6*xcos(10*b*x~2 + 10%*a) - 15%cos(8*bxx"2 + 8*a) + 2
O*xcos (6*b*xx~2 + 6%a) — 15%cos(4*b*x”2 + 4x*a) + 6*xcos(2*xbxx"2 + 2%a) - 1)*co
s(12*b*x~2 + 12%a) - cos(12%b*x"2 + 12*%a)”2 + 12*(15%cos(8*b*x~2 + 8*a) - 2
O*xcos (6*b*x~2 + 6%a) + 15%cos(4*b*x”™2 + 4*a) - 6xcos(2*bxx"2 + 2%a) + 1)*co
s(10%b*x"2 + 10%a) - 36*cos(10*b*x~2 + 10%*a) 2 + 30*(20*cos(6xb*x~2 + 6%*a)
- 15%cos(4*b*x”2 + 4*a) + 6xcos(2¥b*x"2 + 2*a) - 1)*cos(8xb*xx~2 + 8*a) - 22
5%cos(8*b*x"2 + 8*a)”2 + 40*(15*cos(4*xb*x"2 + 4*a) - 6*cos(2*b*x"2 + 2*a) +
1)*cos(6*bxx~2 + 6%a) - 400*cos(6*b*x™2 + 6%a)”~2 + 30%(6*cos(2*b*x™2 + 2x*a
) — 1)*cos(4*b*x™2 + 4x*a) - 225xcos(4*b*x™2 + 4*a)”2 - 36*xcos(2xb*x~2 + 2*a
)72 + 2% (6*sin(10*b*x"2 + 10*a) - 15*xsin(8*b*x~2 + 8*a) + 20*sin(6*b*xx~2 +
6*a) - 16*sin(4*b*x"2 + 4*a) + 6*sin(2*b*x"2 + 2*a))*sin(12*b*x"2 + 12%a) -
sin(12%b*x"2 + 12*%a)”2 + 12*x(15*sin(8*b*x"2 + 8*a) - 20*sin(6*b*xx~2 + 6%*a)
+ 15%sin(4*b*x~2 + 4*a) - 6*sin(2*b*x"2 + 2*a))*sin(10*b*x~2 + 10%a) - 36%
sin(10*b*x~2 + 10*a)”~2 + 30*(20*sin(6*b*x~2 + 6%a) — 15*sin(4*b*x~2 + 4xa)
+ 6xsin(2*b*x”2 + 2%a))*sin(8*xb*x”2 + 8*a) - 225*sin(8*b*x~2 + 8*a)~2 + 120
*(5*xsin(4*b*x"2 + 4*a) — 2xsin(2%b*x"2 + 2*a))*sin(6*b*xx"2 + 6*a) - 400*sin
(6x%b*x"2 + 6%a)”2 - 225*sin(4*b*x"2 + 4%*a)”2 + 180*sin(4*b*x"2 + 4*a)*sin(2
*b*xx72 + 2%a) - 36%sin(2%b*x”2 + 2%a)”2 + 12xcos(2*b*x"2 + 2%a) - 1)*log(co
s(b*x72) "2 - 2*cos(b*x"2)*cos(a) + cos(a)”2 + sin(b*x"2)72 + 2*sin(b*x~2)*s
in(a) + sin(a)”2) + 4% (15*sin(11*b*x"2 + 11%a) - 85*sin(9*b*x~2 + 9%a) + 19
8*sin(7*b*x"2 + 7*xa) + 198*sin(b*b*x~2 + 5*a) — 85xsin(3*b*x~2 + 3*a) + 15x%
sin(b*x"2 + a))*sin(12xb*x~2 + 12%a) - 60*(6*sin(10*b*x~2 + 10%a) - 1b5xsin(
8*b*x~2 + 8%a) + 20*sin(6*b*x"2 + 6*a) - 15xsin(4*xb*x~2 + 4*a) + 6*sin(2*bx*
X"2 + 2%a))*sin(11%b*x"2 + 11%a) + 24*(85xsin(9*b*x~2 + 9*a) - 198*sin(7*xb*
x"2 + 7*xa) - 198*sin(5*b*x~2 + 5*a) + 85*sin(3*b*x~2 + 3*a) - 15*sin(b*x"2
+ a))*sin(10*b*x~2 + 10%a) - 340*(15*sin(8*b*x"2 + 8*a) - 20*sin(6*b*x~2 +
6*a) + 16*sin(4*b*x"2 + 4*a) - 6*sin(2*b*x"2 + 2*a))*sin(9*b*x~2 + 9*a) + 6
0*(198*sin(7*b*x~2 + 7*a) + 198*sin(5%b*x~2 + 5*a) - 85*sin(3*b*x~2 + 3*a)
+ 16*sin(b*x”~2 + a))*sin(8*b*x~2 + 8%a) - 792*x(20*sin(6%b*x~2 + 6%a) - 15*s
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in(4%b*x~2 + 4*a) + 6*xsin(2xb*x~2 + 2%*a))*sin(7*b*x”2 + 7*xa) - 80*(198*sin(
5%b*x~2 + b*a) - 85*sin(3*bxx~2 + 3*a) + 156*sin(b*x"2 + a))*sin(6*¥b*x"2 + 6
*a) + 2376*(5*xsin(4*b*xx~2 + 4%a) - 2*sin(2*b*x~2 + 2*a))*sin(5*¥b*x~2 + 5%*a)
- 300*%(17*sin(3*b*x"2 + 3*a) - 3*sin(b*x”2 + a))*sin(4*xbxx~2 + 4x*a) + 2040
*3in (3*b*x”2 + 3*a)*sin(2*xb*x~2 + 2*a) - 360*sin(2*xb*x"2 + 2*a)*sin(b*x"2 +
a) + 60*cos(b*x”2 + a))/(b*cos(12*%b*x"2 + 12%a)~2 + 36*b*xcos(10*b*x~2 + 10
*3) "2 + 225%bxcos(8*b*x~2 + 8%a)” 2 + 400*b*cos(6xb*x~2 + 6%a)”~2 + 225%b*cos
(4%b*x~2 + 4%a)”2 + 36*xbxcos(2xb*x~2 + 2%a) 2 + b*sin(12*b*x~2 + 12%a)~2 +
36*b*sin(10*b*x~2 + 10%a)”2 + 225*b*sin(8*b*x~2 + 8*a)”~2 + 400*b*sin(6xb*xx~
2 + 6%a)”2 + 226*xb*sin(4xb*xx"2 + 4%a)”2 - 180*b*sin(4*b*x~2 + 4*a)*sin(2*b*
X"2 + 2*a) + 36xb*sin(2*b*x”2 + 2*a)”2 - 2% (6*b*xcos(10*b*x~2 + 10*a) - 15%b
*cos (8*b*x™2 + 8%a) + 20*bxcos(6*b*x”2 + 6*a) - 15xbxcos(4xb*xx~2 + 4%a) + 6
*b*cos (2*%b*x"2 + 2*a) — b)*xcos(12%b*x~2 + 12*a) - 12*x(15*b*xcos(8*b*x~2 + 8%
a) - 20*b*cos(6*xb*x"2 + 6%a) + 15%b*cos(4*b*x”2 + 4*a) — 6xbxcos(2¥b*x~2 +
2%a) + b)*cos(10*b*x"2 + 10*a) - 30*(20*b*cos(6*b*x"2 + 6%a) - 15*b*cos(4x*b
*x72 + 4%a) + 6*xbkcos(2xb*x"2 + 2%a) - b)*cos(8xb*x"2 + 8*a) - 40*(15%b*cos
(4%b*x~2 + 4%*a) - 6*xbxcos(2xbxx~2 + 2%a) + b)*cos(6xb*xx~2 + 6xa) - 30*(6*b*
cos(2*b*x"2 + 2%a) - b)*cos(4*b*x"2 + 4*xa) - 12xb*cos(2*b*x"2 + 2*a) - 2*(6
*b*sin(10*b*x~2 + 10*a) — 15%b*sin(8*b*x~2 + 8*a) + 20*bxsin(6*b*x~2 + 6*a)
- 15*b*sin(4*b*x"2 + 4*a) + 6*b*sin(2*b*x"2 + 2*a))*sin(12%b*x~2 + 12%a) -
12*% (15*b*sin (8%b*x~2 + 8*a) - 20*b*sin(6*b*x~2 + 6%a) + 15*b*sin(4*xb*x"2 +
4xa) - 6xb*xsin(2%b*x”2 + 2*a))*sin(10*b*x"2 + 10*a) - 30*(20*b*sin(6xb*x~2
+ 6%a) - 15*b*sin(4*b*xx~2 + 4%a) + 6*b*sin(2%b*x~2 + 2*a))*sin(8*b*x~2 + 8
*a) - 120*%(5*xb*sin(4*b*x~2 + 4*a) - 2*b*sin(2*b*x~2 + 2*a))*sin(6*¥b*x"2 + 6
*a) + b)

Fricas [B] time = 0.497558, size = 463, normalized size = 5.14

30 cos (bx2 + a)5 — 80 cos (bx2 + a)3 -15 (cos (bx2 + a)6 -3 cos (bx2 + a)4 +3 cos (bx2 + a)z - 1) log (% cos (bx2

192 (b cos (bx2 + a)6 —-3bcos|

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*csc(b*x~2+a)~7,x, algorithm="fricas")

[Out] 1/192*(30*cos(b*x~2 + a)~5 - 80*cos(b*x™2 + a)~3 - 15%(cos(b*x"2 + a)”6 - 3
xcos(b*x”2 + a)”4 + 3*cos(b*x"2 + a)72 - 1)xlog(1l/2*cos(b*x"2 + a) + 1/2) +
15%(cos(b*x™2 + a)~6 - 3*cos(b*x"2 + a)”4 + 3xcos(b*x"2 + a)”2 - 1)xlog(-1
/2*%cos(b*x”"2 + a) + 1/2) + 66*cos(b*x”2 + a))/(b*cos(b*x"2 + a)”~6 - 3*b*cos
(b*x~2 + a)~4 + 3*bxcos(b*x”2 + a)~2 - b)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxcsc7 (a + bxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*csc(b*x**2+a)**7,x)

[Out] Integral(x*csc(a + b*x**2)**7, x)
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Giac [B] time = 1.19258, size = 285, normalized size = 3.17

3

9(COS(bx2+ﬂ)*1)_45(C05(bx2+”)’1)2 110(Cos(bx2+u)71)3— cos(bx?+a ’
+ ! ( (b i )+1) 45 (cos(bx2+a)—1) 9(COS(bX2+“)_1)2 + (cos(bx2+a)—1) 60 1
_ - O

COS(bXZJru)Jrl (cos(bx2+a)+1)2 (cos(bx2+a)+1)3
(cos(bx2+a)—1)3 cos(bx2+u)+l (cos(bx2+a)+1)2 (cos(bx2+a)+1)
768b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*csc(b*x~2+a)~7,x, algorithm="giac")

[Out] -1/768*((9*(cos(b*x"2 + a) - 1)/(cos(b*x™2 + a) + 1) - 45%(cos(b*x"2 + a) -
1)72/(cos(b*x”2 + a) + 1)72 + 110*(cos(b*x"2 + a) - 1)73/(cos(b*x"2 + a) +
1)73 - 1)*(cos(b*x”2 + a) + 1)73/(cos(b*x"2 + a) - 1)°3 + 45*%(cos(b*x"2 +
a) - 1)/(cos(b*x”2 + a) + 1) - 9%(cos(b*x"2 + a) - 1)72/(cos(b*x"2 + a) + 1
)72 + (cos(b*x”2 + a) - 1)73/(cos(b*x”2 + a) + 1)73 - 60*log(-(cos(b*xx"2 +

a) - 1)/(cos(b*x™2 + a) + 1)))/b
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5

X

316 | dx
a+b(Sc(c+dx2)
Optimal. Leaf size=396
bx2PolyLog (2, ) bepolyLog (2, ) iypolyLog (3, %) ipolyLog (3, %) b
THOYROB\ S | T TOYRO8 /Wﬂ%b4f OV Y e OO\ Y ) Y
ad?>\b? — a? ad’\Nb? - a? ad3Vb? - a? ad3Vb? — a?

[Out] x76/(6*xa) + ((I/2)*b*x"4xLog[l - (I*axE~(I*(c + d*x~2)))/(b - Sqrt[-a"2 + b
~2]1)1)/(axSqrt[-a”2 + b~2]xd) - ((I/2)*b*x~4*Logl[l - (I*xa*E~(Ix(c + d*x~2))

)/ (b + Sqrt[-a~2 + b~2])])/(axSqrt[-a”2 + b~2]*d) + (b*x~2+PolyLogl[2, (I*ax
E7(Ix(c + d*x"2)))/(b - Sqrt[-a"2 + b~2])])/(axSqrt[-a”2 + b~2]*d"2) - (b*x
~2*%PolyLog[2, (I*axE~(Ix(c + d*x72)))/(b + Sqrt[-a”2 + b~2])]1)/(a*Sqrt[-a~2

+ b"2]*d72) + (I*b*PolyLog[3, (I*a*xE~(I*(c + d*x72)))/(b - Sqrt[-a”2 + b~2
1)1)/(axSqrt[-a"2 + b72]1*d"3) - (I*b*PolyLogl3, (Ixa*E~(Ix(c + d*x~2)))/(b

+ Sqrt[-a”2 + b~2])])/(a*xSqrt[-a”2 + b~2]*d~3)

Rubi [A] time = 0.945527, antiderivative size = 396, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 8, integrand size = 18, number of rules

= 0.444, Rules used = {4205, 4191, 3323, 2264, 2190, 2531, 2282, 6589}

integrand size

. i(c+dx2 . i(c+dx2) . i(c+dx2) . i(c+dx2)
2P 1 L 1ae 2P 1 L 1ae . P 1 L 1ae . P 1 L 1ae Sy
bx“PolyLog (2, — bx“PolyLog (2, i ) ibPolyLog |3, e ibPolyLog |3, i ibx
ad?Vb? — a? ad>Vb? — a? ad3Vb? — a? ad3Vb? — a?

Antiderivative was successfully verified.

[In] Int[x"5/(a + b*Csclc + d*x~2]),x]

[Out] x76/(6%a) + ((I/2)*bxx~4*xLogl[l - (I*xa*E~(I*(c + d*x~2)))/(b - Sqrt[-a”2 + b
~2]1)1)/(axSqrt[-a”2 + b~2]xd) - ((I/2)*b*x~4*Logl[l - (I*a*E~(Ix(c + d*x~2))

)/ (b + Sqrt[-a~2 + b~2])])/(axSqrt[-a~2 + b~2]*d) + (b*x~2xPolyLog[2, (Ixax
E7(Ix(c + d*x~2)))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"2) - (b*x
~2%PolyLog[2, (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a”2 + b72])])/(a*Sqrt[-a~2

+ b~2]*d"2) + (I*b*PolyLogl[3, (I*a*xE~(I*(c + d*x72)))/(b - Sqrt[-a”2 + b~2
1)1)/(axSqrt[-a”2 + b72]*d"3) - (I*b*PolyLogl3, (Ixa*E~(Ix(c + d*x~2)))/(b

+ Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d"3)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_ )" )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
» x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQlpl]

Rule 4191

Int[(cscl(e_.) + (f_)*x(x_)I*x(b_.) + (@)~ (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + fxx]"n/(b + axSi
nle + fxx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(I*x(e + f*xx)))/(I*b + 2xa*xE~(Ix(e + f*x
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D)) — IxbxE~(2xI*(e + fx*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, 0]

Rule 2264

Int [CCF)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF"u)/(b - q + 2%cxF~u), x], x] - Dist[(2*%c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2190

Int [CC(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logl[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (n_)1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*x(F~(c*(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, ¢, e, £
, g, nt, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps
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x° 1 x? )
f dx = = Subst f dx, x, x
a+bese (c + dx2) 2 a + besc(c + dx)
1 x? bx?
=—Sbtj‘—— dx, x, x2
2 us( (a a(b+asin(c+dx))) x”)
X
_ﬁ_bSUbSt(fmdx,x,xZ)
"~ 6a 2a
b ei(c+dx)x2 5
_ x_6 _ b Su st (f l‘a+2bei(c+dx)_l‘a62i(c+dx) dx’ X, x )
"~ 6a a
i(c+dx) 2 i(c+dx) 2
b bt( G d,,Z) b bt( T d
= x_6 + (1) Subs f 202V -a2+b22inelc+dx) Y _ (ib) Subs f2b+2\/m—2iaei(”d") §
6a N Narar
- i(cdn? . i(c+dx® .
ibx* 10g 1- M—d) ibx* log 1- zae( il ) Subst 1 1— 2iaet
2 o2 vvrz)  ()Subst({ [xlog (1 —=5

= + —

6a 2aV-a? + b2d 2aV-a? + b?d aN—a? + b?d

i(c+dx?) - i(c+dx?) - i(c+dx?)
. 4 1 1 _ 1ae B 4 1 1 _ 1ae ZL. ae 2L.
B 6+sz Og( ] BELLA Cwwarrr=d B Paarrr=] B

— - +
6a 2aV-a? + b%d 2aV-a? + b%d av—a? + b2d? av-
it loe (1 inel(c+d?) it loe (1 inel(c+d?) 2L inel(crd?) 2L
o OB | PO T vmme) 7 2 i) T
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ibx*log (1 - ) ibx*log (1 - ) bx?Li, ( ) bx?Li,

b—V-a2+b? b+V-a2+b2 b—V—-a2+b?

6a 2aV—-a? + b%d 2aV—-a? + b%d avV—-a? + b2d? av-

Mathematica [A] time = 1.15507, size = 488, normalized size = 1.23

25+dx2) aei (26+dx2>

iaei(

e2ic (112—172)+1'beic

6ibe°dx?PolyLog [2, ) — 6ibe°dx?PolyLog (2, -

X . i(2c+dx2)
) — 6be*“PolyLog (3, — ) -
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Antiderivative was successfully verified.

[In] Integrate[x”5/(a + b*Cscl[c + d*x~2]),x]

[Out] (d73xSqrt[(a”2 - b™2)*E~((2*I)*c)]*x"6 - 3*bxd~2*E~(Ix*c)*x"4xLogl[l + (a*xE~(
Ix(2xc + d*x~2)))/(I*b*E~(I*c) - Sqrt[(a™2 - b 2)*E~((2*I)*c)])] + 3xb*xd~2x
E™(Ixc)*x"4xLog[l + (a*E™(I*(2%c + d*x72)))/(I*b*E~(I*c) + Sqrt[(a™2 - b72)
*E~((2%I)*c)])] + (6*%I)*b*d*E~(I*c)*x"2+PolyLog[2, (I*a*E~(I*(2*c + d*x~2))

)/ (b*E~(I*c) + IxSqrt[(a™2 - b"2)*E~((2xI)*c)])] - (6%I)*b*xd*E~(I*c)*x"2*Po
lyLog[2, -((a*xE~(I*(2*c + d*x~2)))/(I*b*xE~(I*c) + Sqrt[(a™2 - b~2)*E~((2%I)
*c)]))] - 6%b*E™(I*c)*Polylogl[3, (I*axE~(I*(2*c + d*x~2)))/(b*E~(I*c) + IxS
qrt[(a™2 - b"2)*E~((2*%I)*c)])] + 6*b*E™ (I*c)*PolyLog[3, -((a*E~(I*(2*c + dx
x72)))/(I*b*E”~ (I*c) + Sqrt[(a™2 - b"2)*E~((2xI)*c)]))]1)/(6*xaxd~3*Sqrt[(a~2

- b72)*E” ((2*I)*c)])

Maple [F] time = 0.319, size = 0, normalized size = 0.

X5
fa+bcsc(dx2+c) ax
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"5/(a+b*csc(d*x"2+c)) ,x)

[Out] int(x~5/(a+b*csc(d*x~2+c)),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5/(at+b*csc(d*x”2+c)),x, algorithm="maxima")

[Out] Timed out

Fricas [C] time = 0.795814, size = 3459, normalized size = 8.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5/(a+b*csc(d*x~2+c)),x, algorithm="fricas")

[Out] 1/24%(4%(a”2 - b72)*d"3*x76 + 12*%Ixa*xbxd*x 2*sqrt((a”2 - b~2)/a"2)*dilog(-1
/2% (2xIxb*cos(d*x™2 + c) + 2*b*sin(d*x”2 + c) + 2x(a*xcos(d*x"2 + c) - I*axs
in(d*x~2 + c))*sqrt((a”2 - b~2)/a"2) + 2*a)/a + 1) - 12xIxaxb*xd*x~2*sqrt((a
T2 - b"2)/a"2)*dilog(-1/2* (2*Ixb*cos(d*x"2 + c) + 2*bxsin(d*x"2 + c) - 2x(a
xcos(d*x”2 + c) - Ixaxsin(d*x"2 + c))*sqrt((a”™2 - b~2)/a"2) + 2*a)/a + 1) -
12xI*xaxbxd*x"2*sqrt((a”2 - b~2)/a"2)*dilog(-1/2* (-2*xI*b*cos(d*x"2 + c) + 2
*xb*sin(d*x”2 + c) + 2*%(axcos(d*x"2 + c) + Ixa*sin(d*x”2 + c))*sqrt((a”™2 - b
T2)/a”2) + 2%a)/a + 1) + 12xIxa*xbxd*x"2xsqrt((a”2 - b72)/a"2)*dilog(-1/2x(-
2%I*xbxcos(d*x”~2 + c) + 2xb*sin(d*x”2 + c) - 2*(a*cos(d*x”2 + c¢) + I*axsin(d
*x"2 + c))*xsqrt((a™2 - b72)/a"2) + 2*xa)/a + 1) + 6*axb*xc”2*sqrt((a”2 - b72)
/a”2)*log(2*xaxcos(d*x"2 + c) + 2*Ikaxsin(d*x"2 + c) + 2%a*sqrt((a”2 - b~2)/
a”2) + 2*Ixb) + 6*xaxbxc”2*sqrt((a”2 - b~2)/a"2)*log(2*a*cos(d*x™2 + c) - 2%
Ixaxsin(d*x~2 + c) + 2xa*sqrt((a”2 - b~2)/a"2) - 2*Ixb) - 6*xaxbxc”2*sqrt((a
2 - b"2)/a"2)*log(-2*axcos(d*x"2 + c) + 2*I*xaxsin(d*x"2 + c) + 2¥a*xsqrt((a
T2 - b72)/a"2) + 2xIxb) - 6xaxbxc”2xsqrt((a”2 - b~2)/a"2)*log(-2*a*cos(d*x”
2 + c) - 2xIkxa*xsin(d*x”2 + c) + 2*axsqrt((a™2 - b72)/a"2) - 2xIxb) - 12xa*b
xsqrt((a™2 - b72)/a"2)*polylog(3, 1/2*%(2xIxb*cos(d*x~2 + c) - 2*b*sin(d*x"2
+ ¢c) + 2x(axcos(d*x"2 + c) + Ixa*xsin(d*x~2 + c))*sqrt((a”™2 - b~2)/a"2))/a)
+ 12xa*xbxsqrt((a”™2 - b~2)/a"2)*polylog(3, 1/2%(2xIxb*cos(d*x~2 + c) - 2%bx
sin(d*x”2 + c¢) - 2*(a*cos(d*x"2 + c) + I*xa*xsin(d*x”2 + c))*sqrt((a”2 - b~2)
/a”2))/a) - 12*axbxsqrt((a”2 - b72)/a"2)*polylog(3, 1/2*(-2xIxb*cos(d*x"2 +
c) - 2%b*sin(d*x"2 + c) + 2x(akxcos(d*x”2 + c) - Ixaxsin(d*x™2 + c))*sqrt((
a"2 - b72)/a"2))/a) + 12*xaxb*sqrt((a”2 - b~2)/a"2)*polylog(3, 1/2%(-2xIxb*c
0s(d*x”2 + c) - 2xb*sin(d*x”2 + c) - 2*(a*xcos(d*x”2 + c) - I*xaxsin(d*x~2 +
c))*sqrt((a”2 - b72)/a"2))/a) + 6x(axb*xd~2*x"4 - a*xb*xc”2)*sqrt((a”2 - b72)/
a”~2)*log(1/2*(2xIxb*cos(d*x™2 + c) + 2*b*sin(d*x”2 + c) + 2x(a*xcos(d*x"2 +
c) - Ikxaxsin(d*x”2 + c))*sqrt((a™2 - b72)/a"2) + 2xa)/a) - 6x(a*bxd"2*x"4 -
axb*xc”2)*sqrt((a”2 - b72)/a"2)*log(1/2*(2*Ixb*cos(d*x™2 + c) + 2*bxsin(d*x
2 + ¢c) - 2x(axcos(d*x"2 + c) - Ixa*xsin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2) +
2*xa)/a) + 6%(axb*d"2xx"4 - axbxc”2)*sqrt((a”2 - b~2)/a"2)*log(1/2* (-2xIxb*
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cos(d*x"2 + c) + 2*b*sin(d*x™2 + c) + 2x(a*xcos(d*x”2 + c) + I*xaxsin(d*x"2 +

c))xsqrt((a™2 - b72)/a"2) + 2xa)/a) - 6%(axb*d”2*x"4 - axb*c”2)*sqrt((a”2
- b72)/a"2)*log(1/2* (-2xI*b*cos(d*x"2 + c) + 2xb*sin(d*x"2 + c) - 2*(axcos(
d*x"2 + c) + Ixa*xsin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2) + 2*a)/a))/((a"3 - a
*b~2) *d"3)

Sympy [F] time = 0., size = 0, normalized size = 0.

X5
fa + bcsc(c+dx2) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**5/(atb*csc(d*x**2+c)),x)

[Out] Integral(x**5/(a + bxcsc(c + d*x**2)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

5
f dx
bcsc (dx2 + c) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5/(a+b*csc(d*x”2+c)),x, algorithm="giac")

[Out] integrate(x~5/(b*csc(d*x™2 + c) + a), x)
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4

X
317 | dx
a+bc30(c+dx2)
Optimal. Leaf size=20
4
Unintegrable ,X
(a +bese (c + dxz) ]

[Out] Unintegrable[x~4/(a + b*Csclc + d*x72]), x]

Rubi [A] time = 0.025581, antiderivative size = 0, normalized size of antiderivative =
0., number of steps used = 0, number of rules used = 0, integrand size = 0, number of rules _

integrand size
0., Rules used = {}

!
f dx
a+bcsc (c + dxz)

Verification is Not applicable to the result.
[In] Int[x~4/(a + b*Csclc + d*x~2]),x]

[Out] Defer[Int][x"4/(a + bxCsclc + d*x"2]), x]

Rubi steps

x4 x4
f dx = f dx
a+bcsc (c+dx2) a+bcesc (c+dx2)

Mathematica [A] time = 1.53838, size = 0, normalized size = 0.

!
f dx
a+bcsc (c + dxz)

Verification is Not applicable to the result.

[In] Integratel[x~4/(a + b*Csclc + d*x~2]),x]

[Out] Integrate[x~4/(a + bxCsclc + dxx"2]), x]

Maple [A] time = 0.257, size = 0, normalized size = 0.

!
f dx
a+bcsc (dx2 + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4/(atb*xcsc(d*x~2+c)),x)
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[Out] int(x~4/(at+b*csc(d*x~2+c)),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(a+b*csc(d*x”2+c)),x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

A4

bcsc (dx2 + c) + a’xJ

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(a+b*csc(d*x~2+c)),x, algorithm="fricas")

[Out] integral(x~4/(b*csc(d*x"2 + c) + a), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

!
f dx
a+bcsc (c + dxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x4/(a+b*csc(d*x**2+c)) ,x)

[Out] Integral(x**4/(a + b*csc(c + d*x**2)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

4
f dx
besc (dx2 + c) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(a+b*csc(d*x~2+c)),x, algorithm="giac")

[Out] integrate(x~4/(b*csc(d*x™2 + c) + a), x)
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318 [— dx
a+b(ﬁc(c+dx2)
Optimal. Leaf size=271
bP 1 L 2 iaei(cﬂixz) bP 1 L 2 iaei(chdxz) b 21 1 iaei(cﬂz’xz) b 21 1 iaei(chdxz)
l — —
YO\ e OV OB\ & T s 08 ) T8 Vi2=a2+b +x4
2ad?Vb? — g2 2ad?Vb? — a2 2adVb? — a? 2adVb? — a2 4a

[Out] x74/(4*a) + ((I/2)*b*x"2xLogl[l - (I*a*E~(I*(c + d*x~2)))/(b - Sqrt[-a”2 + b
~2])1)/(a*xSqrt[-a”2 + b~2]*d) - ((I/2)*b*x"2xLog[l - (I*axE”~(I*(c + d*x~2))

)/ (b + Sqrt[-a~2 + b~2])])/(axSqrt[-a~2 + b~2]*d) + (b*PolyLogl[2, (Ixa*E~(I

x(c + d*x72)))/(b - Sqrt[-a”2 + b~2])]1)/(2%a*Sqrt[-a~2 + b~2]*d"2) - (b*Pol
yLog[2, (I*a*E~(I*(c + d*x~2)))/(b + Sqrt[-a”2 + b~2])])/(2*a*Sqrt[-a”2 + b
~2]1*d"2)

Rubi [A] time = 0.568848, antiderivative size = 271, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 7, integrand size = 18, number of rules

= 0.389, Rules used = {4205, 4191, 3323, 2264, 2190, 2279, 2391}

integrand size

LPolvL 5 iaei(c+dx2 bPolvL, ) iaei(wdxz) b 21 1 iaez‘(c+dx2) " 21 . iaei(c+d’(2)
OlyLog\ s e olyLog ,Wﬂhh+1x<g | bxlog #ﬂhb+x4
2ad?Vb? - a? 2ad?Vb? - a? 2adVP2 — a2 2adVp? - 22 4a

Antiderivative was successfully verified.

[In] Int[x~3/(a + b*Csclc + d*x~2]),x]

[Out] x~4/(4xa) + ((I/2)*bxx"2xLogl[l - (I*a*E~(I*(c + d*x"2)))/(b - Sqrt[-a”2 + b
~21)1)/(a*xSqrt[-a”2 + b~2]*d) - ((I/2)*bxx"2xLog[l - (I*axE~(I*(c + d*x~2))

)/ (b + Sqrt[-a~2 + b~2])])/(axSqrt[-a"2 + b~2]*d) + (b*PolyLogl[2, (Ixa*E~(I

x(c + d*x72)))/(b - Sqrt[-a”2 + b~2])])/(2%a*Sqrt[-a~2 + b~2]*d"2) - (b*Pol
yLog[2, (I*a*E~(I*(c + d*x"2)))/(b + Sqrt[-a”2 + b~2])])/(2*a*Sqrt[-a”2 + b
~2]1*d"2)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_D*xx)D)I*x(M_.) + (a))"(n_)*x((c_.) + (d_)*x))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])°n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Rule 3323

Int[((c_.) + (d_.)*(x_)) " (m_.)/((a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + f*x)))/(Ixb + 2xa*xE~(Ix(e + f*x
)) - I*bxE”(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]
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Rule 2264

Int[((FO)~(u)*((£f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF~u)/(b - q + 2*%c*F~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2*%cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*x((e_.) + (£_D*(x_)))) " (n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[1 + (b*(F~(gx(e + f*x))) n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (b*x(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cxd, 1]

Rubi steps

f X3 P 1S bt(f X p 2)
X = 5 oubs X, X, X
a+besc (c+dx2) 2 a + besc(c + dx)

1 X bx ’
= 5 Subst (f (Z T ab+asinc + dx))) ax, %, % )

4+ bSubst (f; dx, x, xz)

X b+a sin(c+dx)
4a 2a
pllc+dx) )

oAb Subst ( f PCYS T dx, x, x

B 4a a
. el(erdx) o . pilctdn)
4 (b SUbSt( —— dx, x x2) ib Subst( : X

— x_ + ( ) f 202V a2 +b2—2igel(c+dx) r _ ( ) f2b+2‘/—a2+b2—2iael(c+dx)

mei (c+dx2) . i(c+d;@)

o a9 iae .
o loe (1 ] bm) thxlog (1 } wm) (ib) Subst (f log (1 -
e _ _

~ 4a 2aV-a? + b2d 2aV-a? + b2d 2aV-a? + b2d
- ic+d?) - ic+d?) 1og(1-2b_2m
) e ) _iae b Subst 292N —atHbm
s ) ibx=log (1 b—m) ibx* log (1 —b+m) f x
4a 2aV-a? + b%d 2aV-a? + b%d 2aV—-a? + b2d?

i (c+dx2)

‘ - i(crdr2) oi(c+dx?)
. 21 _ lae . 21 _ lae lae
o Og(l bm) b Og(l b+m)+bhz(b_v—_az+bz)

—+
4a 2aV-a? + b2d 2aV-a? + b2d 2aV-a? + b2d?
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Mathematica [B] time = 4.30961, size = 987, normalized size = 3.64

(a=b) cot( i (2dx2+2c+n))

(a+b) tan(

41(2dx2+2c+n))

n tan_l[m—lﬂcam(z\/;i(d;%—c))} 2(c—cos_1(—g)) tanhf1
b%-a
2b

+(—2dx2—2c+n) tanh™1
2_p2

Va2_p2

-

+
b2—g2

csc (dx2 + c) Xt -

Warning: Unable to verify antiderivative.

[In] Integrate[x~3/(a + b*Csclc + d*x~2]),x]

[Out] (Csclc + d*x"2]*(x"4 - (2xb*x((Pi*ArcTan[(a + b*Tan[(c + d*x~2)/2])/Sqrt[-a”

2 + b"2]]1)/Sqrt[-a”2 + b"2] + (2%(c - ArcCos[-(b/a)])*ArcTanh[((a - b)*Cot[
(2%c + Pi + 2xd*x72)/4])/Sqrt[a”2 - b~2]] + (-2%c + Pi - 2*d*x~2)*ArcTanh[(
(a + b)*Tan[(2%c + Pi + 2xd*x~2)/4])/Sqrt[a”2 - b~2]] - (ArcCos[-(b/a)] - (
2xI)*ArcTanh[((a - b)*Cot[(2*%c + Pi + 2xd*x~2)/4])/Sqrt[a”2 - b~2]])*Log[((
a + b)x(a - b - IxSqrt[a™2 - b72])*(1 + I*Cot[(2*c + Pi + 2xd*x~2)/4]))/(ax*
(a + b + Sqrt[a”2 - b"2]*Cot[(2*%c + Pi + 2xd*x~2)/4]))] + (ArcCos[-(b/a)] +
(2%I)*(-ArcTanh[((a - b)*Cot[(2xc + Pi + 2%d*x~2)/4])/Sqrt[a™2 - b~2]] + A
rcTanh[((a + b)*Tan[(2%c + Pi + 2*xd*x~2)/4])/Sqrt[a”2 - b~2]]))*Log[((-1)~(
1/4)*Sqrt[a”2 - b~2])/(Sqrt[2]*Sqrt[a]l*E~((I/2)*(c + d*x~2))*Sqrt[b + a*Sin
[c + d*x"2]]1)] + (ArcCos[-(b/a)] + (2%I)*ArcTanh[((a - b)*Cot[(2%c + Pi + 2
xd*x72)/4])/Sqrt[a™2 - b"2]] - (2%xI)*ArcTanh[((a + b)*Tan[(2*c + Pi + 2*d*x
~2)/41)/8qrt[a”2 - b~2]]1)*Log[-(((-1)"(3/4)*Sqrt[a”2 - b 2]*E~((I/2)*(c + d
*x72)))/(8qrt [2]1 *Sqrt [a] #*Sqrt [b + a*Sin[c + d*x72]]))] - (ArcCos[-(b/a)] +
(2%I)*ArcTanh[((a - b)*Cot[(2%c + Pi + 2xd*x"2)/4])/Sqrt[a”2 - b~2]])*Logl1
+ (I*(I*b + Sqrt[a™2 - b™2])*(a + b + Sqrt[a”2 - b~2]*Tan[(2%c - Pi + 2%dx
x72)/4]1))/(ax(a + b + Sqrt[a”2 - b~ 2]*Cot[(2%c + Pi + 2*xd*x"2)/4]))] + I*x(P
olyLogl[2, ((b - IxSqrt[a”2 - b"2])*(a + b + Sqrt[a™2 - b~2]*Tan[(2%c - Pi +
2xd*x72)/4]1))/(ax(a + b + Sqrt[a™2 - b72]*Cot[(2*%c + Pi + 2%d*x~2)/4]1))] -
PolyLog[2, ((b + I*Sqrt[a™2 - b"2])*(a + b + Sqrt[a™2 - b~2]*Tan[(2*c - Pi
+ 2*%d*x~2)/4]))/(ax(a + b + Sqrt[a”™2 - b~2]*Cot[(2%c + Pi + 2xd*x"2)/4]))]
))/Sqrt[a”2 - b~2]))/d"2)*(b + axSin[c + d*xx"2]))/(4xa*x(a + b*Csclc + d*x"2
1))

Maple [F] time = 0.33, size = 0, normalized size = 0.

3
f dx
a+bcsc (dx2 + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3/(atb*csc(d*x~2+c)),x)

[Out] int(x~3/(at+b*csc(d*x"2+c)),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(a+b*csc(d*x”2+c)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.945257, size = 2526, normalized size = 9.32

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(atb*csc(d*x”2+c)),x, algorithm="fricas")

[Out] 1/8%(2*%(a”2 - b~2)*d"2*x~4 - 2xaxbxc*sqrt((a”2 - b~2)/a"2)*log(2*a*cos (d*x~
2 + c) + 2xIxaxsin(d*x~2 + c) + 2xa*xsqrt((a”2 - b~2)/a"2) + 2*Ixb) - 2kaxbx
cksqrt((a™2 - b~2)/a"2)*log(2xa*cos(d*x™2 + c) - 2*Ixa*xsin(d*x™2 + c) + 2*a
xsqrt((a™2 - b72)/a"2) - 2xI*b) + 2*axbxcksqrt((a”2 - b~2)/a"2)*log(-2*axco
s(d*x"2 + c) + 2xIkxaxsin(d*x"2 + c) + 2%a*xsqrt((a”2 - b~2)/a"2) + 2xIxb) +
2xaxb*cxsqrt((a™2 - b72)/a"2)*log(-2*a*cos(d*x™2 + c) - 2*Ixa*sin(d*x™2 + ¢
) + 2xaxsqrt((a”2 - b~2)/a"2) - 2xIxb) + 2xIxaxb*xsqrt((a”2 - b~2)/a"2)*dilo
g(=1/2*%(2xIxb*cos(d*x~2 + c) + 2*bxsin(d*x"2 + c) + 2x(a*xcos(d*x”2 + ¢) - I
xa*xsin(d*x~2 + c))*sqrt((a”2 - b72)/a"2) + 2*a)/a + 1) - 2*xIxaxb*xsqrt((a”2
- b72)/a"2)*dilog(-1/2* (2*%I*xb*cos(d*x"2 + c) + 2%b*sin(d*x~2 + c) - 2x(axco
s(d*x"2 + c¢) - Ixa*sin(d*x~2 + c))*sqrt((a™2 - b~2)/a"2) + 2*xa)/a + 1) - 2%
I*xaxb*xsqrt((a”2 - b~2)/a"2)*dilog(-1/2*(-2xI*b*cos(d*x~2 + c) + 2xb*sin(d*x
2 + ¢) + 2x(axcos(d*x"2 + c) + Ixa*xsin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2) +
2%a)/a + 1) + 2xIxaxb*sqrt((a”2 - b72)/a"2)*dilog(-1/2*(-2*I*b*cos(d*x"2 +
c) + 2xb*sin(d*x”2 + c) - 2*x(axcos(d*x”2 + c) + Ixa*sin(d*x~2 + c))*sqrt ((
a"2 - b72)/a"2) + 2xa)/a + 1) + 2x(axb*d*x~2 + axb*xc)*sqrt((a”2 - b~2)/a"2)
x1og(1/2% (2%Ixb*cos(d*x™2 + c) + 2*bxsin(d*x"2 + c) + 2x(a*xcos(d*x"2 + c) -
Ixaxsin(d*x~2 + c))*sqrt((a”™2 - b72)/a"2) + 2xa)/a) - 2x(axb*d*x~2 + axb*c
Y*sqrt((a™2 - b~2)/a"2)*log(1/2*(2*Ixb*cos(d*x"2 + c) + 2%b*sin(d*x"2 + c)
- 2% (axcos(d*x"2 + c) - Ixa*xsin(d*x"2 + c))*sqrt((a”2 - b72)/a"2) + 2%*a)/a)
+ 2% (axb*xd*x"2 + axbxc)*sqrt((a”2 - b72)/a"2)*log(1/2x(-2xI*b*cos(d*x~2 +
c) + 2xb*xsin(d*x”2 + c) + 2*(a*xcos(d*x"2 + c) + Ixaxsin(d*x”2 + c))*sqrt((a
T2 - b"2)/a”2) + 2*a)/a) - 2*(axbxd*x”"2 + axbxc)*sqrt((a”2 - b~2)/a"2)*log(
1/2x(-2xIxbxcos(d*x"2 + c) + 2*b*sin(d*x"2 + c) - 2%(a*xcos(d*x"2 + c) + I*a
*sin(d*x”2 + c))*sqrt((a”2 - b72)/a"2) + 2*a)/a))/((a”3 - a*xb~2)*d"2)

Sympy [F] time = 0., size = 0, normalized size = 0.

3
f dx
a+bcsc (c + dxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3/(atb*csc(d*x**2+c)),x)

[Out] Integral(x**3/(a + b*csc(c + d*x**2)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

x3 p
fbcsc(dx2+c) +a g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(a+b*csc(d*x~2+c)),x, algorithm="giac")

[Out] integrate(x~3/(b*csc(d*x™2 + c) + a), x)
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2

X
319 | dx
a+b(ﬁc(c+dx2)
Optimal. Leaf size=20
2
Unintegrable , X
(a +besc (c + dxz) J

[Out] Unintegrable[x"2/(a + b*Csclc + d*x~2]), x]

Rubi [A] time = 0.0251013, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}
2

f a dx
a+bcesc (c + dx2)

Verification is Not applicable to the result.
[In] Int[x"2/(a + b*Cscl[c + d*x~2]),x]

[Out] Defer[Int] [x~2/(a + bxCscl[c + d*xx~2]), x]

Rubi steps

f © dx—f ad dx
a+bcsc(c+dx2) - a+bcsc(c+dx2)

Mathematica [A] time = 1.34948, size = 0, normalized size = 0.

2
f dx
a+bcsc (c + dxz)

Verification is Not applicable to the result.

[In] Integratel[x~2/(a + b*Csclc + d*x~2]),x]

[Out] Integrate[x~2/(a + bxCsc[c + d*x~2]), x]

Maple [A] time = 0.232, size = 0, normalized size = 0.

2
f dx
a+bcsc (dx2 + c)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2/(atb*csc(d*x~2+c)),x)
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[Out] int(x~2/(atb*csc(d*x~2+c)),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(a+b*csc(d*x”2+c)),x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

z2

bcsc (dx2 + c) + a’xJ

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(a+b*csc(d*x~2+c)),x, algorithm="fricas")

[Out] integral(x~2/(b*csc(d*x”2 + c) + a), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

2
f dx
a+bcsc (c + dxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2/(a+b*csc(d*x**2+c)) ,x)

[Out] Integral(x**2/(a + bxcsc(c + d*x**2)), x)

Giac [A] time = 0., size = 0, normalized size = 0.

2
fbcsc(dxz +c) +adx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(d*x”~2+c)),x, algorithm="giac")

[Out] integrate(x~2/(b*csc(d*x™2 + c) + a), x)
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320 [————dx

a+b(ﬁc(c+dx2)

Optimal. Leaf size=63

1 a+b tan(%(c+dx2))
b tanh W xZ

+
adVa? - b2 2a

[Out] x72/(2*%a) + (b*ArcTanh[(a + b*Tan[(c + d*x72)/2])/Sqrt[a~2 - b~2]])/(a*Sqrt
[a”2 - b~2]*d)

Rubi [A] time = 0.118444, antiderivative size = 63, normalized size of antiderivative =
. . f rul
1., number of steps used = 5, number of rules used = 5, integrand size = 16, number of rules

integrand size
0.312, Rules used = {4205, 3783, 2660, 618, 206}

1 a+b tan(%(c+dx2))
b tanh W xZ

+
adVa? - b2 2a

Antiderivative was successfully verified.

[In] Int[x/(a + bxCsclc + d*xx~2]),x]

[Out] x~2/(2%a) + (bxArcTanh[(a + b*Tan[(c + d*x~2)/2])/Sqrt[a”2 - b~2]]1)/(a*Sqrt
[a”2 - b~2]%d)

Rule 4205

Int[((a_.) + Cscl(c_.) + (A_)*x_)" (@ )I*x(M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 3783

Int[(cscl(c_.) + (d_)*(x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sinlc + d*x1)/b), x], x] /; FreeQl{a, b, c, d}, x
1 && NeQ[a™2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl{a, b, c, d}, x] && NeQ[
a~2 - b"2, 0]

Rule 618

Int[((a_.) + (b_D)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4*a*c - x72, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

X 1 1
dx = = Subst (f dx, x, xz)
fa+bcsc(c+dx2) 2 LZ+bCSC(C+dX)

1 2
> Subst(fhmmdx,x,x )

_X b
T 24 2a

2 Subst (f 12%;)()(2 dx, x, tan (% (c + dxz)))
- 2a ad

1 2a 1

P 2 Subst fwdx,x,? +2tan (E (C+dx2))

- 2a ad
3 b(z+tan(l(c+dx2)))
L bt ( sl

+
2a ava2 — b2d

Mathematica [A] time = 0.174997, size = 66, normalized size = 1.05

a+b tan(% (c+dx2))

Vh2-42

AVb2—a?
2a

2b tanl[

Antiderivative was successfully verified.

[In] Integrate[x/(a + b*Csclc + d*x~2]),x]

[Out] (c/d + x72 - (2xb*ArcTan[(a + bxTan[(c + d*x~2)/2])/Sqrt[-a"2 + b~2]])/(Sqr
t[-a”2 + b~2]*d))/(2%*a)

Maple [A] time = 0.063, size = 73, normalized size = 1.2

1 ) 1
V-a2 + b2) V—-a2 + b2

1 dx* ¢ b 1 )
— arctan (tan (7 + 5)) - arctan (E (2 btan (1/2 dx= + c/2) +2 a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(atb*csc(d*x~2+c)),x)

[Out] 1/d/a*arctan(tan(1/2*%d*x"2+1/2%c))-1/d*b/a/(-a~2+b"2)~(1/2)*arctan(1/2*x(2*b
xtan (1/2*d*x"2+1/2*c)+2%*a)/(-a~2+b"2)~(1/2))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(a+b*csc(d*x”2+c)),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0.52425, size = 560, normalized size = 8.89

2_2 b2 d 2
2 (a? - b?)dx? + Va2 - b2blog [(a Jeos(t+) >
a2 cos(dx2+c) —2ab sin(dx2+c)—a2—b2

4 (a3 - abz)d

2 (12 2.2 20 N i (a2 2. W2
+2ab sm(dx +c)+a +b“+2 (b cos(dx +c) sm(dx +c)+a cos(dx +c)) a2 bz) (az ~

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(a+b*csc(d*x”2+c)),x, algorithm="fricas")

[Out] [1/4%(2x(a”2 - b~2)*d*x"2 + sqrt(a”2 - b~2)*b*log(((a”™2 - 2*b~2)*cos(d*x"2
+ ¢)72 + 2xaxb*sin(d*x”2 + c) + a”2 + b72 + 2k (b*cos(d*x"2 + c)*sin(d*x"2 +

c) + axcos(d*x™2 + c¢))*sqrt(a”2 - b~2))/(a"2*cos(d*x"2 + ¢)~2 - 2xaxbxsin(
d*x"2 + ¢c) - a”2 - b72)))/((a"3 - a*xb”2)*d), 1/2x((a"2 - b72)*d*x"2 + sqrt(
-a"2 + b~2)*bxarctan(-sqrt(-a”2 + b~2)*(b*sin(d*x~2 + ¢c) + a)/((a"2 - b~2)*
cos(d*x"2 + ¢))))/((a"3 - a*b~2)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

f ad dx
a+bcesc (c + dxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*csc(d*x**2+c)),x)

[Out] Integral(x/(a + bxcsc(c + d*x*%*2)), x)

Giac [A] time = 1.14166, size = 113, normalized size = 1.79

dx2+c 1 b tan(% dx2+% c)+a
n{ - +§Jsgn(b)+arctan — b 2
- +

V=02 + P2ad 2ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*csc(d*x~2+c)),x, algorithm="giac")

[Out] -(pi*floor(1/2*(d*x"2 + c)/pi + 1/2)*sgn(b) + arctan((b*tan(l/2*d*x~2 + 1/2
xc) + a)/sqrt(-a”2 + b72)))*b/(sqrt(-a~2 + b~2)*axd) + 1/2*%(d*x"2 + c)/(axd
)
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321 [ -

a+b Csc(c+dx2))

Optimal. Leaf size=20

1
x(a+bcsc(c+dx2))’x

Unintegrable (

[Out] Unintegrable[1/(x*(a + bxCscl[c + d*xx~2])), x]

Rubi [A] time = 0.0252573, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - — =
integrand size

0., Rules used = {}

1
fx (a + bese (c + dxz)) ax

Verification is Not applicable to the result.
[In] Int[1/(x*(a + bxCsclc + d*x"2])),x]

[Out] Defer[Int] [1/(x*x(a + b*Cscl[c + d*x~2])), x]

Rubi steps

f ! dx—f L dx
x(a+bcsc(c+dx2)) - x(a+bcsc(c+dx2))

Mathematica [A] time = 1.0727, size = 0, normalized size = 0.

1
f X (a + bese (c + dxz)) ax

Verification is Not applicable to the result.

[In] Integrate[1/(xx(a + b*Csc[c + d*x~2]1)),x]

[Out] Integrate[1/(x*(a + b*Csclc + d*x~2])), x]

Maple [A] time = 0.095, size = 0, normalized size = 0.

1
f dx
X (a +bcse (dx2 + c))
Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x/(a+bxcsc(d*x~2+c)),x)

[Out] int(1/x/(at+b*csc(d*x~2+c)),x)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(d*x~2+c)),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1

X
v
bx csc (dxz + c) +ax

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(d*x”2+c)),x, algorithm="fricas")

[Out] integral(l/(b*x*csc(d*x"2 + c) + a*x), X)

Sympy [A] time = 0., size = 0, normalized size = 0.

f L dx
x (a +bese (c + dxz))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(d*x**2+c)),x)

[Out] Integral(1l/(x*(a + b*csc(c + d*x**2))), x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
f (b csc (dx2 + c) + a)x ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(d*x~2+c)),x, algorithm="giac")

[Out] integrate(l/((b*csc(d*x"2 + c) + a)*x), Xx)
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dx

399 f a+b csc(c+dx2)

Optimal. Leaf size=23

X2

csc(c+dx2) ) a
— " x]-

bUnintegrable [ 2 -

X

[Out] -(a/x) + b*Unintegrable[Csc[c + d*x"2]/x72, x]

Rubi [A] time = 0.0170957, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, —————
integrand size

0., Rules used = {}

dx

fa+bcsc(c+dx2)

x2

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*x"2])/x"2,x]

[Out] -(a/x) + b*Defer[Int] [Csclc + d*x"2]/x"2, x]

Rubi steps

x2 x2

fu+bcsc(c+dx2)d f[a bcsc(c+dx2)J ;
x= ||+ ———F|dx

dx

a beSC (c+dx2)

X2

Mathematica [A] time = 0.27343, size = 0, normalized size = 0.

a+bcsc (c + dxz)
f > dx
x

Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*x~2])/x"2,x]

[Out] Integrate[(a + b*Cscl[c + d*x~2])/x"2, x]

Maple [A] time = 0.008, size = 0, normalized size = 0.

dx

fu+bcsc(dx2+c)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(d*x"2+c))/x"2,x)
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[Out] int((at+b*csc(d*x~2+c))/x"2,x%)

Maxima [A] time = 0., size = 0, normalized size = 0.
sin (dx? + ¢ sin (dx? + ¢
( ) dx + ( )

il
x2 cos (dx2 + c)z + x2 sin (dx2 + c)z + 2 x2 cos (dx2 + c) + x2 x2 cos (dx2 + c)z + x2 sin (dx2 + 0)2 -2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(d*x™2+c))/x"2,x, algorithm="maxima"

[Out] b*(integrate(sin(d*x”2 + c)/(x"2%cos(d*x"2 + c)72 + x"2*sin(d*x"2 + ¢)72 +
2xx"2%cos(d*x"2 + ¢c) + x72), x) + integrate(sin(d*x"2 + c)/(x"2*cos(d*x"2 +
c)72 + x"2*xsin(d*x”2 + c)72 - 2*xx"2%cos(d*x"2 + ¢c) + x72), x)) - a/x

Fricas [A] time = 0., size = 0, normalized size = 0.

bcsc (clx2 + c) +a
x? ! x)

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))/x"2,x, algorithm="fricas")

[Out] integral((b*csc(d*x™2 + c) + a)/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

a+bcsc (c + dxz)
f x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*xx*2+c))/x**2,x)

[Out] Integral((a + b*csc(c + d*x**2))/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

x2

fbcsc(dxz-i-c) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(d*x™2+c))/x"2,x, algorithm="giac")

[Out] integrate((bxcsc(d*x™2 + c) + a)/x"2, x)
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323 [—X 4
. (a+bcsc(c+dx2))2 *

Optimal. Leaf size=1124

result too large to display

[Out] ((-I/2)*b"2xx"4)/(a"2x(a”2 - b~2)*d) + x76/(6%a"2) + (b"2xx"2*xLogl[l + (a*E~
(Ix(c + d*x"2)))/(I*b - Sqrt[a™2 - b72])])/(a"2*(a"2 - b72)*d"2) + (b™2*x"2
xLog[1 + (a*E~(Ix(c + d*x"2)))/(Ixb + Sqrt[a™2 - b72])])/(a"2*(a"2 - b~2)*d
~2) - ((I/2)*b~3xx"4*xLogl[l - (I*a*xE~(I*(c + d*x72)))/(b - Sqrt[-a~2 + b~2])
1)/ (@ 2%(-a"2 + b~2)7(3/2)*d) + (I*b*x"4*xLogl[l - (I*xa*E~(I*(c + d*x~2)))/(b
- Sqrt[-a”2 + b72])]1)/(a"2*Sqrt[-a~2 + b~2]*d) + ((I/2)*b~3*x"4xLogl[l - (I
*axE~ (I*(c + d*x~2)))/(b + Sqrt[-a”2 + b"2])])/(a"2*(-a"2 + b~2)7(3/2)*d) -
(Ixb*x~4*Log[1l - (I*xa*E~(Ix(c + d*x~2)))/(b + Sqrt[-a™2 + b~2])])/(a"2*Sqr
t[-a”2 + b"2]*d) - (Ixb~2*PolyLogl[2, -((a*E~(I*(c + d*x72)))/(I*b - Sqrtl[a”
2 - b"2]))])/(a"2x(a”2 - b"2)*d"3) - (Ixb~2*PolyLogl[2, -((a*E~(I*(c + d*x~2
)))/(I*xb + Sgrtla™2 - b™21))1)/(a"2x(a”2 - b"2)*d"3) - (b~3*x"2*PolyLog[2,
(I*¥a*E~(I*x(c + d*x72)))/(b - Sqrt[-a”2 + b72]1)])/(a"2*(-a"2 + b~2)~(3/2)*d"~
2) + (2xb*xx"2xPolyLog[2, (I*a*E~(I*(c + d*x72)))/(b - Sqrt[-a~"2 + b~2])])/(
a~2xSqrt[-a”2 + b72]*d"2) + (b~ 3*x"2xPolyLog[2, (I*a*xE~(I*(c + d*x~2)))/(b
+ Sqrt[-a”2 + b~2])])/(a"2*%(-a"2 + b~2)"(3/2)*d"2) - (2*bxx~2*PolyLog[2, (I
xa*¥E” (Ix(c + d*x72)))/(b + Sqrt[-a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"2) -
(I*¥b~3*%PolyLogl[3, (I*a*E~(Ix(c + d*x72)))/(b - Sqrt[-a~2 + b~2])])/(a"2x(-
a”2 + b72)7(3/2)*d"3) + ((2*I)*b*xPolyLogl3, (I*a*E~(Ix(c + d*x~2)))/(b - Sq
rt[-a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"3) + (I*b~3*PolyLogl[3, (I*axE~(Ix*
(c + d*x72)))/(b + Sqrt[-a"2 + b72])])/(a"2x(-a"2 + b~2)7(3/2)*d"3) - ((2*I
) *b*PolyLog[3, (I*a*xE~(Ix(c + d*x~2)))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-
a2 + b72]*d"3) - (b"2*x"4xCos[c + dxx~2])/(2*a*(a”2 - b72)*d*(b + a*Sin[c
+ d*x72]))

Rubi [A] time = 2.378, antiderivative size = 1124, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 31, number of rules used = 12, integrand size = 18, il
integrand size

= 0.667, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2531, 2282, 6589, 4521, 2279,
2391}

b l 1 mei(dxzﬂ) 4 'b3 1 1 iaei(dx2+c) 4 b 1 1 iaei(dxzﬂ) 4 'b3 1 1 mez’(dx2+c) 4
. il ) R R ] R e . s\t T e ) it
6a? a2Vb? — a2d 242 (b2 _ a2)3/2 d a2 Vb2 — a2d 242 (b2 _ a2)3/2 d 242 (az

Antiderivative was successfully verified.

[In] Int[x"5/(a + b*Csclc + d*x~2])"2,x]

[Out] ((-I/2)*b"2xx"4)/(a"2x(a”2 - b~2)*d) + x76/(6%a"2) + (b"2xx"2*xLogl[l + (a*E~
(Ix(c + d*x72)))/(I*b - Sqrt[a™2 - b72])])/(a"2*x(a"2 - b™2)*d"2) + (b~2*x"2
xLog[1 + (a*E~(Ix(c + d*x"2)))/(Ixb + Sqrt[a™2 - b72])])/(a"2*x(a"2 - b~2)*d
~2) - ((I/2)*b~3xx"4*xLogl[l - (I*a*xE~(I*(c + d*x72)))/(b - Sqrt[-a~2 + b~2])
1)/(@ 2%(-a"2 + b~2)7(3/2)*d) + (I*b*x"4*xLogl[l - (Ixa*E~(I*(c + d*x~2)))/(b
- Sqrt[-a”2 + b72])]1)/(a"2*Sqrt[-a~2 + b~2]*d) + ((I/2)*b~3*x"4xLogl[l - (I
*axE~ (I*(c + d*x~2)))/(b + Sqrt[-a”2 + b"2])])/(a"2*(-a"2 + b~2)7(3/2)*d) -
(Ixb*x~4*Log[1l - (I*xa*E~(Ix(c + d*x~2)))/(b + Sqrt[-a™2 + b~2])])/(a"2*Sqr
t[-a”2 + b"2]*d) - (Ixb~2*PolyLogl[2, -((a*xE~(I*(c + d*x72)))/(I*b - Sqrt[a”
2 - b 2]1))]1) /(@ 2x(a"2 - b~2)*d"3) - (Ixb~2*PolyLog[2, -((a*xE~(I*(c + d*x~2
)))/(Ixb + Sqrtla”2 - b72]))])/(a™2x(a"2 - b~2)*d"3) - (b"3*x"2xPolyLogl2,
(Ixa*E~(I*x(c + d*x~2)))/(b - Sqrt[-a"2 + b"2])])/(a"2x(-a"2 + b~2)~(3/2)*d"
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2) + (2¥b*x"2xPolyLog[2, (I*a*E~(I*(c + d*x72)))/(b - Sqrt[-a~2 + b72])1)/(
a"2xSqrt[-a”2 + b72]*d"2) + (b~ 3*x72xPolyLogl[2, (I*a*xE~(I*(c + d*x~2)))/(b
+ Sqrt[-a”2 + b~"2])])/(a"2*%(-a"2 + b~2)"(3/2)*d"2) - (2*bxx~2*PolyLog[2, (I
xa*xE” (Ix(c + d*x~2)))/(b + Sqrt[-a™2 + b"2])])/(a"2*Sqrt[-a”2 + b~2]*d~2) -

(Ixb~3*PolyLog[3, (I*a*xE~(Ix(c + d*x~2)))/(b - Sqrt[-a”2 + b~2])]1)/(a"2x(-
a”2 + b72)7(3/2)*d"3) + ((2xI)*b*xPolyLogl3, (I*a*E~(I*(c + d*x72)))/(b - Sq
rt[-a”2 + b72])])/(a"2+Sqrt[-a”2 + b~2]*d"3) + (I*b~3*PolyLog[3, (I*axE~(Ix
(c + d*x72)))/(b + Sqrt[-a"2 + b"2])])/(a"2x(-a"2 + b~2)7(3/2)*d~3) - ((2*I
) *b*PolyLog[3, (I*axE~(I*(c + d*x72)))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-
a2 + b72]*d"3) - (b"2*x"4xCos[c + dxx"2])/(2*a*(a”2 - b72)*d*(b + a*Sin[c
+ d¥x72]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])p
, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*x(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*Si
nle + f*x])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +
f*x])), x] + (Distla/(a”2 - b"2), Int[(c + d*x)"m/(a + b*Sin[e + fx*x]), x],
x] - Dist[(b*d*m)/(f*(a"2 - b72)), Int[((c + d*x)~(m - 1)*Cos[e + f*x])/(a
+ bxSinf[e + f*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E~(I*(e + £*x)))/(I*b + 2*xa*xE~(Ix(e + f*x
)) — I*b*E”(2%Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int [C(F_)~(u_)*((£f_.) + (g_)*&x_))"(m_.))/((a_.) + (b_.)*F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkFu)/(b - q + 2xc*F~u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u)/(b + q + 2*%cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [CCCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (bx(F~(gx(e + f*x))) n)/al)/(b*f*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (b*x(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2531
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Int[Logl[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (m_D1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4521

Int[(Cos[(c_.) + (d_.)*x(x_)]*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(I*(e + f*x)"(m + 1))/(b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x) " m*E"(I*x(c + d*x)))/(I*a - Rt[-a"2 + b2, 2]
+ b¥E~(I*(c + d*x))), x], x] + Dist[I, Int[((e + f*x) " m*E~(I*(c + d*x)))/(
I*a + Rt[-a"2 + b2, 2] + b*E~(Ix(c + d*x))), x], x1) /; FreeQ[{a, b, c, d,
e, £}, x] &% IGtQ[m, 0] && NegQ[a"2 - b~2]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

Rubi steps
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time = 9.35085, size = 2033, normalized size = 1.81

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[x”5/(a + b*Csclc + d*x~2])72,x]

2
dx = - s bt f dx, x, ¥
2 oS ( (a + besc(c + dx))? xxx)
x2 b2x2 2bx?
= = bst f - dx, x, ?
S“ i ( (a2 T 2+ asinc+dn)? 20+ asn(c+ dx))) X )
e 2\ 2 2 2
_Ei_b&m%(fm%mﬁmdxmx)+bSm”%fwmmmmwdnxx)
"~ 6a? a2 2a2
ei(c+dx)x2 2\
X6 b2 cos (c + dx?) (2b) Subst (f o e A%, X, X )
S 6a2 g (uz - bz) d (b + asin (c + dxz)) a?
ei(c+d)
ib2x4 x6 b2x4 cos (C + dxz) b Subst (f PRYNE vy
= + —2 - - —
242 (a2 - bz) d 6ac 24 (az - bZ) d (b + asin (c + dxz)) a2 (u2 -
b?x%log |1 + adlere) b?x%log |1 + o) ibx*lo
ib2x* x6 & ib—Na2—p2 & ib+Va2—p2
Ty ST u 2 (2 _ 12\ 2 2 (2 _ 12\ 32 ;
2a (a b)d a(a b)d a(a b)d a
b?x%log |1 + adlre) b2x%log (1 + o 47) i3t 1
ib?x* x® & zb—\/az 12 & ib+Va2—p2
=T (2 et 2 (2 _ 12\ 72 2 (2 _ 12\ 32 a
2a (a b )d a*(a* - b*)d a*(a® - b%)d 242
2log(1+ ) et (1e <) e
ib?xt x® & 1b—Va2 b2 & i+ Va2 —p2
- (22 T 642 + 2(2 _ 12\ 2 2(2 _ 12\ 32 B
2a%(a? - b%)d a?(a? - b%)d a?(a? - b%)d 242
5 21 i(c+dx 5 21 azc+dx2) 73 41
s D8 (1 ¥ «——b) vxlog (1 o m) bl
ST et 2 (22 _ 12\ 2 2 (2 _ 12\ 32 -
20 (a* - b%)d a®(a% - b%)d a®(a%? - b?)d 242
log (14 ) ptog1e <) g
ib%x* N X0 N 08 1b—\/a2 b2 08 ib+Va2—b? .
202 (a2 - b2)d 64 a? (a2 - b?) d2 a? (a2 - b?) d2 242

[Out] (Csclc/2]*Csclc + d*xx~2]"2#Sec[c/2]*(-(b"3*x"4xCos[c]) - a*xb™2*x"4*Sin[d*x"
2])*(b + axSin[c + d*x72]))/(4*a"2%(-a + b)*(a + b)*d*(a + b*Csclc + d*x"2]
)72) + (x76*xCsclc + d*x"2]72%(b + a*Sin[c + d*x72])72)/(6*a~2*x(a + b*Csclc
+ d*x72])72) + (b*xE~((2%I)*c)*Csclc + d*x~2] 2% ((-2*%I)*b*xd~2xE~ ((2%I)*c)*Sq
rt[(a”2 - b™2)*E~((2%xI)*c)]*x"4 - 2xbxd*Sqrt[(a”2 - b~2)*E~ ((2*%I)*c)]*x"2+L
ogll + (a*E~(I*(2xc + d*x72)))/(I*b*E~(I*c) - Sqrt[(a™2 - b™2)*E~((2*I)*c)]
)] + 2xb*xd*E~ ((2%xI)*c)*Sqrt[(a”2 - b72)*E~ ((2*I)*c)]*x"2xLog[1l + (a*E~(I*(2
xc + d*x72)))/(I*b*E~(I*xc) - Sqrt[(a”2 - b2)*E~((2*I)*c)])] + 2*%a~2*d"24E”
(Ixc)*x"4xLog[1l + (a*xE~(I*(2%c + d*x~2)))/(I*b*xE~(I*c) - Sqrt[(a™2 - b"2)*E
T((2%xI)*c)])] - b72%d"2xE” (I*c)*x~4*Log[1l + (axE~(I*(2*c + d*x~2)))/(I*b*E"
(Ixc) - Sqrtl(a”2 - b 2)*E~((2*%I)*c)])] - 2xa”2xd"2xE”~ ((3*I)*c)*x"4*xLog[l +
(a*E~(I*(2*c + d*xx~2)))/(I*b*E~(I*c) - Sqrtl[(a”2 - b"2)*E~((2xI)*c)])] + b
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“2%d72+E” ((3*I)*c) *x"4*Log[1 + (a*xE~(I*(2%c + d*x~2)))/(I*b*xE~(I*c) - Sqrtl[
(a2 - b"2)*E~((2%I)*c)])] - 2*xbxd*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x"2xLogl[1
+ (a*xE~(I*(2*%c + d*x~2)))/(I*b*xE~(I*c) + Sqrt[(a™2 - b 2)*E~((2xI)*c)])] +
2xb*xd*E~ ((2*I)*c)*Sqrt[(a™2 - b™2)*E~((2*xI)*c) 1 *x~2*Log[1l + (a*xE~(I*(2*c +
d*x~2)))/(I*b*xE~(I*c) + Sqrt[(a”2 - b 2)*E~((2*I)*c)])] - 2%a~2*d"2*E~(I*c)
*xx~4*Log[1 + (a*xE™(I*(2*c + d*x"2)))/(Ixb*xE~(I*c) + Sqrt[(a™2 - b~2)*E~((2x*
D*c)])] + b™2%d"2+E™ (Ixc)*x " 4*Log[1 + (a*E~(I*(2*c + d*x~2)))/(I*b*E™ (I*c)
+ Sqrt[(a”2 - b™2)*E~((2xI)*c)])] + 2*%xa~2*xd"2+E~ ((3*I)*c)*x"4*Log[l + (axE
T(Ix(2%c + d*x72)))/(I*#b*E~(I*c) + Sqrtl[(a”2 - b™2)*E~((2*xI)*c)])] - b~2xd”
2¥E” ((3*xI)*c)*x"4xLogl[l + (a*E~(I*(2%c + d*x~2)))/(I*b*xE~(I*c) + Sqrt[(a~2
- bT2)*E7((2%I)*c)])] - (2*xD)* (-1 + E~((2*I)*c))*(b*Sqrt[(a”2 - b~2)*E~ ((2x*
I)*c)] - 2*%a”2*%d*E~(I*c)*x"2 + b~ 2*d*E~ (I*c)*x"2)*PolyLog[2, (I*axE™(I*(2*c
+ d*x72)))/(b*E~(I*c) + I*Sqrt[(a”2 - b"2)*E~((2*%I)*c)])] + (2*I)*(-1 + E~
((2xI)*c))*x(—(b*xSqrt[(a”2 - b~2)*E~((2%I)*c)]) - 2*a~2*d*E~(I*c)*x"2 + b~2%
d*E~ (I*c)*x~2)*PolyLog[2, -((a*xE~(I*(2*c + d*x~2)))/(I*bxE~(I*c) + Sqrt[(a”
2 - b"2)*E~((2%I)*c)]))] + 4*a~2xE~(I*c)*PolyLog[3, (IxaxE~(Ix(2*c + d*x~2)
))/(b*E” (I*c) + IxSqrt[(a”2 - b72)*E”~((2%I)*c)])] - 2%b72*E™(I*c)*PolyLogl[3
, (IxaxE~(I*(2%c + d*x~2)))/(b*E~(I*c) + IxSqrt[(a™2 - b72)*E~((2xI)*c)])]
- 4xa”2xE~ ((3xI)*c)*PolyLog[3, (I*a*E~(I*(2xc + d*xx"2)))/(bxE~(I*c) + I*Sqr
t[(a”™2 - b™2)*E~((2*I)*c)])] + 2*%b~2+E~ ((3*I)*c)*PolyLog[3, (I*a*xE~(I*(2x*c
+ d*x72)))/(b*E~(I*c) + IxSqrt[(a”2 - b 2)*E~((2*I)*c)])] - 4*a~2*%E~(I*c)*P
olyLog[3, -((a*E~(I*(2%c + d*x72)))/(I*b*xE~(I*c) + Sqrt[(a”™2 - b72)*E~((2*I
)*c)]))] + 2xb72xE~ (I*c)*PolyLog[3, -((a*E~(I*x(2%c + d*x72)))/(I*b*E”~(I*c)
+ Sqrt[(a”™2 - b™2)*E~((2%xI)*c)]))] + 4*xa~2*E~((3*I)*c)*PolyLog[3, -((axE~(I
x(2xc + d*x72)))/(I*#b*E~(I*c) + Sqrtl[(a”2 - b™2)*E~((2*I)*c)]))] - 2*b"2xE”
((3*%I)*c)*PolyLogl[3, -((a*E~(I*(2%c + d*x~2)))/(I*bxE~(I*c) + Sqrt[(a”2 - b
“2)*E7((2%I)*c)])) 1) *(b + axSin[c + d*x~2])72)/(2%a"2xd"3*%((a"2 - b™2)*E~((
2%I)*c))~(3/2)x (-1 + E~((2¥I)*c))*(a + b*Csclc + d*x~2])"2)

Maple [F] time = 0.466, size = 0, normalized size = 0.

5

f a dx
(a + bese (alx2 + c))z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~5/(a+b*csc(d*x~2+c)) " 2,x)

[Out] int(x"5/(a+b*csc(d*x~2+c))~2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5/(a+b*csc(d*x”~2+c))~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [C] time = 1.13322, size = 6602, normalized size = 5.87

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5/(atb*csc(d*x”2+c))~2,x, algorithm="fricas")

[Out] 1/24x(4*%(a”5 - 2%a”3*b~2 + a*b”4)*d"3*x"6*sin(d*x"2 + c) + 4*(a"4xb - 2xa”2
*b~3 + b75)*d"3*%x76 - 12%(a”3%b72 - axb”4)*d"2*x"4*cos(d*x"2 + c) - 12%(2*a
“3%b72 - axb”4 + (2%a”4xb - a”2*b"3)*sin(d*x”2 + c))*sqrt((a”2 - b72)/a"2)*
polylog(3, 1/2%(2+Ixbxcos(d*x”2 + c) - 2%b*sin(d*x~2 + c) + 2*x(axcos(d*x"2
+ ¢c) + Ixaxsin(d*x"2 + c))*sqrt((a”2 - b~2)/a"2))/a) + 12%x(2%a~3*b~2 - axb”
4 + (2*%a~4*b - a"2xb~3)*sin(d*x"2 + c))*sqrt((a”™2 - b~2)/a"2)*polylog(3, 1/
2% (2*I*b*cos(d*x"2 + c) - 2xbxsin(d*x™2 + c) - 2*(axcos(d*x™2 + c) + I*a*si
n(d*x”2 + c))*sqrt((a”2 - b~2)/a"2))/a) - 12x(2%a”3*b"2 - a*b™4 + (2*a~4x*Db
- a”2*%b"3)*sin(d*x"2 + c))*sqrt((a”2 - b72)/a"2)*polylog(3, 1/2x(-2*xIxb*cos
(d*x72 + c) - 2%b*sin(d*x"2 + c) + 2x(axcos(d*x”2 + c) - Ixa*xsin(d*x~2 + c)
Y*xsqrt((a”2 - b72)/a"2))/a) + 12%x(2*a”3*b~2 - a*b”4 + (2xa~4xb - a"2xb"3)x*s
in(d*x"2 + c))*sqrt((a”2 - b~2)/a"2)*polylog(3, 1/2%(-2xI*b*cos(d*x~2 + c)
- 2xb*sin(d*x”2 + c) - 2*x(axcos(d*x"2 + c) - Ixa*sin(d*x”2 + c))*sqrt((a”2
- b72)/a"2))/a) + (12%I*a”2%b~3 - 12*%I*b”5 + (12%I*a~3%b~2 - 12xIxaxb~4)*si
n(d*x"2 + c) + 2% (6%I*(2%a"4*b - a™2xb73)*d*x"2*sin(d*x"2 + c) + 6xI*(2*a"3
*b72 - a*b~4)xd*x"2)*sqrt((a”2 - b72)/a"2))*dilog(-1/2*(2*Ixb*cos(d*x"2 + ¢
) + 2xb*sin(d*x”2 + c) + 2*(axcos(d*x”2 + c) - I*axsin(d*x"2 + c))*sqrt((a”
2 - b72)/a"2) + 2xa)/a + 1) + (12%I*a"2xb"3 - 12%I*b”"5 + (12*I*a"3xb"2 - 12
*xIxaxb~4)*sin(d*x"2 + c) + 2%x(-6%I*(2%a"4*b - a™2%b73)*d*x"2*sin(d*x"2 + c)
- 6%Ix(2%a”3*b"2 - axb”4)*d*x"2)*sqrt((a”2 - b~2)/a"2))*dilog(-1/2x(2*I*b*
cos(d*x”2 + c) + 2%b*sin(d*x"2 + c) - 2*x(axcos(d*x"2 + c) - Ixa*sin(d*x~2 +
c))*sqrt((a”™2 - b72)/a"2) + 2xa)/a + 1) + (-12%I*a”2*%b~3 + 12xI*b~5 + (-12
*I*a”3%b72 + 12%I*a*xb™4)*sin(d*x”2 + c) + 2x(-6*I*(2*%a"4xb - a”2%b~3)*d*x"2
xsin(d*x”2 + c) - 6*I*(2*%a”3*b"2 - axb”4)*d*x"2)*sqrt((a”2 - b~2)/a"2))*dil
0g(-1/2x(-2%Ixb*cos(d*x"2 + c) + 2*bxsin(d*x"2 + c) + 2x(a*cos(d*x”2 + c) +
Ixaxsin(d*x~2 + c))*sqrt((a”™2 - b72)/a"2) + 2xa)/a + 1) + (-12%xI*a”2xb~3 +
12%I%b75 + (-12%I*a”~3%b~2 + 12+Ixaxb~4)*sin(d*x”2 + c) + 2x(6%I*(2xa~4*b
a~2*%b~3) *d*x"2*sin(d*x"2 + c) + 6*%I*(2%a”3*xb”2 - a*b”4)*d*x"2)*sqrt((a”2
b~2)/a”2))*dilog(-1/2% (-2xI*b*cos(d*x~2 + c) + 2xb*sin(d*x”2 + c) - 2x*(a*c
0os(d*x"2 + c) + Ixaxsin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2) + 2*a)/a + 1) - 6
*(2%(a"3*b"2 - axb”4)*cksin(d*x"2 + c) + 2%(a”2%b"3 - b75)*c - ((2*a~4*b -
a~2%b~3)*c"2xsin(d*x"2 + c) + (2%a”3%b”2 - axb~4)*c”2)*sqrt((a”2 - b~2)/a"2
))*log(2*a*xcos(d*x™2 + c) + 2xI*axsin(d*x"2 + c) + 2xa*sqrt((a”2 - b~2)/a"2
) + 2%I*b) - 6%(2%(a”3%b"2 - a*b”4)*c*sin(d*x”2 + c) + 2x(a”2%b"3 - b~5)*c
- ((2*%a”™4%b - a”2xb~3)*c"2xsin(d*x"2 + c) + (2%xa”3*b"2 - a*b”4)*c”2)*sqrt ((
a”2 - b72)/a"2))*log(2*a*xcos(d*x"2 + c) - 2xIxa*xsin(d*x~2 + c) + 2xaxsqrt((
a"2 - b72)/a"2) - 2%Ixb) - 6%(2%(a"3*%b"2 - a*b”4)*c*sin(d*x"2 + c) + 2*(a”2
*b~3 - b75)*c + ((2%a”4*b - a”2%b"3)*c”2*sin(d*x"2 + c) + (2*%a”3*%b72 - a*b”
4)*xc”2)*sqrt((a”2 - b~2)/a"2))*log(-2*a*xcos(d*x~2 + c) + 2xIxa*xsin(d*x~2 +
c) + 2xaxsqrt((a”2 - b~2)/a”2) + 2*Ixb) - 6%(2x(a”3%b"2 - axb~4)*cksin(d*x”
2 + c) + 2x(a”2+%b"3 - b7hb)xc + ((2*%a~4*b - a"2xb"3)*c"2*sin(d*x"2 + c) + (2
*a"3*%b"2 - axb”4)*c”2)*sqrt((a”2 - b~2)/a"2))*log(-2*a*cos(d*x"2 + c) - 2%I
*xaxsin(d*x~2 + c) + 2*a*xsqrt((a”™2 - b72)/a”"2) - 2xIxb) + 6x(2x(a"2*b~3 - b~
5)*d*x”2 + 2%(a”2%b”3 - b75)*c + 2x((a”3*b72 - a*b"4)*d*x"2 + (a”3*b"2 - ax
b~4)*c)*sin(d*x"2 + c) + ((2%a”3*%b"2 - a*xb™4)*d"2*x"4 - (2%a"3*b"2 - axb”4)
*c72 + ((2%xa™4*%b - a"2*%b73)*d"2%x"4 - (2*%a"4*b - a"2*b"3)*c72)*sin(d*x"2 +
c))*sqrt((a”2 - b72)/a"2))*log(1/2* (2*Ixb*xcos(d*x"2 + c) + 2*b*sin(d*x"2 +
c) + 2x(axcos(d*x”2 + c) - Ixaxsin(d*x~2 + c))*sqrt((a”™2 - b~2)/a"2) + 2xa)
/a) + 6%(2x(a"2%b"3 - b75)*d*x"2 + 2%(a”2%b”3 - b75)*c + 2% ((a"3*%b"2 - a*b”
4)xd*x"2 + (a”3%b72 - a*b”4)*c)*sin(d*x"2 + c) - ((2%a”"3*b72 - a*b”4)*d"2*x
T4 - (2%a”3%b72 - a*b”4)*c72 + ((2%a"4*b - a"2*%b"3)*xd"2xx"4 - (2*%a"4*b - a”
2¥b~3)*c”2) *sin(d*x~2 + c))*sqrt((a”2 - b~2)/a"2))*log(1l/2*(2*I*b*cos (d*x~2
+ c) + 2xb*xsin(d*x”2 + c) - 2*(axcos(d*x"2 + c) - Ixa*sin(d*x"2 + c))*sqrt
((@”2 - b™2)/a"2) + 2%a)/a) + 6%(2x(a”2%b"3 - b75)*d*x"2 + 2%(a"2*%b"3 - b7b
)¥c + 2%((a”3%b72 - axb"4)*d*x"2 + (a"3*b"2 - axb"4)*c)*sin(d*x"2 + c) + ((
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2%a”3%b72 - a*b”4)*d"2*xx"4 - (2%a”3%b72 - axb”4)*c”2 + ((2*%a4*b - a"2*b"3)
*xd"2xx"4 - (2%a”4xb - a”2+b”"3)*c”2)*sin(d*x"2 + c))*sqrt((a”2 - b~2)/a"2))*
log(1/2%(-2*%Ixb*cos(d*x"2 + c) + 2%bxsin(d*x"2 + c) + 2x(a*cos(d*x™2 + c) +
Ixaxsin(d*x~2 + c))*sqrt((a”™2 - b~2)/a"2) + 2xa)/a) + 6%x(2x(a”2*%b"3 - b~b)
*xd*xx"2 + 2%x(a”2%b73 - b7E)*c + 2%x((a"3*%b72 - a*b”4)xd*x"2 + (a”3*%b”2 - axb”
4)*c)*sin(d*x"2 + c) - ((2%a”3%b"2 - axb”4)*d"2+x"4 - (2*a"3*b"2 - axb™4)x*c
"2 + ((2%xa™4xb - a"2%b”"3)*d"2%x"4 - (2*%a"4*b - a"2*%b”"3)*c”2)*sin(d*x"2 + c)
)*sqrt((a”2 - b~2)/a"2))*log(1/2x(-2xI*b*cos(d*x~2 + c) + 2*xb*sin(d*x"2 + ¢
) - 2x(a*xcos(d*x”2 + c) + Ikxaxsin(d*x"2 + c))*sqrt((a”2 - b~2)/a"2) + 2xa)/
a))/((a”7 - 2%¥a”b*b"2 + a”3%b"4)*d"3*sin(d*x"2 + c) + (a”6*b - 2*a"4*b"3 +
a~2%b~5)*d"3)

Sympy [F] time = 0., size = 0, normalized size = 0.

5

f a dx
(a + bese (c + dxz))z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**5/(atb*csc(d*x**2+c))**2,x)

[Out] Integral(x*x5/(a + b*csc(c + d*x**2))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
5

f a dx
(b cse (dx2 + c) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5/(atb*csc(d*x~2+c))~2,x, algorithm="giac")

[Out] integrate(x~5/(b*csc(d*x™2 + c) + a)~2, x)
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4

324 [—————dx
(a+b csc(c+dx2))
Optimal. Leaf size=20
4
Unintegrable /X
(a +bese (c + dxz))

[Out] Unintegrable[x~4/(a + b*Csclc + d*x72])72, x]

Rubi [A] time = 0.0245265, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0., Rules used = {}

4

f a dx
(a +bese (c + dxz))z

Verification is Not applicable to the result.
[In] Int[x"4/(a + b*Csclc + d*x~2])"2,x]

[Out] Defer[Int][x"4/(a + b*Csclc + d*xx~2])"2, x]

Rubi steps

4 4

f ad dx = f ad dx
(a +bese (c + dxz))z (a +bese (c + dxz))z

Mathematica [A] time = 15.5723, size = 0, normalized size = 0.

4

f a dx
(a +bese (c + dxz))z

Verification is Not applicable to the result.

[In] Integrate[x”4/(a + bxCsclc + d*xx~2])"2,x]

[Out] Integrate[x~4/(a + b*Csclc + d*x72])72, x]

Maple [A] time = 0.37, size = 0, normalized size = 0.

4

f a dx
(a +bese (clx2 + C))Z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~4/(a+b*csc(d*x"2+c))~2,x)
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[Out] int(x~4/(a+b*csc(d*x"2+c))~2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(atb*csc(d*x"2+c))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

4
integral 5 ,X
b2 csc (dx2 + c) +2abecsc (dx2 + c) + a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(atb*csc(d*x"2+c))”2,x, algorithm="fricas")

[Out] integral(x~4/(b"2*csc(d*x”2 + c)~2 + 2*xa*xb*xcsc(d*x™2 + c) + a”2), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

4

f a dx
(a +bese (c + dxz))z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4/(a+b*csc(dxx**2+c))**2,x)

[Out] Integral(x**4/(a + bxcsc(c + dxx**2))**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

4

f il dx
(b cse (dx2 + c) + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4/(atb*csc(d*x"2+c))~2,x, algorithm="giac")

[Out] integrate(x~4/(b*csc(d*x™2 + c) + a)”2, x)
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395 [— X 4
. X
(a+b($c(c+dx2))2

Optimal. Leaf size=616

. (c+dx2) iaei (c+dx2 mei (c+dx2) mei (c+dx2)

ae 3 laer 7 laer 7 3 laer 7
bPolyLog (2, - W) b°PolyLog (2, - W) bPolyLog (2, WM) ) b°PolyLog (2, Wﬂ)) b2 log(

+
a2d?>Vb? — a? 24242 (b2 _ 2" 2422 — 22 2a22 (b2 _ a2)3/2 >

[Out] x~4/(4xa”2) - ((I/2)*b"3xx"2*xLog[l - (Ixa*E~(I*(c + d*x"2)))/(b - Sqrt[-a~2
+ b72])]1)/(@"2x(-a”2 + b72)7(3/2)*d) + (I*bxx"2*xLogl[l - (I*a*xE~(I*(c + d*x
~2)))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d) + ((I/2)*b~3*x"2*Lo
gll - (IxaxE~(I*(c + d*x72)))/(b + Sqrt[-a~2 + b~2])])/(a"2*x(-a"2 + b~2)"(3
/2)*d) - (Ixb*x"2%Log[l - (I*a*E~(Ix*(c + d*x~2)))/(b + Sqrt[-a"2 + b~2])]1)/
(a”2*%Sqrt[-a”2 + b"2]*d) + (b~ 2*Loglb + a*Sin[c + d*x72]])/(2*¥a"2x(a"2 - b~
2)*d"2) - (b~3*PolyLog[2, (I*a*E~(Ix*(c + d*x~2)))/(b - Sqrt[-a"2 + b~2])])/
(2%a”2x(-a"2 + b~2)7(3/2)*d"2) + (b*PolyLogl[2, (I*a*E~(Ix(c + d*x~2)))/(b -
Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"2) + (b~3*PolyLog[2, (I*axE~(I
x(c + d*x72)))/(b + Sqrt[-a”2 + b~2])]1)/(2*xa~2*x(-a"2 + b~2)7(3/2)*d"2) - (b
*PolyLog[2, (Ixa*E~(Ix(c + d*x72)))/(b + Sqrtl[-a~2 + b~2])])/(a"2*Sqrt[-a~2
+ b72]*%d72) - (b"2*xx"2xCos[c + d*x"2])/(2*a*(a”2 - b72)*d*(b + axSin[c + d
*x72]))

Rubi [A] time = 1.20132, antiderivative size = 616, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 22, number of rules used = 10, integrand size = 18, oo e
integrand size

= 0.556, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2279, 2391, 2668, 31}

. i(c+dx2) . i(c+dx2) . i(c+dx2) . i(c+dx2)

PolyLog (2, = 3PolyLog (2, = PolyLog (2, 3PolyLog (2, Z——
bOY(%(%FHﬂJ b OyOg(%wwﬁ bPolyLog|2, 7=, +b OV OB\ & T +ng(
a?d>\b? — a? 2a%d? (bz - a2)3/2 a?d>Nb? - a? 21242 (bz _ a2)3/2 2

Antiderivative was successfully verified.

[In] Int[x"3/(a + b*Csclc + d*x"2])"2,x]

[Out] x~4/(4*a"2) - ((I/2)*b~3*x"2xLogl[l - (I*a*xE~(I*(c + d*x72)))/(b - Sqrt[-a~2
+ b72])]1) /(@ 2x(-a"2 + b~2)"(3/2)*d) + (Ixb*xx"2xLogl[l - (I*axE~(I*(c + d*x
~2)))/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a"2 + b~2]*d) + ((I/2)*b~3*x"2*Lo
gll - (Ixa*xE"(I*(c + d*x72)))/(b + Sqrt[-a”2 + b72])])/(a"2*%(-a"2 + b~2)7(3
/2)*d) - (Ixb*x~2%Log[l - (I*a*E~(I*(c + d*x72)))/(b + Sqrt[-a"2 + b7"2])]1)/
(a”2*%Sqrt[-a”2 + b"2]*d) + (b~ 2*Log[b + a*Sin[c + d*x72]])/(2%¥a"2x(a"2 - b~
2)*d"2) - (b~3*%PolyLog[2, (I*a*E~(I*(c + d*x72)))/(b - Sqrt[-a”2 + b~2])])/
(2xa~2*(-a”2 + b~2)7(3/2)*d"2) + (b*PolyLogl[2, (IxaxE~(Ix(c + d*x~2)))/(b -
Sqrt[-a~2 + b~2])])/(a"2+Sqrt[-a”2 + b~2]*d"2) + (b~3*PolyLogl[2, (I*a*xE~(I
x(c + d*x72)))/(b + Sqrt[-a”2 + b~2])]1)/(2*xa~2*(-a"2 + b~2)~(3/2)*d"2) - (b
xPolyLog[2, (I*a*xE~(I*(c + d*x72)))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a~2
+ b72]%d"2) - (b™2xx"2xCos[c + d*x72])/(2*a*(a”2 - b~2)*d*(b + a*Sin[c + d
*x72]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[pl]
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Rule 4191

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £*x]1)°n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, O]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*Cos[e + f*xx])/(fx(a”2 - b~"2)*(a + b*Sin[e +
f*xx])), x] + (Dist[a/(a”2 - b72), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[(b*d*m)/(f*(a”2 - b72)), Int[((c + d*x)~(m - 1)*Cosl[e + f*x])/(a
+ bxSin[e + f*x]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, 0]

Rule 3323

Int[((c_.) + (@_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + f*x)))/(I*b + 2xa*xE~(Ix(e + f*x
)) - IxbxE~(2%xI*x(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) " mkFu)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F)~((g_I)*x((e_.) + (£_)*(x))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*xn*Log[F]), Subst[Int[Logla + bxx]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391

Int[Log[(c_.)*((d ) + (e_.)*(x_)"(n_.))]/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*xd, 1]

Rule 2668

Int[cos[(e_.) + (£_D)*(x )] (p_.)*((a_) + (b_.)*sinl(e_.) + (£_)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b7p*f), Subst[Int[(a + x)"m*x(b"2 - x"2)"((p - 1)/
2), x], x, b*Sinle + f*xx]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b"2, 0]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rubi steps

3

f (a +bcse (c + clxz))2

Mathematica [B]

1
dx = > Subst (

T4

x
f (a + besc(c + dx))?

b%x

dx, x, x2)

2bx

18 bst f L - dx, x, x>
2PN Z T 2t asinc+ dn)2 @2 +asin(c +dv) )

x4

A4

X

- r 2 2 2
bSubst (f b+asin(c+dx) dx, x, x ) N b*Subst (f (b+a sin(c+dx))? dx, x, x )
a2 222
ei(c+dx)x \
b2 cos (c + dx?) (2b) Subst ( ) T e XX xz)
C4a® g (a2 -~ b2) d (b + asin (c + dxz)) a?
pilcdn)

x4

b2x? cos (c + dxz)

b3 Subst ( f

ia+2bet(c+dx) _jz02i(c+dx)

dx, x, xz)

- 472_2a(a2—b2)d(b+asin(c+dx2)) -

A4

4a2

x4

42

x4

402

x4

402

b2 log (1 -
”‘Og( N

mei(c+dx2) )

iuei (c+dx2)

ibx? log (1 -~

72 (az - b2)

b+\/m) b?log (b + asin (c + dx2)
+

a2\ —-a? + b%d

. i(c+dx2)
ib3x? log (1 - = )

b-V-a2+b2

a’N—-a? + b%d

Z'llei (c+dx2)

b-V-a2+b2

ibx? log (1 -~

242 (a2 - bz) d2

iaei (c+dx2)
b+V-a2+p2

242 (—a2 + b2)3/2 d

a’V-a2 + b%d

) ib3x? log (1 -
+

242 (—az + b2)3/2 d

2] . i (e+?) 2] . el (c+d?) 2100 [1 l(crs?)
B e A W ) A W e
32 —
2a? (—u2 + bz) ! d a2V -a? + b%d 242 (—a2 n b2) / d
ib3x?log (1 - 1) ibx?log 1 - e ) 210 1 - iad/+4%)
U e U | e\l o

2a? (—az + b2)3/2 d

Warning: Unable to verify antiderivative.

[In] Integrate[x~3/(a + b*Csclc + d*x~2])~2,x]

a?N-a? + b2d

time = 15.3154, size = 2446, normalized size = 3.97

Result too large to show

2a? (—a2 + b2)3/2 d

[Out] ((-(b"2*c*Cos[c + d*x~2]) + b™2*(c + d*x"2)*Cos[c + d*x"2])*Csclc + d*x~2]~
2%(b + a*Sin[c + d*x72]))/(2*a*x(-a + b)*(a + b)*d"2x(a + b*Csc[c + d*x"2])~
2) + ((-c + d*x"2)*(c + d*x"2)*Csc[c + d*x~2]"2%(b + a*Sin[c + d*x"2])72)/(
4xa”2xd"2*%(a + b*Csclc + d*x72])72) + (Csclc + d*x~2] 2% (-2*axb*xArcTanh[(a
+ bxTan[(c + d*x72)/2])/Sqrt[a”2 - b~2]] + 2*(a*b + 2%a"2*c - b~2xc)*ArcTan
h[(a + bxTan[(c + d*x~2)/2])/Sqrt[a”2 - b"2]] + b*Sqrt[a”2 - b~2]*Log[Sec[(
c + d*x72)/2]72] - b*Sqrtl[a”2 - b~2]*Logl[Sec[(c + d*x72)/2] 2*(b + axSin[c
+ d*x72])] - Ix(2*xa”2 - b"2)*(Log[l + I*Tan[(c + d*x~2)/2]]*Log[(a - Sqrtla
"2 - b72] + bxTan[(c + d*x~2)/2])/(a + I*b - Sqrt[a™2 - b~2])] + PolyLogl[2,
(bx(1 + IxTan[(c + d*x"2)/2]))/((-I)*a + b + IxSqrt[a”2 - b72])]) + I*(2x*a
2 - b72)*(Log[1l + I*Tan[(c + d*x~2)/2]]*Logl[(a + Sqrt[a™2 - b~2] + b*Tan[(
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c + d*x~2)/2])/(a + I*b + Sqrt[a™2 - b~2])] + PolyLogl[2, (b*(1 + I*Tan[(c +
d*x~2)/21))/(b - Ix(a + Sqrtl[a”2 - b~2]))]) - I*(2*xa”2 - b~2)*(Log[1l - I*T
an[(c + d*x72)/2]]*Logl[(a + Sqrt[a™2 - b~2] + b*Tan[(c + d*x72)/2])/(a - Ix
b + Sqrt[a™2 - b™2])] + PolyLog[2, -((b*(I + Tan[(c + d*x~2)/2]))/(a - I*b
+ Sqrtfa”2 - b72]))]) + Ix(2*a”2 - b~2)*(Logl[l - I*Tan[(c + d*x~2)/2]]*Logl
(a - Sqrt[a”2 - b72] + b*Tan[(c + d*x72)/2])/(a - I*b - Sqrt[a™2 - b~2])] +
PolyLog[2, (b*(I + Tan[(c + d*x72)/2]))/(-a + I*b + Sqrt[a”2 - b72])1))*(b
+ axSin[c + d*x72]) 2% ((2xbxc)/((a”2 - b72)*d*(b + a*Sin[c + d*x"2])) - (b
"3%c)/(a"2x(a”2 - b72)*d*(b + axSinl[c + d*xx"2])) - (2%b*x(c + d*x72))/((a"2
- b72)*d*(b + a*Sin[c + d*x72])) + (b73*(c + dxx72))/(a"2*(a"2 - b~2)*d*(b
+ axSin[c + d*x72])) + (b™2*Cos[c + d*x72])/(a*x(a”2 - b~2)*d*(b + a*Sin[c +
d*x72]))))/(2xd*(a + bxCsclc + d*x~2]) 2% (b*Sqrt[a”2 - b~2]*Tan[(c + d*x~2
)/2] - (bxSqrt[a”2 - b~2]*Cos[(c + d*x~2)/2]"2*x(a*xCos[c + d*x~2]*Sec[(c + d
*x72)/2]172 + Secl[(c + d*x72)/2]"2*(b + a*Sin[c + d*x"2])*Tan[(c + d*x~2)/2]
))/ (b + axSin[c + d*x~2]) - (a*b”2xSec[(c + d*x~2)/2]172)/(Sqrt[a~2 - b~2]x*(
1 - (a + b*Tan[(c + d*x72)/2])72/(a"2 - b72))) + (b*(axb + 2*a~2%c - b72xc)
xSec[(c + d*x72)/2]72)/(Sqrt[a”2 - b™2]*(1 - (a + b¥Tan[(c + d*x~2)/2])"2/(
a”2 - b72))) + Ix(2%¥a”"2 - b"2)*x(((-I/2)*Logl(a - Sqrt[a™2 - b~2] + b*Tan[(c
+ d*x72)/2])/(a - I*b - Sqrt[a”2 - b~2])]1*Sec[(c + d*x~2)/2]72)/(1 - IxTan
[(c + d*x"2)/2]) - (Logll - (bx(I + Tan[(c + d*x72)/2]))/(-a + I*b + Sqrtla
2 - b72])1*Sec[(c + d*x~2)/2]172)/(2+(I + Tan[(c + d*x~2)/2])) + (b*Logl[l -
IxTan[(c + d*x72)/2]]*Sec[(c + d*x72)/2]72)/(2%(a - Sqrt[a™2 - b~2] + b*Ta
nl[(c + d*x~2)/2]1))) - Ix(2*a~2 - b"2)*(((-I/2)*Log[l - (b*(1 + I*Tan[(c + d
xx72)/2]))/((-I)*a + b + IxSqrt[a”2 - b~2])]1*Sec[(c + d*x72)/2]72)/(1 + I*T
an[(c + d*x~2)/2]) + ((I/2)*Logl[(a - Sqrt[a”2 - b~2] + bxTan[(c + d*x~2)/2]
)/(a + I*¥b - Sqrt[a”2 - b~2])]*Sec[(c + d*x~2)/2]172)/(1 + I*Tan[(c + d*x~2)
/2]) + (b*Logl[l + I*Tan[(c + d*x72)/2]]*Sec[(c + d*x72)/2]72)/(2x(a - Sqrtl[
a”2 - b72] + b*Tan[(c + d*x72)/2]))) - Ix(2xa”2 - b™2)*(((-I/2)*Logl(a + Sq
rt[a”2 - b™2] + bxTan[(c + d*x~2)/2])/(a - Ixb + Sqrtl[a™2 - b~2])]*Sec[(c +
d*x~2)/2]172)/(1 - I*xTan[(c + d*x72)/2]) - (Logl[l + (b*(I + Tan[(c + d*x72)
/21))/(a - Ixb + Sqrtl[a™2 - b~2])]*Sec[(c + d*x72)/2]72)/(2*(I + Tan[(c + d
*x72)/2])) + (bxLogl[l - IxTan[(c + d*x72)/2]]*Sec[(c + d*x72)/2]72)/(2*(a +
Sqrt[a”2 - b™2] + b*Tan[(c + d*x"2)/2]))) + I*(2*a”2 - b~2)*(((-I/2)*Logl1
- (bx(1 + IxTan[(c + d*x72)/2]))/(b - I*(a + Sqrt[a™2 - b72]))]*Sec[(c + d
xx72)/2]172)/(1 + I*xTan[(c + d*x"2)/2]) + ((I/2)*Logl[(a + Sqrt[a”2 - b~2] +
bxTan[(c + d*x72)/2])/(a + I*b + Sqrt[a™2 - b~2])]*Sec[(c + d*x~2)/2]72)/(1
+ IxTan[(c + d*x72)/2]) + (b*Logl[l + I*Tan[(c + d*x"2)/2]]1*Sec[(c + d*x~2)
/2172)/(2%(a + Sqrt[a”™2 - b~2] + bxTan[(c + d*x~2)/2])))))

Maple [F] time = 0.53, size = 0, normalized size = 0.
3

J“( a 5 dx

a+b%c@ﬂ+f»

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3/(at+bxcsc(d*x"2+c))~2,x)

[Out] int(x~3/(a+b*csc(d*x"2+c))"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3/(a+b*csc(d*x”2+c))"2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 1.07458, size = 4188, normalized size = 6.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(atb*csc(d*x”~2+c))~2,x, algorithm="fricas")

[Out] 1/4*%((a”b - 2*%a”3%b”2 + a*b™4)*d"2xx"4*sin(d*x"2 + c) + (a"4*b - 2%a~2%b"3
+ b7B)*xd"2xx74 - 2x(a”3%b72 - a*b”4)*d*kx"2%cos(d*x"2 + c) + (2*%I*a”3*%b”2 -
Ixaxb~4 + (2xI*a"4%b - I*a"2+b~3)*sin(d*x"2 + c))*sqrt((a”™2 - b~2)/a"2)*dil
0g(-1/2x(2xI*b*cos(d*x~2 + c) + 2xb*sin(d*x”2 + c) + 2*(a*xcos(d*x"2 + c) -
Ixaxsin(d*x"2 + c))*sqrt((a™2 - b72)/a"2) + 2xa)/a + 1) + (-2%I*a"3%b"2 + I
xa*xb~4 + (-2xI*xa~4*b + I*a~2*b~3)*sin(d*x"2 + c))*sqrt((a”2 - b72)/a"2)*dil
0g(-1/2x(2xI*b*cos(d*x~2 + c) + 2xb*sin(d*x”2 + c) - 2*(a*xcos(d*x"2 + c) -
Ixaxsin(d*x~2 + c))*sqrt((a™2 - b72)/a"2) + 2xa)/a + 1) + (-2%I*a"3%b"2 + I
*xaxb”™4 + (-2xIxa”4*b + I*a~2*b~3)*sin(d*x"2 + c))*sqrt((a”2 - b~2)/a"2)*dil
0g(-1/2x(-2%Ixb*cos(d*x"2 + c) + 2%bxsin(d*x”2 + c) + 2*(a*cos(d*x”2 + c) +
I*a*sin(d*x”2 + c))*sqrt((a™2 - b~2)/a"2) + 2*xa)/a + 1) + (2xI*a"3*b"2 - I
xaxb”4 + (2%Ixa~4xb - I*xa~2xb~3)*sin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2)*dilo
g(-1/2%(-2*Ixb*xcos(d*x”"2 + c) + 2*b*sin(d*x"2 + c) - 2x(axcos(d*x"2 + c) +
Ixaxsin(d*x™2 + c))*sqrt((a™2 - b72)/a"2) + 2xa)/a + 1) + ((2%¥a”3*b"2 - ax*b
“4)*d*x72 + (2%a"3*%b"2 - axb"4)*c + ((2%a"4xb - a”2%b"3)*d*x"2 + (2%a~4xb -
a"2xb~3)*c)*sin(d*x"2 + c))*sqrt((a”2 - b72)/a"2)*1log(1/2x(2*xIxbxcos (d*x~2
+ c) + 2*%bxsin(d*x”2 + c) + 2*(a*cos(d*x”2 + c) - Ikxaxsin(d*x"2 + c))*sqrt
((@”2 - b™2)/a"2) + 2*xa)/a) - ((2*%a”3*b"2 - axb”4)*d*x"2 + (2*xa~3*b"2 - ax*b
“4)*xc + ((2%a"4*b - a”2%b73)*d*x"2 + (2%a"4*b - a"2%b"3)*c)*sin(d*x"2 + c))
xsqrt ((a”™2 - b72)/a"2)*log(1/2* (2xI*b*cos(d*x"2 + c) + 2*b*sin(d*x"2 + c¢) -
2x(a*xcos(d*x”2 + c) - Ikxa*sin(d*x”2 + c))*sqrt((a”2 - b~2)/a"2) + 2xa)/a)
+ ((2%a”3%b72 - a*b”4)*d*x"2 + (2%a”3%b72 - a*b”4)*c + ((2%a”"4*b - a~2*b"3)
xd*x72 + (2*%a"4*b - a"2xb"3)*c)*sin(d*x"2 + c))*sqrt((a”™2 - b~2)/a"2)*log(1l
/2% (-2xIxbxcos(d*x™2 + c) + 2%b*sin(d*x"2 + c) + 2*(axcos(d*x"2 + c) + Ixax
sin(d*x~2 + c))*sqrt((a”2 - b~2)/a"2) + 2xa)/a) - ((2%a”3*b"2 - a*xb”4)*d*x"~
2 + (2%a”™3*b"2 - a*b"4)*c + ((2%a"4*b - a"2%b73)*d*x"2 + (2%a"4*b - a"2xb"3
)*c)*sin(d*x~2 + c))*sqrt((a”2 - b~2)/a"2)*1log(1/2*(-2*I*bxcos(d*x"2 + c) +
2xb*sin(d*x”2 + c) - 2*(a*xcos(d*x"2 + c) + Ixa*sin(d*x”2 + c))*sqrt((a”2 -
b~2)/a"2) + 2*a)/a) + (a”2%b”3 - b5 + (a”3*b"2 - axb”4)*sin(d*x"2 + c) -
((2%a"4xb - a"2*%b~3)*c*sin(d*x”"2 + c) + (2*a”3%b"2 - axb~4)*c)*sqrt((a”2 -
b~2)/a”2))*log(2*axcos(d*x"2 + c) + 2%I*xaxsin(d*x"2 + c) + 2xa*sqrt((a”2 -
b~2)/a”2) + 2*Ixb) + (a”2%b"3 - b5 + (a”3*b"2 - axb”4)x*sin(d*x"2 + c) - ((
2%a~4*b - a"2xb"3)*cksin(d*x"2 + c) + (2%a”3*%b"2 - axb”4)*c)*sqrt((a”2 - b~
2)/a”2))*log(2*a*xcos(d*x”"2 + c) - 2*Ixa*sin(d*x”"2 + c) + 2*axsqrt((a™2 - b~
2)/a"2) - 2*Ixb) + (a”2%b"3 - b75 + (a”3*%b”"2 - a*b”4)*sin(d*x"2 + c) + ((2%
a~4*xb - a”2*b”3)*c*ksin(d*x"2 + c) + (2*%a”3*b"2 - a*b”4)*c)*sqrt((a”2 - b72)
/a”2))*log(-2*a*cos(d*x~2 + c) + 2*Ixa*xsin(d*x”2 + c) + 2*axsqrt((a”2 - b72
)/a”2) + 2xI*b) + (a"2*%b”3 - b5 + (a™3*b"2 - a*b"4)*sin(d*x"2 + c) + ((2*a
“4xb - a”2xb"3)*c*xsin(d*x"2 + c) + (2%a"3*b"2 - axb”4)*c)*sqrt((a”2 - b"2)/
a~2))*log(-2*a*xcos(d*x"2 + c) - 2xIxa*xsin(d*x~2 + c) + 2*xaxsqrt((a”2 - b~2)
/a”2) - 2%Ixb))/((a”7 - 2%a”b*b~2 + a~3%b~4)*d"2*sin(d*x"2 + c) + (a”6*b -
2%xa”4xb”3 + a”2%b”5)*d"2)
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Sympy [F] time = 0., size = 0, normalized size = 0.

3

f a dx
(a + bese (c + dxz))z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3/(at+b*csc(d*x**2+c))**2,x)

[Out] Integral(x*x3/(a + b*csc(c + d*x**2))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

3

f a dx
(b cse (dx2 + c) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(atb*csc(d*x"2+c))”2,x, algorithm="giac")

[Out] integrate(x~3/(b*csc(d*x™2 + c) + a)~2, x)
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2

326 [———dx
(a+b Csc(c+dx2))
Optimal. Leaf size=20
2
Unintegrable 5, X
(a +bcesc (c + dxz))

[Out] Unintegrable[x"2/(a + b*Csclc + d*x72])72, x]

Rubi [A] time = 0.0239097, antiderivative size = 0, normalized size of antiderivative
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

0., Rules used = {}

2

f a dx
(a +bese (c + dxz))z

Verification is Not applicable to the result.
[In] Int[x"2/(a + b*Csclc + d*x"2])"2,x]

[Out] Defer[Int] [x"2/(a + b*Cscl[c + d*x"2])"2, x]

Rubi steps

2

f © dx = f ad dx
(a +bese (c + dxz))2 (a +bese (c + dxz))2

Mathematica [A] time = 11.1678, size = 0, normalized size = 0.

2

f a dx
(a +bcese (c + dxz))z

Verification is Not applicable to the result.

[In] Integrate[x~2/(a + bxCsclc + d*xx~2])72,x]

[Out] Integrate[x~2/(a + b*Csclc + d*x72])72, x]

Maple [A] time = 0.284, size = 0, normalized size = 0.

2

f il dx
(a +bese (dxz + c))z

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2/(a+b*csc(d*x~2+c))~2,x)
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[Out] int(x"2/(a+b*csc(d*x~2+c))~2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(d*x”2+c))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

2
integral 5 ,X
b2 csc (dx2 + c) +2abecsc (dx2 + c) + a2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(d*x”2+c))”2,x, algorithm="fricas")

[Out] integral(x~2/(b"2*csc(d*x”2 + c)~2 + 2*%axb*xcsc(d*x™2 + c) + a”2), x)

Sympy [A] time = 0., size = 0, normalized size = 0.
2

f a dx
(a +bese (c + dxz))z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2/(a+b*csc(d*x**2+c))**2,x)

[Out] Integral(x**2/(a + b*csc(c + d*x**2))**x2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

2

f a dx
(b cse (dx2 + c) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(d*x™2+c))~2,x, algorithm="giac")

[Out] integrate(x~2/(b*csc(d*x”2 + c) + a)~2, x)
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3.27 - d
f (a+b csc(c+dx2))2 *

Optimal. Leaf size=120

) a+btan(%(c+dx2))
b(24% - 1?) tanh (W B2 cot (c + dx?) 22
2 (a2 _ bz)3/2 " 2ud (a2 - bz) (a +bcesc (c + dxz)) " 22

[Out] x72/(2%¥a”2) + (bx(2*a”"2 - b~2)*ArcTanh[(a + b*Tan[(c + d*x~2)/2])/Sqrt[a”2
- b72]]1)/(a"2x(a”2 - b™2)"(3/2)*d) - (b~2*Cot[c + d*x~2])/(2*ax(a"2 - b~2)*
dx(a + bxCsclc + d*x"2]))

Rubi [A] time = 0.241583, antiderivative size = 120, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 7, integrand size = 16, ==

0.438, Rules used = {4205, 3785, 3919, 3831, 2660, 618, 206}

integrand size

1 a+b tan(%(cﬂixz))
b (Zaz _ bz) tanh (—m 12 cot (C " de) 2
22d (az _ b2)3/2 " 2ad (a2 - bz) (a +bese (c + dxz)) ¥ 2a2

Antiderivative was successfully verified.

[In] Int[x/(a + b*Cscl[c + d*x"2])"2,x]

[Out] x72/(2%¥a"2) + (b*(2xa”2 - b~2)*ArcTanh[(a + b*Tan[(c + d*x~2)/2])/Sqrt[a"2
- b"2]])/(a"2%(a"2 - b~2)"(3/2)*d) - (b"2xCot[c + d*x~2])/(2*ax(a”2 - b~2)x
dx(a + bxCscl[c + d*xx~2]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n )I*(b_.))"(p_.)*(x_)~(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])"p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 3785

Int[(cscl(c_.) + (d_D)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2xCot
[c + d*x]*x(a + b*Cscl[c + d*x])"(n + 1))/(axd*(n + 1)*(a"2 - b™2)), x] + Dis
t[1/(ax(n + 1)*(a"2 - b~2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2*(n + 2)*Csclc + d*x]"2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b72, 0] && LtQ[n, -1] && Intege
rQ[2+*n]

Rule 3919

Int[(cscl(e_.) + (f_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (f_.)*(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
1/(a + bxCscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831
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Int[cscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1l/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
f ad == Subst( 1 dx, x xz)
(a +bese (c + dxz))2 - (a+besc(c+dx))? "
_ Pootferd?)  Subst([ Tt d )
Y (az - bz) d (a +bese (c + dxz)) 2a (aZ - b2)
2 2 ot (c-+ ) (020 12) Subst ([ oottt 2)
S22 g (u2 - b2) d (a +bese (c + dxz)) 24?2 (a2 - bz)
2 12 cot (c T iy ) ( 2a% - bz) Subst (f W dx, x, x2)
T2 2a (az - bz) d (a +bese (c + dxz)) 2a? (az - bz)
1
) x_2 ) 12 cot (c+dx2) ) <2g2 _bZ) Subst (f NI dx, x, taua(2 (c-
222 9 (az - b2) d (a +bese (c + dxz)) a? (112 - bz) d
2 (2% - 1?)) Subst | [ ——— dx, x, Z
s b? cot (c + dxz) ( ( )) [f —4(1—2—2)—;@ ’
_ﬁ_2a(a2—b2)d(a+bcsc(c+dx2))+ az(aZ—bz)d

. b(b+tan(2(c+dx ))))

2 b (Zaz - bz) tanh” ( S

b? cot (c + dxz)

242 2 (a2 _ b2)3/2 d 2a (az - bz) d (a +bese (c + dxz))
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Mathematica [A] time = 0.666935, size = 158, normalized size = 1.32

_,| atbtan 1(chdxz))
2b(b2—2a2) tan 1[%](a+bcsc(c+dx2)) 12 cot(csdi?
csc (c + dxz) (a sin (c + dxz) + b) - (bz—u2)3/2 4. (bc_(;)((;:bj ) + (c + dxz) (a +besc|
2a%d (u + bese (c + dxz))z

Antiderivative was successfully verified.

[In] Integrate[x/(a + b*Csclc + d*x~2])72,x]

[Out] (Csclc + d*x"2]*((axb~2*Cot[c + d*x"2])/((-a + b)*x(a + b)) + (c + d*x"2)*(a
+ b*Csclc + d*x"2]) - (2%b*(-2*a"2 + b"2)*ArcTan[(a + b*Tan[(c + d*x~2)/2]
)/Sqrt[-a”2 + b"2]]*(a + bxCsclc + d*x~2]))/(-a"2 + b~2)7(3/2))*(b + axSin[

c + d*x"2]))/(2*a"2+d*(a + b*Cscl[c + d*x~2])72)

Maple [B] time = 0.086, size = 261, normalized size = 2.2

-1

b dx? ¢ dx? ¢ )2 b? i c\\
—————tan|— + = |||{tan|— + = || b+2atan (12dx®+¢2)+b| - —— (tan(—+—)) b
d(az—bz) ( 2 2)(( ( 2 2) ( ) ad(az—bz) 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(a+b*csc(d*x"2+c))"2,x)

[Out] -1/d*b/(tan(1/2*d*x"2+1/2%c) "2*b+2*a*xtan(1/2*xd*xx"2+1/2*c)+b)/(a"2-b"2) *tan(
1/2%d*x~2+1/2*c)-1/d*b"2/a/ (tan(1/2*%d*x"2+1/2*c) “2*b+2*a*tan (1/2*xd*x~2+1/2x%
c)+b)/(a~2-b"2)-2/d*b/(a"2-b"2) /(-a~2+b"2) ~(1/2) *arctan (1/2* (2*b*tan (1/2*d*
x"2+1/2*%c)+2*a)/(—a"2+b"2) " (1/2))+1/d*b"3/a"2/(a"2-b"2) /(-a"2+b"2) " (1/2) *ar
ctan(1/2* (2xbxtan(1/2*d*x"2+1/2*%c)+2*a)/(-a"2+b"2) " (1/2))+1/d/a"2*arctan(ta
n(1/2xd*xx"2+1/2%c))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(a+b*csc(d*x~2+c))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [B] time = 0.57199, size = 1138, normalized size = 9.48

2 (a5 -2 + ab4)dx2 sin (dx2 + c) +2 (a4b -2a%b® + b5)dx2 + (2 a?bh? - b* + (2 a3h — ab3) sin (dx2 + c))\/a2 —1

4 ((a7 -2a5b% + a3b4)d sin (dx2
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*csc(d*x~2+c))~2,x, algorithm="fricas")

[Out] [1/4%(2%(a”5 - 2*a"3*b"2 + a*b™4)*d*x"2*sin(d*x"2 + c) + 2x(a"4*b - 2*xa~2x*b
73 + bTh)*d*x"2 + (2%a”2%b72 - b74 + (2*a"3*b - a*b”3)*sin(d*x"2 + c))*sqrt
(2”2 - b™2)*log(((a”2 - 2%b72)*cos(d*x"2 + c)72 + 2*a*xbxsin(d*x"2 + c) + a”
2 + b™2 + 2%(b*cos(d*x"2 + c)*sin(d*x”2 + c) + a*cos(d*x”2 + c))*sqrt(a”2 -
b~2))/(a"2%cos(d*x"2 + c)72 - 2*axbxsin(d*x”2 + ¢) - a”2 - b72)) - 2x(a~3*
b"2 - a*b”4)*cos(d*x"2 + ¢))/((a”7 - 2*xa~5xb"2 + a~3*b"4)*d*sin(d*x"2 + c)
+ (a76*xb - 2%a"4xb”3 + a”2xb"5)*d), 1/2x((a”5 - 2*a"3*b”72 + axb~4)*d*x"2*si
n(d*x~2 + c) + (a"4xb - 2*a"2xb"3 + b~5)*xd*x"2 + (2%¥a"2*b”2 - b~4 + (2*a~3*
b - a*b”3)*sin(d*x"2 + c))*sqrt(-a”2 + b~2)*arctan(-sqrt(-a~2 + b~2)*(b*sin
(d*x"2 + ¢) + a)/((a"2 - b™2)*cos(d*x™2 + ¢))) - (a"3*b"2 - a*xb~4)*cos(d*x”
2 + ¢c))/((a”7 - 2*a”5*%b"2 + a”"3*b"4)*d*sin(d*x"2 + c) + (a"6xb - 2*a~4xb~3
+ a”2xb”5)*d) ]

Sympy [F] time = 0., size = 0, normalized size = 0.

f ad dx
(a +bcese (c + dxz))z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*csc(d*x**2+c))**2,x)

[Out] Integral(x/(a + bxcsc(c + d*xx**2))**2, x)

Giac [A] time = 1.3411, size = 235, normalized size = 1.96

1 2,1
5 3 dv24c 1 btan(z dx +5 c)+a
(2ﬂ b-b )[T( \‘F + EJSgH (b) + arctan(w abtan (% de + %C) + b2
B > 15 B 2
(a4d - azbzd) —a? + b2 (u?’d - ubzd) (b tan (% dx? + % c) +2atan (% dx? +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*csc(d*x~2+c))~2,x, algorithm="giac")

[Out] -(2*%a"2xb - b~3)*(pi*floor(1/2*(d*x"2 + c)/pi + 1/2)*sgn(b) + arctan((b*xtan
(1/2%d*x"2 + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((a"4*d - a~2*b~2*d)*sqrt(-a~2

+ b72)) - (axb¥tan(1/2%d*x"2 + 1/2%c) + b72)/((a"3%d - axb~2+d)*(bxtan(1/2x*

d*x”2 + 1/2%c)72 + 2xaxtan(1/2xd*x"2 + 1/2%c) + b)) + 1/2+(d*x"2 + c)/(a"2%

d)
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1
3.28 dx
x(a+b csc(c+dx2))
Optimal. Leaf size=20
. 1
Unintegrable 5, X
[x (a + bese (c + dxz)) ]

[Out] Unintegrable[1/(x*(a + b*Cscl[c + d*x~2])72), x]

Rubi [A] time = 0.024427, antiderivative size = 0, normalized size of antiderivative

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, i L

integrand size
0., Rules used = {}

f ! 5 dx
x (a +bcese (c + dxz))

Verification is Not applicable to the result.
[In] Int[1/(xx(a + b*Cscl[c + d*xx"2])"2),x]

[Out] Defer[Int][1/(x*(a + b*Csclc + d*x~2])"2), x]

Rubi steps

fx( ))de:fx(a+bcsc(c+dx2))2dx

a+bcsc(c+clx2

Mathematica [A] time = 21.0727, size = 0, normalized size = 0.

1
f 5 dx
X (a +bcse (c + de))

Verification is Not applicable to the result.

[In] Integrate[1l/(x*(a + b*Cscl[c + d*x"2])72),x]

[Out] Integrate[l/(xx(a + bxCscl[c + d*x~2])72), x]

Maple [A] time = 0.364, size = 0, normalized size = 0.

f ! 5 dx
x (a +bese (alx2 + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x/(at+b*csc(d*x~2+c))”~2,x)
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[Out] int(1/x/(a+b*csc(d*x”2+c))"2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(d*x”2+c))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1
X

integral >
b2x csc (dx2 + c) + 2 abx csc (dx2 + c) + a%x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(d*x”2+c))”2,x, algorithm="fricas")

[Out] integral(1/(b~2*x*csc(d*x”2 + c)~2 + 2*xaxb*xxcsc(d*x”2 + c) + a”2*x), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f ! 5 dx
x (a +bese (c + dxz))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(d*x**2+c))**2,x)

[Out] Integral(1l/(x*(a + bk*csc(c + dxx**2))**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f L dx
(b cse (dx2 + c) + a)zx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(d*x”2+c))~2,x, algorithm="giac")

[Out] integrate(1/((b*csc(d*x"2 + c) + a)~2*x), x)
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1
3.29 - dx
x2 (a+b Csc(c+dx2))
Optimal. Leaf size=20
. 1
Unintegrable 5, X
[xz (a + bese (c + dxz))

[Out] Unintegrable[1/(x"2*(a + b*Csclc + d*x~2])72), xl

Rubi [A] time = 0.0243855, antiderivative size = 0, normalized size of antiderivative

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, i L

integrand size
0., Rules used = {}

1
f 5 dx
X2 (a +bese (c + dxz))

Verification is Not applicable to the result.
[In] Int[1/(x"2x(a + b*Cscl[c + d*x~2])72),x]

[Out] Defer[Int][1/(x"2*(a + b*Csclc + d*x~2])"2), x]

Rubi steps

f ! 5 dx = f ! 5 dx
x? (a +bese (c + dxz)) x? (a +bese (c + dxz))

Mathematica [A] time = 16.5301, size = 0, normalized size = 0.

1
f 5 dx
x? (a +bcsc (c + dxz))

Verification is Not applicable to the result.

[In] Integrate[1l/(x"2*%(a + b*Csclc + d*x72])72),x]

[Out] Integrate[1/(x"2*(a + b*Csclc + d*x72])72), x]

Maple [A] time = 0.414, size = 0, normalized size = 0.

f ! 5 dx
x2 (a + bese (clx2 + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"2/(a+b*csc(d*x"2+c))"2,x)
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[Out] int(1/x"2/(at+b*csc(d*x"2+c))~2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x72/(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1

X
2 7
b2x2 csc (dx2 + c) + 2 abx? csc (dx2 + c) + a2x?

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x72/(atb*csc(d*x~2+c))~2,x, algorithm="fricas")

[Out] integral(1/(b~2*x"2*csc(d*x™2 + c)72 + 2%a*xbxx"2*xcsc(d*x™2 + c) + a~2*x72),

x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f ! 5 dx
x2 (a + besc (c + dxz))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**2/(atb*csc(d*x**2+c))**2,x)

[Out] Integral(1l/(x*x2*(a + b*csc(c + d*x**2))**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f L dx
(b cse (dx2 + c) + a)zxz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x72/(atb*csc(d*x~2+c))~2,x, algorithm="giac")

[Out] integrate(l/((b*csc(d*x"2 + c) + a)”~2%x"2), x)
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1
3.30 s dx
x3 (a+b Csc(c+dx2))
Optimal. Leaf size=20
. 1
Unintegrable 5, X
[x3 (a +besc (c + dxz))

[Out] Unintegrable[1/(x"3%(a + b*Csclc + d*x~2])72), xl

Rubi [A] time = 0.0246977, antiderivative size = 0, normalized size of antiderivative

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, i L

integrand size
0., Rules used = {}

1
f 5 dx
x3 (a +bese (c + dxz))

Verification is Not applicable to the result.
[In] Int[1/(x"3%(a + b*Cscl[c + d*x"2])72),x]

[Out] Defer[Int][1/(x"3*(a + b*Csclc + d*x~2])"2), x]

Rubi steps

f ! 5 dx = f ! 5 dx
x3 (a +bese (c + dxz)) x3 (a +bese (c + dxz))

Mathematica [A] time = 16.4965, size = 0, normalized size = 0.

1
f 5 dx
x3 (a +bcsc (c + dxz))

Verification is Not applicable to the result.

[In] Integrate[1/(x"3%(a + b*Csclc + d*x"2])72),x]

[Out] Integrate[1/(x"3*(a + b*Csclc + d*x72])72), x]

Maple [A] time = 0.466, size = 0, normalized size = 0.

f ! 5 dx
x3 (a + bese (clx2 + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"3/(a+b*csc(d*x"2+c))~2,x)
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[Out] int(1/x"3/(a+b*csc(d*x"2+c))"2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x73/(atb*csc(d*x~2+c))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1

X
2 7
b2x3 csc (dx2 + c) + 2 abx® csc (dx2 + c) + a2x3

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x73/(atb*csc(d*x~2+c))~2,x, algorithm="fricas")

[Out] integral(1/(b~2*x"3*csc(d*x™2 + c)72 + 2%a*xbxx~3*csc(d*x™2 + c) + a~2*x73),

x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f ! 5 dx
x3 (a + besc (c + dxz))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**3/(a+b*csc(d*x**2+c))**2,x%)

[Out] Integral(1l/(x*x3%(a + b*csc(c + d*x**2))**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f L dx
(b cse (dx2 + c) + a)2x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x73/(atb*csc(d*x~2+c))~2,x, algorithm="giac")

[Out] integrate(l/((b*csc(d*x"2 + c) + a)”~2%x73), x)
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331 [ (a +bese (c + d\ﬂ)) dx

Optimal. Leaf size=432

14ibx*PolyLog (2, —ei(c+d\/§)) 14ibx*PolyLog (2, ei(c+d\/§)) 84bx>?PolyLog (3, —ei(c+dﬁ)) 84bx>?PolyLog |

2 B 2 B B * B

[Out] (a*xx~4)/4 - (4xb*x~(7/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((14*I)xb*x~3x*
PolyLog[2, -E~(I*(c + d*Sqrt[x]))])/d~2 - ((14x*I)*b*x~3*PolyLog[2, E~(I*(c
+ d*Sqrt[x]))]1)/d"2 - (84*bxx~(5/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d"3
+ (84xb*x~(5/2)*PolyLogl[3, E~(I*(c + d*Sqrt[x]))])/d~3 - ((420%I)*b*x~2*Po
lyLog[4, -E~(I*(c + d*Sqrt[x]))]1)/d"4 + ((420%I)*b*x~2xPolyLogl[4, E~(I*(c +
d*Sqrt[x1))])/d~4 + (1680xbxx~(3/2)*PolyLog[5, -E~(I*(c + d*Sqrt[x]))])/d"~
5 - (1680%b*x~(3/2)*PolyLog[5, E~(I*(c + d*Sqrt[x]))]1)/d~5 + ((5040%I)*b*xx*
PolyLog[6, -E~(I*(c + d*Sqrtl[x]))])/d"6 - ((5040%I)*b*x*PolyLog[6, E~(I*(c
+ d*Sqrt[x]))])/d"6 - (10080*b*Sqrt [x]*PolyLogl[7, -E~(I*(c + d*Sqrtl[x]))]1)/
d~7 + (10080*b*Sqrt [x]*PolyLog[7, E~(I*(c + d*Sqrt[x]))])/d~7 - ((10080%I)x*
b*PolyLog[8, -E~(Ix(c + d*Sqrt[x]))]1)/d~8 + ((10080*I)*b*PolyLog[8, E~(Ix*(c
+ d*Sqrt[x]))])/d"8

Rubi [A] time = 0.425544, antiderivative size = 432, normalized size of antiderivative =

1., number of steps used = 20, number of rules used = 7, integrand size = 18, number of rules

= 0.389, Rules used = {14, 4205, 4183, 2531, 6609, 2282, 6589}

integrand size

14ibx*PolyLog (2, —ei(”d\/’_‘)) 14ibx*PolyLog (2, ei(”d\/’_‘)) 84bx>2PolyLog (3, —ei(”dﬁ)) 84bx%?PolyLog |

2 2 B * e

Antiderivative was successfully verified.

[In] Int[x"3*(a + b*Cscl[c + d*Sqrt[x]]),x]

[Out] (a*xx~4)/4 - (4xb*x~(7/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((14*I)*b*xx~3%
PolyLog[2, -E~(I*(c + d*Sqrtl[x]))])/d~2 - ((14*I)x*b*x~3*PolyLogl[2, E~(Ix*(c
+ d*Sqrt[x]))])/d"2 - (84xb*x~(5/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d"3
+ (84*bxx~(5/2)*PolyLog[3, E~(I*(c + d*Sqrt[x]))])/d"3 - ((420%*I)*b*x~2*Po
lyLog[4, -E~(I*(c + d*Sqrt(x]))])/d~4 + ((420%I)*b*x~2*PolyLog[4, E~(I*x(c +
dxSqrt[x]))])/d"4 + (1680*b*x~(3/2)*PolyLog[5, -E~(I*(c + d*Sqrt[x]))])/d~
5 - (1680%b*x~(3/2)*PolyLog[5, E~(I*(c + d*Sqrt[x]))]1)/d~5 + ((5040%I)x*b*xx*
PolyLogl[6, -E~(Ix(c + d*Sqrtl[x]))])/d~6 - ((5040%I)x*b*x*PolyLogl[6, E~(I*(c
+ d*Sqrt[x]))])/d"6 - (10080*b*Sqrt [x]*PolyLogl[7, -E~(I*(c + d*Sqrt[x]))]1)/
d~7 + (10080*b*Sqrt [x]*PolyLogl[7, E~(I*(c + d*Sqrt[x]))])/d~7 - ((10080%*I)*
b*PolyLog[8, -E~(Ix(c + d*Sqrt[x]))])/d"8 + ((10080*I)*b*PolyLog[8, E~(I*(c
+ dxSqrt[x]))]1)/d"8

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
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1)/n], 0] && IntegerQ[p]

Rule 4183

Int[cscl(e_.) + (£_)*(x )1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*xx) m*¥ArcTanh[E~(I*x(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogll + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLogl2, -(ex(F~(cx(a + b*x)))"n)], x1, x] /; FreeQ[{F, a, b, c, e, f
, g, nr, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x ))))"(p_.)1, x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/ (b*c*p*Log[F1), x] - Dist[(£*m)/(bxc*p*Log[F1), Int[(e + f¥x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunctionl[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] &% IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
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fx3 (a+bcsc(c+d\/§)) dx—f(ax +bx® csc(c+d\/§))
:—+bf csc(c+d\/§

ax

= — + (2b) Subst fx csc(c + dx) dx, x, \/_)

~ a_x4 B 4bx72 tanh™ (e (C d\/;)) ) (14b) Subst (fx6 log( z(c+dx)) dx, x, \/—) (j
4 d ]

ax* 4bx7” tanh™! (ei(f+d\/§)) 14ibx>Li, (—ei(”d‘/})) 14ibx3Li, ( i(e+d Vi) )
-3 7 + 7 _

gt Abx7P tanh™ (ei(”dﬁ)) 14ibx3Li, (—el’(”dﬁ)) 14ibx3Li, ( ie+avi) ) |
-7 7 + 7 _

gt Abx7Ptanh™ (ei(”d‘ﬁ)) 14ibx®Li, (—ei(”dﬁ)) 14ibx®Li, ( feravk) ) 1
-3 7 + y7 _

gt Abx7P tanh™ (ei(”d‘/z)) 14ibx®Li, (—ei(c+dﬁ)) 14ibx°Li, ( fleravk) ) i
T4 d * 42 - -

ax* 4bx72 tanh™ (ei(Hd‘/z)) 14ibx3Li, (—ei(”d‘/})) 14ibx3Li, ( i(c+avi) ) 1
T4 d * 42 -

ax* 4bx72 tanh™ (ei(Hd\/z)) 14ibx3Li, (—ei(”d‘/})) 14ibx3Li, ( i(c+avi) ) 1
T4 d * 42

ax* 4bx72 tanh ™ (ei(Hd\/E)) 14ibx3Li, (—ei(”d‘/})) 14ibx3Li, ( i(e+d i) ) 1
T4 d + 42

ax* 4bx72 tanh ™ (e (C+d\/§)) 14ibx3Li, (—ei(”d‘/;)) 14ibx3Li, ( i(e+dvR) ) 1
T4 d + 42

Mathematica [A] time = 0.51334, size = 445, normalized size = 1.03

gt 2b (7id6x3PolyLog (2, —ei(”d‘/;)) — 7id®x*PolyLog (2, ei(”d\/;)) — 42d°x°?PolyLog (3, —ei(c+d‘/§)) + 424
— 4

4

Antiderivative was successfully verified.

[In] Integrate[x~3*(a + bxCscl[c + d*Sqrt[x]]),x]

[Out] (a*xx"4)/4 + (2%b*x(d”7xx~(7/2)*Logl[l - E~(I*(c + d*Sqrt[x]))] - d77*x"(7/2)*
Logl[l + E7(I*(c + d*Sqrt[x]))] + (7*I)*d~6*x"3*PolyLogl[2, -E~(I*(c + d*Sqrt
[x]))] - (7*I)*d~6*xx~3*PolyLog[2, E~(I*(c + d*Sqrt[x]))] - 42*xd~5*x~(5/2)*P
olyLog[3, -E~(I*(c + d*Sqrt[x]))] + 42%d~5%x~(5/2)*PolyLog[3, E~(I*(c + d*S
qrt[x]))] - (210%I)*d~4*x"2+PolyLog[4, -E~(I*(c + d*Sqrt[x]))] + (210%I)*d~
4xx~2*PolyLog[4, E~(I*(c + dxSqrt[x]))] + 840%d~3*x~(3/2)*PolyLog[5, -E~(Ix
(c + d*Sqrt[x]))] - 840%d~3*x~(3/2)*PolylLog[5, E~(Ix(c + d*Sqrt[x]))] + (25
20*I)*d~2*x*PolyLog[6, -E~(I*(c + d*Sqrt[x]))] - (2520%I)*d~2*x*PolyLogl6,
E~(Ix(c + dxSqrt[x]))] - 5040*dxSqrt[x]*PolyLog[7, -E~(I*(c + d*Sqrt[x]))]
+ 5040*d*Sqrt [x]*PolyLog[7, E~(Ix(c + d*Sqrt[x]))] - (5040%I)*PolyLogl[8, -E
“(Ix(c + d*Sqrt[x]))] + (5040%I)*PolyLogl8, E~(I*(c + d*Sqrt[x]))]))/d"8
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Maple [F] time = 0.122, size = 0, normalized size = 0.

fx3 (a +besc (c + d\/E)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(at+b*xcsc(c+d*x~(1/2))),x)

[Out] int(x~3*(at+b*csc(c+d*x~(1/2))),%)

Maxima [B] time = 1.86131, size = 2022, normalized size = 4.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a+b*csc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] 1/4*((d*sqrt(x) + c)~8*a - 8*(d*xsqrt(x) + c) 7xa*xc + 28*(d*sqrt(x) + c) 6*a
xc"2 - B6*(d*sqrt(x) + c) bxaxc”™3 + 70*x(d*sqrt(x) + c) 4xa*xc™4 - 56%(d*sqrt
(x) + c)"3*xaxc”b + 28*(d*sqrt(x) + c) 2xa*c”6 - 8x(dxsqrt(x) + c)*a*xc”7 + 8
xb*xc~7+log(cot (d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 4*x(2*Ix(d*sqrt(x) + c
)"7xb - 14xIx(d*sqrt(x) + c) 6*bxc + 42xI*(d*sqrt(x) + c) 5xb*c™2 - 70*xIx(d
*sqrt(x) + c)4xbxc™3 + T7O0xI*(d*sqrt(x) + c) 3xb*c™4 - 42xI*(d*sqrt(x) + c)
“2%bxc”b + 14xI*(d*sqrt(x) + c)*bxc”6)*arctan2(sin(d*sqrt(x) + c), cos(dxsq
rt(x) + c) + 1) - 4*x(2%Ix(d*sqrt(x) + c)~7*b - 14*Ix(d*sqrt(x) + c) 6*b*xc +
42xT* (d*sqrt(x) + c) bxbxc™2 - 70*xI*x(d*sqrt(x) + c) 4*b*xc™3 + 70xI*(d*sqrt
(x) + c)73*%bxc™4 - 42+I*(d*sqrt(x) + c) 2xb*c”5 + 14*Ix(d*sqrt(x) + c)*b*c”
6)*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) - 4*(-14*Ix(d*sqrt(
X) + c)76%b + 84*%Ix(dxsqrt(x) + c) Bb*bxc - 210*%Ix(d*sqrt(x) + c) 4*b*xc™2 +
280*I* (d*sqrt(x) + c) 3xb*c™3 - 210*I*x(d*sqrt(x) + c) 2%bkc™4 + 84xIx(d*sqr
t(x) + c)*bxc”5 - 14*Ixbxc”6)*dilog(-e”~ (Ixd*sqrt(x) + I*xc)) - 4*(14xIx(d*sq
rt(x) + c)"6xb - 84*xI*x(d*sqrt(x) + c) bxb*xc + 210*I*(d*sqrt(x) + c) 4xb*xc~2
- 280*%Ix(d*sqrt(x) + c)~3*bxc™3 + 210*I*(d*sqrt(x) + c) 2xb*xc™4 - 84*Ix(d*
sqrt(x) + c)*bxc™b5 + 14xI*bxc”6)*dilog(e” (I*d*sqrt(x) + I*c)) - 4*((d*sqrt(
X) + c)77*xb - Tx(d*sqrt(x) + c) 6*bxc + 21*x(d*sqrt(x) + c) 5xb*c™2 - 35x(d*
sqrt(x) + c) 4xbxc”3 + 3b5*(d*sqrt(x) + c) 3xb*c™4 - 21*x(d*sqrt(x) + c) 2xbx
c™b + Tx(d*sqrt(x) + c)*b*xc™6)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c
)72 + 2%cos(d*sqrt(x) + c) + 1) + 4*((d*sqrt(x) + c)77*b - 7*x(d*sqrt(x) + c
) "6xbxc + 21*(d*sqrt(x) + c) 5xb*c™2 - 35x(d*sqrt(x) + c) 4xbxc”3 + 35x(d*s
grt(x) + c)73*b*c”4 - 21x(d*sqrt(x) + c) 2*bxc”5 + 7*(d*sqrt(x) + c)*b*xc”6)
xlog(cos(d*sqrt(x) + c)72 + sin(d*sqrt(x) + c)72 - 2xcos(d*sqrt(x) + c) + 1
) - 40320*I*b*polylog(8, -e” (I*d*sqrt(x) + I*c)) + 40320*Ixb*polylog(8, e~ (
Ixd*sqrt(x) + Ixc)) - 40320%((d*sqrt(x) + c)*b - b*c)*polylog(7, -e” (I*d*sq
rt(x) + I*c)) + 40320%((d*sqrt(x) + c)*b - bxc)*polylog(7, e~ (I*d*sqrt(x) +
I*xc)) - 4x(-5040*I*(d*sqrt(x) + c)~2*xb + 10080*%Ix*(d*sqrt(x) + c)*b*xc - 504
0xI*b*c~2)*polylog(6, -e” (Ixd*sqrt(x) + I*xc)) - 4*(5040*I*(d*sqrt(x) + c)~2
*b - 10080*I*(d*sqrt(x) + c)*bxc + 5040%I*bxc~2)*polylog(6, e~ (I*d*sqrt(x)
+ Ixc)) + 6720*%((d*sqrt(x) + c)73xb - 3*(d*sqrt(x) + c) 2*b*xc + 3*(d*sqrt(x
) + c)xb*c”2 - bxc”3)*polylog(5, -e” (I*d*sqrt(x) + Ixc)) - 6720%((d*sqrt(x)
+ ¢c)73%b - 3*x(d*sqrt(x) + c) 2xb*xc + 3*x(d*sqrt(x) + c)*bxc”™2 - b*c~3)*poly
log(5, e (I*xdxsqrt(x) + I*c)) - 4x(420*Ix(d*sqrt(x) + c)~4%b - 1680*I*(d*sq
rt(x) + c)73*bxc + 2520%I*(d*sqrt(x) + c) 2xb*c™2 - 1680*I*(d*sqrt(x) + c)*
bxc~3 + 420%Ixb*xc”4)*polylog(4, -e~ (I*d*sqrt(x) + I*kc)) - 4*(-420%Ix(d*sqrt
(x) + c)74xb + 1680*I*(d*sqrt(x) + c) 3xb*xc - 2520*%Ix(d*sqrt(x) + c) 2*bxc”
2 + 1680*%Ix(d*xsqrt(x) + c)*b*c™3 - 420*Ixb*c”4)*polylog(4, e  (Ixd*sqrt(x) +
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I*xc)) - 336%((d*sqrt(x) + c)7Bb*b - Bkx(d*sqrt(x) + c) 4*b*xc + 10*(d*sqrt(x)
+ ¢)73%b*c”2 - 10x(d*sqrt(x) + c)~2*bxc”3 + bk (d*sqrt(x) + c)*bxc™4 - b*xc”
5)*polylog(3, -e~(Ixd*sqrt(x) + Ixc)) + 336x((d*sqrt(x) + c) bxb - b*x(d*sqr
t(x) + c) 4xb*xc + 10*x(d*sqrt(x) + c) 3*b*xc™2 - 10*(d*sqrt(x) + c) 2xb*c”3 +
5% (d*sqrt(x) + c)*b*c™4 - bxc~5)*polylog(3, e~ (I*d*sqrt(x) + I*c)))/d"8

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (bx3 csce (d\/E + c) + ax®, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(b*x~3*csc(d*sqrt(x) + c) + a*x"3, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fx3 (a +besc (c + dﬁ)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3+(at+b*csc(c+dxx**(1/2))),x)

[Out] Integral(x**3*(a + b*csc(c + d*sqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f (b csc (d\/i + c) + a)x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)*x~3, x)
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332 [« (a +bese (c + d\ﬂ)) dx

Optimal. Leaf size=316

10ibx*PolyLog (2, _ei(c+d\/§)) 10ibx*PolyLog (2, ei(c+d\/§)) 40bx*?PolyLog (3, _ei(f+d\/§)) 40bx*2?PolyLog (3,4

2 B 2 B B * B

[Out] (a*xx~3)/3 - (4xb*x~(5/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((10*I)xb*xx~2x*
PolyLog[2, -E~(I*(c + d*Sqrtl[x]))])/d~2 - ((10*I)*b*x~2*PolyLog[2, E~(I*(c

+ d*Sqrt[x]))]1)/d"2 - (40%bxx~(3/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d"3

+ (40%b*x~(3/2)*PolyLogl[3, E~(I*(c + d*Sqrt[x]))])/d~3 - ((120%I)*bxx*Poly
Log[4, -E~(I*x(c + d*Sqrt[x]))]1)/d"4 + ((120%I)*b*x*PolyLogl[4, E~(I*(c + d*S
qrt[x]1))1)/d"4 + (240%b*Sqrt[x]*PolyLog[5, -E~(Ix(c + d*Sqrt[x]))])/d"5 - (
240*b*Sqrt [x] *PolyLog[5, E~(I*(c + dxSqrt[x]))]1)/d"5 + ((240%I)*b*PolyLogl[6

, "E7(I*(c + d*Sqrt[x]))]1)/d"6 - ((240%I)*b*PolyLog[6, E~(I*(c + d*Sqrt[x])
)1)/d"6

Rubi [A] time = 0.289474, antiderivative size = 316, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 7, integrand size = 18, e o e

= 0.389, Rules used = {14, 4205, 4183, 2531, 6609, 2282, 6589}

integrand size

10ibx*PolyLog (2, —ei(c+d\/})) 10ibx*PolyLog (2, e"(”d\/;)) 40bx*?PolyLog (3, —ei(“d‘/;)) 40bx32?PolyLog (3,4

2 2 B * e

Antiderivative was successfully verified.

[In] Int[x"2*(a + bxCsc[c + d*Sqrt[x]]),x]

[Out] (a*x~3)/3 - (4xbxx~(5/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))]1)/d + ((10*I)*b*x 2%
PolyLog[2, -E~(I*(c + d*Sqrtl[x]))])/d~2 - ((10*I)*b*x~2*PolyLog[2, E~(I*(c

+ d*Sqrt[x]))]1)/d"2 - (40%bxx~(3/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d"3

+ (40%b*xx~(3/2)*PolyLog[3, E~(Ix(c + d*Sqrt[x]))])/d~3 - ((120%I)*b*x*Poly
Logl[4, -E~(I*(c + d*Sqrt[x]))]1)/d"4 + ((120%I)*b*x*PolyLogl[4, E~(I*(c + d*S
qrtlx]))]1)/d"4 + (240*%b*Sqrt[x]*PolyLog[5, -E~(I*(c + d*Sqrt[x]))])/d~5 - (
240%b*Sqrt [x] #*PolyLog[5, E~(I*(c + d*Sqrt[x]))])/d"5 + ((240%I)*bxPolyLogl6

, "E7(I*(c + d*Sqrt[x]))]1)/d"6 - ((240%I)*b*PolyLogl[6, E~(I*(c + d*Sqrt[x])
)1)/d6

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
» x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Rule 4183

Int[cscl(e_.) + (£_D)*(x )1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) mxArcTanh[E~(I*(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
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(m - D*Logll + ET(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531

Int[Logll + (e_)*((F)"((c_)*((a_.) + (b_)*)IN"(m_HI*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*x(F~(c*(a + bxx
)))"n)1)/ (bxcxn*Log[F1), x] + Dist[(g+m)/(b*c*n*Log[F1), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}r, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*x((a_.) + (b_.
Y*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogl[n + 1, d*(F~(c*(a
+ b*x)))"pl)/(bxcxp*Log[F]), x] - Dist[(f*m)/(bxcxp*Logl[F]), Int[(e + fx*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)x((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, pty, x] && EqQ[bxd, axe]

Rubi steps
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ax

= ™, (2b)Subst ( [ el + anydx,x, Vi )

a3 4bx>2 tanh~ (e i{e+ d\ﬁ)) (10b) Subst ( f +*log (1 z(c+dx)) dx. x \/-) (106
3 d d
ax3 4bx°2 tanh ™ (el(ﬁdﬁ)) 10ibx?Li, ( (”dﬁ)) 10ibx?Li, (e (”dﬁ)) (40
:.7;-_ d + 42 - A2 -
g3 Abx? tanh ™ (e'(”dﬁ)) 10ibx?Li, ( (C+d‘/§)) 10ibx?Li ( (”d\/})) 40b
:.7;-_ d + 42 - 2 E—
a3 4px52 tanh™ (ei(”d\/’_c)) 10ibxLi, (—ei(ﬁd‘/})) 10ibx?Li, (ei(”dﬁ)) 400
=5 - y + = - - o
g3 AP tanh ™ (el(”d\/})) 10ibx*Li, (—ei(c+d‘/§)) 10ibx?Li, (ei(c+dﬁ)) 40b
=" y + = - > o
43 AbxPtanh” ! (el(”d\/;)) 10ibx*Li, ( (”dﬁ)) 10ibx?Li, (e (”dﬁ)) 40b
=5 - y + = > o
a3 4 x2 tanh™" (6 (Cﬂwz)) 10ibx?Li, ( (”dﬁ)) 10ibx?Li, (ei(”dﬁ)) 40b
=5 - y + = _ - L

Mathematica [A] time = 0.34351, size = 333, normalized size = 1.05

e 2D (5id4x2PolyLog (2, —ei(”d‘/})) — 5id*x*PolyLog (2, ei(”d‘/z)) — 20d%x*?PolyLog (3, —ei(”d‘/})) + 20d°x¥2P

—+
3

Antiderivative was successfully verified.

[In] Integrate[x”2*(a + bxCsc[c + d*Sqrt[x]]),x]

[Out] (a*x73)/3 + (2xbx(d~5*x~(5/2)*Logl[l - E~(I*(c + d*Sqrt[x]))] - d"5*xx~(5/2)%

Logl[l + E7(I*(c + d*Sqrt[x]))] + (5*I)*d~4*x"2%PolyLogl[2, -E~(I*(c + d*Sqrt
[x]))] - (5xI)*d~4*x~2*PolyLog[2, E~(I*(c + d*Sqrt[x]))] - 20*%d~3*x~(3/2)*P
olyLog[3, -E~(I*(c + d*Sqrt[x]))] + 20%d~3*x~(3/2)*PolyLog[3, E~(I*(c + d*S
qrt[x]))] - (60%I)*d~2*x*PolylLogl[4, -E~(I*(c + d*Sqrt[x]))] + (60*I)xd~2*x*
PolyLogl[4, E~(I*(c + d*Sqrt[x]))] + 120*d*Sqrt[x]*PolyLogl[5, -E~(I*(c + d*S
gqrt[x]))] - 120*%d*Sqrt[x]*PolyLog[5, E~(I*(c + d*Sqrt[x]))] + (120%I)*PolyL
ogl6, -E~(Ix(c + d*Sqrt[x]))] - (120%I)*PolyLogl[6, E~(I*(c + dxSqrt[x]))]))
/d"6

Maple [F] time = 0.109, size = 0, normalized size = 0.

fxz (a +besc (c + d\/E)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2%(at+bxcsc(c+d*x~(1/2))),x)
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[Out] int(x~2*(at+b*csc(c+d*x~(1/2))),x)

Maxima [B] time = 1.60592, size = 1291, normalized size = 4.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(a+b*csc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] 1/3*%((d*sqrt(x) + c)”6*xa - 6x(d*sqrt(x) + c) bxaxc + 15*x(d*sqrt(x) + c) 4xa
*Cc72 - 20%(d*sqrt(x) + c)"3*%a*xc”3 + 15x(d*sqrt(x) + c) 2xa*xc”4 - 6x(d*sqrt(
X) + c)*axc”b + 6xbxc”b*xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 3%(2
xI*(d*sqrt(x) + c)7bxb - 10%Ix(d*sqrt(x) + c) 4xbxc + 20%I*(d*sqrt(x) + c)~
3xb*c”™2 - 20*%Ix(d*xsqrt(x) + c)~2*bxc™3 + 10xI*(d*sqrt(x) + c)*bxc™4)*arctan
2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) - 3*x(2xIx(d*sqrt(x) + c)~5*b
- 10*Ix(d*sqrt(x) + c) 4xbxc + 20*%Ix(d*sqrt(x) + c) 3*b*xc™2 - 20*Ix(d*sqrt(
X) + c)72*xb*c”3 + 10*Ix(d*sqrt(x) + c)xb*xc”4)*arctan2(sin(d*sqrt(x) + c), -
cos(d*sqrt(x) + c) + 1) - 3*%(-10*xI*(d*sqrt(x) + c) 4xb + 40*I*(d*sqrt(x) +
c) "3*bxc - 60*Ix(d*sqrt(x) + c) 2*%bxc”2 + 40*I*x(d*sqrt(x) + c)*b*c™3 - 10*I
*xbxc~4)*xdilog(-e~ (Ixd*sqrt(x) + I*c)) - 3*x(10*Ikx(d*sqrt(x) + c) 4xb - 40*Ix
(d*sqrt(x) + c) 3%bxc + 60*I*(d*sqrt(x) + c) 2xb*c™2 - 40*%Ix(d*sqrt(x) + c)
*xb*c”3 + 10%Ixb*c”4)*dilog(e” (I*d*sqrt(x) + I*c)) - 3x((d*sqrt(x) + c) 5%*b
- Bx(d*sqrt(x) + c) 4*bxc + 10*(d*sqrt(x) + c) 3*b*c™2 - 10x(d*sqrt(x) + c)
“2%b*c”3 + b*x(d*sqrt(x) + c)*bxc”4)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x
) + ¢c)”2 + 2xcos(d*sqrt(x) + c) + 1) + 3*x((d*sqrt(x) + c)~5*%b - bx(d*sqrt(x
) + c)74xbkxc + 10%(d*sqrt(x) + c) 3*b*c™2 - 10*(d*sqrt(x) + c) 2%b*c™3 + b*
(d*sqrt(x) + c)*bkxc™4)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)72 - 2%
cos(d*sqrt(x) + c) + 1) + 720xI*b*polylog(6, -e” (I*d*sqrt(x) + I*c)) - 720%
I*¥b*polylog(6, e~ (Ixd*sqrt(x) + I*xc)) + 720%((d*sqrt(x) + c)*b - b*c)*polyl
0og(5, -e~(I*xdxsqrt(x) + I*c)) - 720*((d*sqrt(x) + c)*b - b*c)*polylog(5, e~
(Ixd*sqrt(x) + I*c)) - 3*x(120%I*(d*sqrt(x) + c)”2xb - 240*%Ix(d*sqrt(x) + c)
xb*c + 120%I*b*xc”2)*polylog(4, -e” (Ixd*sqrt(x) + I*c)) - 3*(-120*%Ix(d*sqrt(
X) + ¢)"2%b + 240*Ikx(d*sqrt(x) + c)*b*xc - 120%I*b*c”2)*polylog(4, e~ (I*d*sq
rt(x) + I*c)) - 120*%((d*sqrt(x) + c)~3*%b - 3*x(d*sqrt(x) + c) 2%bkxc + 3*x(d*s
grt(x) + c)*b*c™2 - bxc~3)*polylog(3, -e~ (Ixd*sqrt(x) + Ixc)) + 120x((d*sqr
t(x) + ¢c)7"3*b - 3*(d*sqrt(x) + c) 2xb*xc + 3x(d*sqrt(x) + c)*b*c™2 - b*c~3)*
polylog(3, e~ (I*d*sqrt(x) + Ixc)))/d"6

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (bx2 csc (d\/% + c) + ax?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(b*x~2xcsc(d*sqrt(x) + c) + a*x"2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz (a +besc (c + d\/&)) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(at+b*csc(c+d*x**(1/2))),x)

[Out] Integral (x**2*(a + bxcsc(c + d*sqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.
f (b csc (d\ﬂ + c) + a)x2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(a+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)*x~2, x)



131

333 [« (a +bese (c + d\/E)) dx

Optimal. Leaf size=200

6ibxPolyLog (2, —ei(”dﬁ)) 6ibxPolyLog (2, ei(Hd‘/})) 12b+/xPolyLog (3, —ei(Hdﬁ)) 12b+/xPolyLog (3, el

2 2 - B * e

[Out] (a*xx"2)/2 - (4xb*x~(3/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((6%I)*b*x*Pol
yLog[2, -E~(I*(c + d*Sqrtl[x]))])/d~2 - ((6%I)*b*x*PolyLog[2, E~(I*(c + d*Sq
rt[x]))])/d"2 - (12%b*Sqrt[x]*PolylLog[3, -E~(I*(c + dxSqrt[x]))])/d"3 + (12
*xbxSqrt [x] *PolyLog[3, E~(I*(c + d*Sqrt[x]))])/d"3 - ((12+I)*b*PolyLogl[4, -E
“(Ix(c + dxSqrt[x]))])/d"4 + ((12+I)*b*PolyLogl[4, E~(I*(c + d*Sqrt[x]))]1)/d

4

Rubi [A] time = 0.177666, antiderivative size = 200, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 7, integrand size = 16, number of rules

= 0.438, Rules used = {14, 4205, 4183, 2531, 6609, 2282, 6589}

integrand size

6ibxPolyLog (2, —ei(”dﬁ)) 6ibxPolyLog (2, ei(”d‘/;)) 12b+/xPolyLog (3, —ei(”d‘/})) 12b+/xPolyLog (3, el

2 2 e * e

Antiderivative was successfully verified.

[In] Int[x*(a + b*Csclc + d*Sqrt[x]]),x]

[Out] (a*xx~2)/2 - (4xb*x~(3/2)*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((6%I)*b*x*Pol
yLog[2, -E~(I*(c + d*Sqrtl[x]))])/d~2 - ((6%I)*b*x*PolyLog[2, E~(I*(c + d*Sq
rt[x]))]1)/d"2 - (12*b*Sqrt[x]*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d"3 + (12
*b*Sqrt [x] *PolyLog[3, E~(Ix(c + d*Sqrt[x]))])/d"3 - ((12%I)*b*PolylLogl[4, -E
“(Ix(c + d*Sqrt[x]))])/d~4 + ((12*I)*b*PolyLog[4, E~(I*(c + dxSqrt[x]))]1)/d

4

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !MatchQ[u, (a_)
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(m_)]*(b_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQlpl]

Rule 4183

Int[cscl(e_.) + (£_)*(x)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m*ArcTanh[E~(I*(e + fx*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogl[l + E"(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, O]

Rule 2531
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Int[Logl[l + (e_.)*((F_)"((c_.)*x((a_.) + (b_)*(x_)))) " (m_D1*x((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)]1, x_Symbol] :> Simp[((e + f*x) m*PolyLogl[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*Log[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bxd, axel

Rubi steps

fx(a+bcsc(c+d\/§)) dx:f(ax+bxcsc(c+d\/§)) dx
:i+bfxcsc(c+d\/§) dx

ax?

== + (2b) Subst (f x3 cse(c + dx) dx, x, \/;)

ax 4bx32 tanh ™" (ei(ﬁd\/z)) (6b) Subst ( f x? log( - ei(”dx)) dx, x, \/E) (6b) St
—_—- +

2

[u

g2 Abx?tanh” (e (C+d‘/_) 6ibxLi, ( e C+d‘/_) 6ibxLi, ( fle+ ‘/’_C)) (12ib) Su

2 d

g2 Abx%tanh” ! (ei(”d‘/’_‘) 6szL12( e C+d‘/_) 6ibxLi, ( C+d‘/_) 12b+/xLi
T2 d

g2 A4bx?tanh” 1(ei(c+d‘/’_‘) 6ibxLi, ( e C+d‘/_) 6ibxLi, ( C+d‘/_) 12b+/xLi
T2 d

g2 A4bx?tanh” 1(e (C+d‘/§) 6ibxLi, ( e C+d‘/_) 6ibxLi, ( C+d‘/_) 12b+/xLi

2 d

Mathematica [A] time = 0.376526, size = 260, normalized size = 1.3

ax?  2b (—SidszolyLog (2, —cos (c + dy/x) - isin (c + d\/E)) + 3id?xPolyLog (2, Cos (c + d\/E) +isin (c + d\/E)) 4

2

Warning: Unable to verify antiderivative.
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[In] Integrate[xx(a + bxCscl[c + d*Sqrt[x]1]),x]

[Out] (a*xx"2)/2 - (2%b*(2*d~3*x~(3/2)*ArcTanh[Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sq

rt[x]]] - (3*%I)*d~2*x*PolyLog[2, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt[x]]

1 + (3%I)*d~2*xx*xPolyLog[2, Cos[c + d*Sqrt[x]] + I*Sin[c + dxSqrt([x]]] + 6x*d

*Sqrt [x]*PolyLog[3, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt[x]]] - 6*d*Sqrt[

x]*PolyLog[3, Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sqrt[x]]] + (6%I)*PolyLogl[4,
-Cos[c + dxSqrt[x]] - IxSin[c + dxSqrt[x]]] - (6*%I)*PolyLog[4, Cos[c + dx*S
grt[x]] + I*Sin[c + d*Sqrt[x]]]))/d"4

Maple [F] time = 0.11, size = 0, normalized size = 0.

fx(a+bcsc(c+d\/§)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*csc(c+d*x~(1/2))),x)

[Out] int(x*(a+bxcsc(c+d*x~(1/2))),x)

Maxima [B] time = 1.38328, size = 721, normalized size = 3.6

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*csc(c+d*x”(1/2))),x, algorithm="maxima")

[Out] 1/2*%((d*sqrt(x) + c)”4*a - 4*(d*sqrt(x) + c) 3xaxc + 6x(d*sqrt(x) + c) 2*ax
c"2 - 4x(d*sqrt(x) + c)*a*xc™3 + 4xb*xc”3*log(cot(d*sqrt(x) + c) + csc(d*sqrt
(x) + c)) - 2%(2xI*(d*sqrt(x) + c)”3*b - 6*xI*(d*sqrt(x) + c) 2*b*xc + 6xI*(d
xsqrt(x) + c)xb*c”2)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) -
2% (2xI* (d*sqrt(x) + c)~3*%b - 6%xI*(d*sqrt(x) + c) 2xb*xc + 6*%Ix(d*sqrt(x) + c
)*¥bxc~2) *arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) - 2x(-6xIx(d*
sqrt(x) + c)"2xb + 12*I*(d*sqrt(x) + c)*bxc - 6*%Ixbxc~2)*dilog(-e~ (I*d*sqrt
(x) + I*c)) - 2x(6*Ix(d*sqrt(x) + c)72%b - 12xIx(d*sqrt(x) + c)*bxc + 6xI*b
xc"2)*dilog(e” (I*d*sqrt(x) + Ixc)) - 2*((d*sqrt(x) + c)~3*%b - 3*x(d*sqrt(x)
+ c)72%bxc + 3x(dxsqrt(x) + c)x*b*c”2)*log(cos(d*sqrt(x) + c)”2 + sin(d*sqrt
(x) + ¢)72 + 2%cos(d*sqrt(x) + c) + 1) + 2x((d*sqrt(x) + c)~3%b - 3*(d*sqrt
(x) + c)"2%bxc + 3*(d*sqrt(x) + c)*bxc”2)*log(cos(d*sqrt(x) + c)”2 + sin(dx
sqrt(x) + c)72 - 2*cos(d*sqrt(x) + c) + 1) - 24xIxb*polylog(4, -e” (I*d*sqrt
(x) + I*xc)) + 24xIxbxpolylog(4, e (Ixd*sqrt(x) + I*c)) - 24x((d*sqrt(x) + c
)*¥b - b*c)*polylog(3, -e” (I*d*sqrt(x) + Ixc)) + 24*x((d*sqrt(x) + c)*b - bx*c
)*polylog(3, e~ (I*d*sqrt(x) + Ixc)))/d"4

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (bx csc (d\/g + c) + ax, x)

Verification of antiderivative is not currently implemented for this CAS.



134

[In] integrate(x*(at+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(b*x*csc(d*sqrt(x) + c) + a*x, x)

Sympy [F] time = 0., size = 0, normalized size = 0.
fx(a + bcsc (c+d\/§)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(c+d*x**(1/2))),x)

[Out] Integral(x*(a + b*csc(c + dxsqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(b csc (d\/E + c) + a)xdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)*x, x)
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f a+b csc(c+d\/§) dx

X

3.34

Optimal. Leaf size=23

bUnintegrable + alog(x)

(csc (c;d«/&)’x]

[Out] axLogl[x] + b*Unintegrable[Csc[c + d*Sqrt[x]]/x, x]

Rubi [A] time = 0.0166074, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0., Rules used = {}

dx
X

fa+bcsc(c+d\/§)

Verification is Not applicable to the result.
[In] Int[(a + b*Csc[c + d*Sqrt[x]])/x,x]

[Out] a*Logl[x] + b*Defer[Int] [Csc[c + d*Sqrt[x]]/x, x]

Rubi steps

X X

—alog(x)+be dx

fa+bcsc(c+d\/§) e f[a bcsc(c+d\/§)] n

X

Mathematica [A] time = 5.10687, size = 0, normalized size = 0.

dx

fa+bcsc(c+d\/§)

X

Verification is Not applicable to the result.

[In] Integrate[(a + b*Cscl[c + d*Sqrt[x]])/x,x]

[Out] Integrate[(a + b*Csc[c + d*Sqrt[x]])/x, x]

Maple [A] time = 0.108, size = 0, normalized size = 0.
1

f— (a + bcsc(c+d\/§))dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(c+d*x~(1/2)))/x,x)
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[Out] int((a+b*csc(c+d*x~(1/2)))/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.
sin (dy/x + ¢ sin (dyx + ¢
b f (V¥ +) dx +b f (V¥ +)
(COS d\/§+c + sin (dx/z+c) + 2 cos (d\/E+c +1) (COS d\/§+c + sin (d\/}+c) -2 cos (d\/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))/x,x, algorithm="maxima"

[Out] bxintegrate(sin(d*sqrt(x) + c)/((cos(d*sqrt(x) + c)72 + sin(d*sqrt(x) + c)~
2 + 2*cos(d*sqrt(x) + c) + 1)*x), x) + bxintegrate(sin(d*sqrt(x) + c)/((cos
(d*sqrt(x) + c)72 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c) + 1)*x), x)

+ axlog(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

bcsc(d\/E+c)+a
X

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x,x, algorithm="fricas")

[Out] integral((b*csc(d*sqrt(x) + c) + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

fa+bcsc(c+d\/§)

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(c+d*x**(1/2)))/x,x)

[Out] Integral((a + b*csc(c + d*xsqrt(x)))/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcsc(dx/i+c)+a

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x,x, algorithm="giac")

[Out] integrate((bxcsc(d*sqrt(x) + c) + a)/x, x)
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f a+b csc(c+d\/§) dx

x2

3.35
Optimal. Leaf size=25

csc (c +d\/§) x] a

bUnintegrable [ ) -

X

[Out] -(a/x) + b*Unintegrable[Csc[c + d*Sqrt[x]]/x"2, x]

Rubi [A] time = 0.0174916, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0., Rules used = {}

dx
2

fa+bcsc(c+d\/§)

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*Sqrt(x]])/x"2,x]

[Out] -(a/x) + b*Defer[Int] [Csc[c + d*Sqrt([x]]/x"2, x]

Rubi steps

fa+bcsc(c+d\/§) e f[g N bcsc(c+d\/§))dx

x2 x2 x?

X

be

Mathematica [A] time = 6.08472, size = 0, normalized size = 0.

dx

fa+bcsc(c+d\/§)

2
Verification is Not applicable to the result.

[In] Integrate[(a + b*Cscl[c + d*Sqrt([x]])/x"2,x]

[Out] Integrate[(a + b*Csclc + d*Sqrt[x]])/x"2, x]

Maple [A] time = 0.135, size = 0, normalized size = 0.

f ! (a+bcsc(c+d\/§))dx

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(c+d*x~(1/2)))/x"2,x)
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[Out] int((a+b*csc(c+d*x~(1/2)))/x"2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

bcsc(dx/i+c)+a

x2

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"2,x, algorithm="fricas")

[Out] integral((b*csc(d*sqrt(x) + c) + a)/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fa+bcsc(c+d\/§)

dx
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*xx**(1/2)))/x**2,%)

[Out] Integral((a + b*csc(c + d*sqrt(x)))/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcsc(d\/§+c)+a

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))/x"2,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)/x"2, x)
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336 [ (a +bese (c + d\ﬂ))z dx
M. Leaf size=695

result too large to display

[Out] ((-2%I)*b~2xx~(7/2))/d + (a~2xx74)/4 - (8*xaxb*x~(7/2)*ArcTanh[E~(I*(c + d*S
qrt[x]))]1)/d - (2%b~2*x~(7/2)*Cot [c + d*Sqrt([x]])/d + (14xb~2+x"3*Log[l - E
“((2xI)*(c + d*Sqrtlx]))]1)/d"2 + ((28%I)*a*b*x~3*PolyLog[2, -E~(I*(c + d*Sq
rt[x]))])/d72 - ((28%I)*axbxx~3*PolyLog[2, E~(Ix(c + d*Sqrt[x]))])/d"2 - ((
42xT)*b~2*xx~(5/2) *PolyLog[2, E~((2xI)*(c + dxSqrt[x]))]1)/d"3 - (168*a*xb*xx™(
5/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d~3 + (168*axb*xx~(5/2)*PolyLogl[3,
E7(Ix(c + d*Sqrt[x]))])/d~3 + (105*%b~2*xx"2+PolyLog[3, E~((2*I)*(c + d*Sqrt[
x]))1)/d~4 - ((840%I)*a*b*x~2*PolyLog[4, -E~(Ix(c + d*Sqrt[x]))])/d"4 + ((8
40%I)*a*xb*x~2xPolyLog[4, E~(I*(c + d*Sqrt[x]))])/d"4 + ((210%I)*b~2xx~(3/2)
xPolyLog[4, ET((2xI)*(c + d*xSqrt[x]))])/d"5 + (3360*a*xb*x~(3/2)*PolyLogl[5,
-E~(I*(c + d*Sqrt[x]))]1)/d"5 - (3360*a*b*x~(3/2)*PolyLogl[5, E~(I*(c + d*Sqr
t[x1))])/d"5 - (315%b~2*x*PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))])/d"6 + ((10
080*I)*axbxx*PolyLog[6, -E~(I*(c + d*Sqrt[x]))])/d™6 - ((10080%I)*a*bxx*Pol
yLog[6, E~(I*(c + d*Sqrt[x]))])/d"6 - ((315*I)*b~2xSqrt[x]*PolyLogl[6, E~((2
xI)*x(c + dxSqrt[x]))])/d~7 - (20160*a*xb*Sqrt [x]*PolyLog[7, -E~(I*(c + d*Sqr
t[x]))]1)/d"7 + (20160*a*b*Sqrt [x]*PolyLog[7, E~(I*(c + d*Sqrt[x]))])/d~7 +
(315*%b~2*PolyLog[7, E~((2%I)*(c + d*Sqrt[x]))])/(2*d~8) - ((20160%I)*a*b*Po
lyLog[8, -E~(I*(c + d*Sqrt[x]))]1)/d"8 + ((20160%I)*a*bxPolyLogl[8, E~(I*(c +
d*Sqrt[x]))])/d"8

Rubi [A] time = 0.820226, antiderivative size = 695, normalized size of antiderivative =

. . b f rul
1., number of steps used = 30, number of rules used = 10, integrand size = 20, e
integrand size

= 0.5, Rules used = {4205, 4190, 4183, 2531, 6609, 2282, 6589, 4184, 3717, 2190}

28iabx*PolyLog (2, —ei(”d\/;)) 28iabx*PolyLog (2, ei(”dﬁ)) 168abx>?PolyLog (3, —ei(”dﬂ)) 168abx>?Po
2 ) 2 ) 2 *

Antiderivative was successfully verified.

[In] Int[x"3*(a + b*Csc[c + d*Sqrt[x]])~2,x]

[Out] ((-2%I)*b~2%x~(7/2))/d + (a"2*xx"4)/4 - (8xaxb*x™(7/2)*ArcTanh[E~(Ix(c + dx*S
qrt[x]))]1)/d - (2xb~2xx~(7/2)*Cot[c + d*Sqrt[x]])/d + (14xb~2*x"3*Log[l - E
“((2*I)*(c + dxSqrt[x]))]1)/d"2 + ((28%I)*axbxx~3*PolyLog[2, -E~(I*(c + d*Sq
rt[x]1))]1)/d”2 - ((28%I)*axb*x~3*PolyLog[2, E~(I*(c + d*Sqrt[x]))]1)/d"2 - ((
42xT)*b~2*xx~(5/2) *PolyLog[2, E~((2*xI)*(c + dxSqrt[x]))]1)/d"3 - (168*a*xb*x™(
5/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d~3 + (168*axb*x~(5/2)*PolyLogl[3,
E~(I*x(c + dxSqrt[x]))])/d"3 + (105%b~2xx~2*PolyLog[3, E~((2*I)*(c + d*Sqrt[
x1))1)/d74 - ((840%I)*a*b*x~2*PolyLog[4, -E~(I*(c + d*Sqrtl[x]))])/d~4 + ((8
40%I)*a*xb*xx~2*PolyLog[4, E~(I*(c + d*Sqrt[x]))])/d~4 + ((210*I)*b~2*x~(3/2)
*PolyLog[4, E~((2*I)*(c + d*Sqrt[x]))])/d"5 + (3360*axbxx~(3/2)*PolyLogl[5,
-E~(I*(c + d*Sqrt[x]))]1)/d"5 - (3360*a*b*xx~(3/2)*PolyLog[5, E~(I*(c + d*Sqr
t[x1))1)/d"5 - (315%b~2*x*PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))]1)/d"6 + ((10
080*I)*axbxx*PolyLog[6, -E~(I*(c + d*Sqrt[x]))])/d"6 - ((10080*I)*a*bxx*Pol
yLogl[6, E~(Ix(c + d*Sqrtl[x]))])/d"6 - ((315*I)*b~2xSqrt[x]+*PolyLogl6, E~((2
*I)*(c + d*Sqrt[x]))])/d~7 - (20160*axbxSqrt [x]*PolyLog[7, -E~(Ix(c + dxSqr
t[x]))]1)/d"7 + (20160*a*b*Sqrt [x]*PolyLogl[7, E~(I*(c + d*Sqrtl[x]))])/d~7 +
(315%b~2*PolyLog[7, E~((2%I)*(c + d*Sqrt[x]))])/(2xd~8) - ((20160%I)*a*b*Po
lyLog[8, -E~(I*(c + d*Sqrt[x]))]1)/d"8 + ((20160%I)*a*bxPolyLogl[8, E~(I*(c +



140
d*Sqrt[x]))]1)/d"8

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(m_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) “m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D*Logl[l + E(Ix(e + £*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 2531

Int[Logl[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/ (bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nY, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x ))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxc*pxLog[F]1), x] - Dist[(f*m)/(b*c*p*Log(F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, pty, x] & EqQ[bxd, axe]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + £*x], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]
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Rule 3717

Int[((c_.) + (d_)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E” (2xI*k*Pi)*E~ (2xI* (e + f*x)))/(1 + E~(2%Ixk*Pi)*E~(2*I*x(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]

Rubi steps

fx3 (a +besc (c + d\&))z dx = 2 Subst (f x7(a + besc(c + dx))? dx, x, \/E)

=2 Subst ( f (a2x7 + 2abx” csc(c + dx) + b?x7 csc?(c + dx)) dx, x, \/E)

a’x*
= (4ab) Subst ( f x7 csc(c + dx) dx, x, ﬁ) + (2b2) Subst ( f x7 csc?(c + dx)

1 ( i(c+d
2x4 8abx”" tanh (el(c+ ﬁ)) 20%x72 cot (c + dx/z) (28ab) Subst ( [x°1o

4 d d
iy 2yh 8abx? tanh ™" (ei(”dﬁ)) 207272 cot (c + dyR) 28iabx’1
T4 1 d ) d "
iy 2yh 8abx7? tanh ™" (ei(”d‘/})) 207272 cot (c + dyR) 140°x° 1c
T4 1 d ) d "
iy 2yh 8abx7? tanh ™" (ei(”d‘/})) 20727 cot (c + dyx) 140°x° 1c
T4 1 d ) d i
D272 2t 8abx tanh ™" (ei(c+dﬁ)) 207272 cot (c + dyx) 140°x° 1c
T4 1 d ) d i
2272 2t 8abxX tanh™ (ei(c+dﬁ)) 207272 cot (c + dyx) 140°x° 1c
T4 TTr d ) d "
D272 g2t 8abxXT tanh ™ (ei(”dﬁ)) 2024712 cot (c N d\/E) 140723 1c
T4 "1 d ) d "
o272 24 8abXT tanh ™! (ei(”dﬁ)) 2024712 cot (c N d\/E) 140%x° 1c
T4 1 d ) d "
o272 2t 8abX tanh ™! (ei(”dﬁ)) 2024712 cot (c N d\/E) 140%x° 1c
T4 1 d ) d ’
D272 24 8abXT tanh ™ (ei(”dﬁ)) 2024712 cot (c N d\/E) 140%%° 1c
Ta i d ) d "
Mathematica [A] time = 20.8497, size = 954, normalized size = 1.37
2 2 .9 4 B2 < L b dv/x 2 i d/x) si dyx
a (a +bcesc (c+d\/§)) sin (C+d\/§)x Csc(z)csc S+ (u+ csc (c+ x)) sin (c+ x) sin | —
2 + 2
4(b+asin(c+d\/§)) d(b+asin(c+d\/§))

Antiderivative was successfully verified.
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[In] Integrate[x"3x(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] (a"2*x"4x(a + b*Cscl[c + d*Sqrt[x]])~2+Sin[c + dxSqrt[x]]~2)/(4*(b + a*Sin[c
+ d*Sqrt[x]]1)72) - ((I/2)*bx(a + bxCsclc + dxSqrt[x]]) 2% ((8xb*d~7+E~ ((2*I
Yxc)*x~(7/2))/ (-1 + ET((2*%I)*c)) + (8*I)*a*xd 7xx"(7/2)*Logl[l - E~(I*(c + dx
Sqrt[x]))] - (8*%I)*axd~7xx"(7/2)*Log[l + E~(I*x(c + d*Sqrt[x]))] + (28+I)x*bx*
d~6*x"3*Log[1l - ET((2*I)*(c + d*Sqrt[x]))] - b6%axd~6*x~3*PolyLogl[2, -E~(I*
(c + dxSqrt[x]))] + B56*a*d~6+x"3*PolyLog[2, E~(I*(c + dxSqrt[x]))] + 84xbx*d
~b5*xx~(5/2)*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))] - (336%I)*a*xd~5*x~(5/2)*Po
lyLog[3, -E~(I*(c + d*Sqrt[x]))] + (336%I)*a*xd~5*x”(5/2)*PolyLogl[3, E~(Ix*(c
+ d*Sqrt[x]))] + (210%I)*b*xd~4*x"2*PolyLog[3, E~((2*I)*(c + d*Sqrt[x]))] +
1680*a*xd~4*x"2*PolyLog[4, -E~(Ix(c + d*Sqrt[x]))] - 1680*a*xd~4*x~2*PolyLog
[4, E"(Ix(c + d*xSqrtlx]))] - 420%bxd~3*x~(3/2)*PolyLogl[4, E~((2*xI)*(c + dxS
grtx]))] + (6720%I)*a*d~3*x~(3/2)*PolyLog[5, -E~(I*(c + d*Sqrt[x]))] - (67
20%I)*a*xd~3*x"~ (3/2)*PolyLog[5, E~(I*(c + d*Sqrt[x]))] - (630*I)*b*d~2*x*Pol
yLog[5, E~((2*I)*(c + dxSqrt[x]))] - 20160*a*d~2*x*PolyLog[6, -E~(I*(c + d*
Sqrt[x]))] + 20160*a*xd~2*x*PolyLogl[6, E~(I*(c + d*Sqrt[x]))] + 630*b*d*Sqrt
[x]*PolyLogl[6, E~((2*I)*(c + dxSqrt[x]))] - (40320%I)*a*d*Sqrt[x]*PolyLogl7
, "E7(I*(c + d*Sqrt[x]))] + (40320%I)*a*xd*Sqrt[x]*PolyLog[7, E~(I*(c + d*Sq
rt[x]))] + (316xI)*bxPolyLogl7, E~((2+I)*(c + dxSqrt([x]))] + 40320*a*PolyLo
g[8, -E~(Ix(c + d*Sqrt[x]))] - 40320*a*PolyLogl[8, E~(I*(c + d*Sqrt[x]))])*S
in[c + d*Sqrt[x]172)/(d"8*(b + a*Sin[c + d*Sqrt[x]]1)72) + (b~2*x~(7/2)*Csc[
c/2]*Csclc/2 + (d*Sqrt[x])/2]*(a + b*Cscl[c + d*Sqrt[x]])~2xSin[c + d*Sqrt[x
1172xSin[(d*Sqrt[x])/2])/(d*x(b + a*Sin[c + d*Sqrt[x]]1)~2) + (b~2*xx~(7/2)*(a
+ bxCsclc + dxSqrt[x]])~2xSec[c/2]*Sec[c/2 + (d*Sqrt[x])/2]*Sin[c + d*Sqrt
[x]]172*Sin[(d*Sqrt[x])/2])/(d*(b + a*Sin[c + d*Sqrt[x]])~2)

Maple [F] time = 0.181, size = 0, normalized size = 0.

fx3 (a +besc (c + dﬁ))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(a+b*csc(c+d*x~(1/2)))"2,x)

[Out] int(x~3*(a+b*csc(c+d*x~(1/2)))"2,x)

Maxima [B] time = 3.53755, size = 8640, normalized size = 12.43

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] 1/4*((d*sqrt(x) + c)~8*a”2 - 8x(d*sqrt(x) + c)~7*xa"2xc + 28*(dxsqrt(x) + c)
“6*a"2xc”2 - 56k (d*sqrt(x) + c)7b*xa"2xc”3 + 70x(d*sqrt(x) + c)~4*a"2%c"4 -

56* (d*sqrt(x) + c)73*a”2*xc”5 + 28x(dxsqrt(x) + c)~2*a"2%c”™6 - 8*x(d*sqrt(x)

+ c)*a"2xc”7 + 16xaxbxc”7xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) + 8%
(4%b72xc”7 + (4*(d*sqrt(x) + c) 7T*xaxb - 14xb~2xc”6 - 14x(2%a*bxc + b~2)*(d*
sqrt(x) + c)76 + 84x(axb*xc”2 + b~2xc)*(d*sqrt(x) + c)75 - 70*(2%a*xb*c™3 + 3
*b"2xc”2) % (d*sqrt(x) + c)”4 + 140*(axb*c™4 + 2xb~2*xc~3)*(d*sqrt(x) + c)~3 -

42% (2xaxbxc™5 + B5xb™2xc”4)* (d*sqrt(x) + c)72 + 28*(a*bxc”6 + 3*b~2*c”5)*(d
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xsqrt(x) + c) - 2x(2x(d*sqrt(x) + c)~7*xaxb - 7xb"2%c”6 - 7*x(2xaxb*c + b~2)*
(d*sqrt(x) + c)76 + 42x(axb*c™2 + b~2*c)*(d*sqrt(x) + c)”5 - 35x(2*%axb*c”3
+ 3%b72xc”2) * (d*sqrt(x) + c)”4 + 70*x(axbxc™4 + 2*¥b~2*c”3)*(d*sqrt(x) + c)~3
- 21x(2xaxb*xc”5 + b*b"2xc”4)*(d*sqrt(x) + c)”2 + 14*x(axbxc™6 + 3*b~2*c”~5)*
(d*sqrt(x) + c))*cos(2xdxsqrt(x) + 2xc) - (4xIx(d*sqrt(x) + c) 7*xaxb - 14xI
*b"2%xc”6 + (-28*Ixaxbkxc - 14*Ixb~2)*(d*sqrt(x) + c)76 + (84*I*axb*c™2 + 84x
Ixb~2*xc)* (d*sqrt(x) + c)75 + (-140%I*a*xbxc”™3 - 210*xI*b~2xc”2)*(d*sqrt(x) +
c)"4 + (140*Ixaxbkxc™4 + 280*%Ixb~2xc~3)*(d*sqrt(x) + c)~3 + (-84*xIxa*xbxc”5 -
210%I*b~2*c"4)*x (d*sqrt(x) + c)72 + (28*Ixaxbxc™6 + 84xI*b~2xc~5)*(d*sqrt(x
) + c))*sin(2xd*sqrt(x) + 2%c))*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) +
c) + 1) + 14x(b"2*xc"6*cos(2xd*sqrt(x) + 2%c) + I*b"2xc 6*sin(2xd*sqrt(x) +
2xc) - b72xc”6)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) - 1) + (4x(
dxsqrt(x) + c)~7*axb - 14*x(2*xaxb*c - b72)*(d*sqrt(x) + c)”6 + 84*x(axb*c™2 -
b~2%c)* (d*sqrt(x) + c)”5 - 70x(2*axb*c™3 - 3*b~"2xc~2)*(d*sqrt(x) + c)~4 +
140* (axbxc™4 - 2*%b~2*c”~3)*(d*sqrt(x) + c)~3 - 42x(2xa*xb*c™5 - 5*xb"2xc~4)*(d
*xsqrt(x) + c)72 + 28%(axb*c”6 - 3xb72xc”5)*(d*sqrt(x) + c) - 2*(2x(d*sqrt(x
) + c)”Txaxb - Tx(2xaxb*c - b~2)*(dxsqrt(x) + c)76 + 42x(a*xb*c™2 - b72xc)*(
dxsqrt(x) + c)75 - 35%x(2xaxbkxc™3 - 3*b7"2xc”2)*(d*sqrt(x) + c)”4 + 70*(a*xb*c
4 - 2%b72xc”3) *(d*sqrt(x) + c)73 - 21*(2*axb*c”5 - 5xb~2kc"4)*(d*sqrt(x) +
c)"2 + 14x(axb*c”6 - 3*b"2xc”5)*(d*sqrt(x) + c))*cos(2*xd*sqrt(x) + 2%c) -
(4xI*(d*sqrt(x) + c) 7*xaxb + (-28*I*axbxc + 14xIxb~2)*(d*sqrt(x) + c)76 + (
84*xIxaxbxc™2 - 84xI*b~2%c)*(d*sqrt(x) + c)75 + (-140*I*axb*c™3 + 210%I*b~2x
c"2)x(d*sqrt(x) + c)”™4 + (140xI*axb*xc”™4 - 280*I*b~2*c”3)*(d*sqrt(x) + c)~3
+ (—-84*Ixaxb*c™5 + 210*%Ixb~2*xc~4)*(d*sqrt(x) + c)~2 + (28xIxaxbxc™6 - 84x*Ix
b~2%c"5) *x(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*arctan2(sin(d*sqrt(x) + c
), —cos(dxsqrt(x) + c) + 1) - 4*x((d*sqrt(x) + c)~7*b"2 - 7x(d*sqrt(x) + c)~
6xb~2%c + 21*(d*sqrt(x) + c) 5xb"2%c”2 - 35x(d*sqrt(x) + c) 4*b72%c”3 + 3b5%
(d*sqrt(x) + c)73*b"2xc”4 - 21x(d*sqrt(x) + c)"2*%b"2*c”5 + 7x(d*sqrt(x) + ¢
)*¥b"2%c”6) *cos (2xd*sqrt(x) + 2%c) - (28x(d*sqrt(x) + c)~6*axb + 28*axb*c”6
+ 84xb~2xc”5 - 84x(2xa*xbxc + b~2)*(d*sqrt(x) + c)75 + 420*(axb*c”2 + b~2xc)
*(dxsqrt(x) + c)74 - 280*(2xaxb*xc™3 + 3xb~2*c”2)*(d*sqrt(x) + c)~3 + 420*(a
xb*c™4 + 2xb72%xc73)*(d*ksqrt(x) + c)72 - 84x(2%axbxc”5 + B¥b~2*c74)* (d*sqrt(
x) + ¢c) - 28*%((d*sqrt(x) + c) 6*xaxb + a*bxc™6 + 3*b"2xc”5 - 3*(2*a*b*c + b~
2)*(d*sqrt(x) + c)75 + 1b6*x(a*bxc™2 + b~2xc)*(d*sqrt(x) + c)74 - 10*(2xa*b*c
73 + 3xb72xc”2) *(d*sqrt(x) + c)73 + 15k(a*xbxc”4 + 2*%b"2*c”3)*(d*sqrt(x) + c
)72 - 3x(2*%axbxc”5 + 5¥b72xc”4)*(d*sqrt(x) + c))*cos(2xdxsqrt(x) + 2xc) + (
-28*I* (d*sqrt(x) + c) 6xa*xb - 28*I*xaxb*c™6 - 84*xI*xb~2xc”5 + (168*Ixa*b*xc +
84xI*b~2) * (d*xsqrt(x) + c)~5 + (-420*Ixaxb*c”2 - 420%Ixb~2xc)*(d*sqrt(x) + c
)74 + (560*%I*a*xbxc™3 + 840%I*b~2xc”2)*(d*sqrt(x) + c)”~3 + (-420%Ixa*xbxc™4 -
840*I*b~2*c”~3)*(d*sqrt(x) + c)72 + (168*I*xaxb*c™5 + 420*%I*b~2*c~4)*(d*sqrt
(x) + c))*sin(2*d*sqrt(x) + 2xc))*dilog(-e~ (Ixd*sqrt(x) + Ixc)) + (28*x(dxsq
rt(x) + c)~6xa*xb + 28*%axbxc”6 - 84*b”2%c”5 - 84x(2*axbxc - b~2)*(d*sqrt(x)
+ ¢)75 + 420%(a*xbxc”™2 - b72xc)*(d*sqrt(x) + c)~4 - 280*(2%axb*c”3 - 3%b~2xc
~2)*x(d*sqrt(x) + c)73 + 420%(axb*c™4 - 2%xb~2*c"3)*x(d*sqrt(x) + c)72 - 84x(2
xaxbxc”b - b*b72xc”4)*(d*sqrt(x) + c) - 28*((d*sqrt(x) + c)~6*axb + axb*c”6
- 3%b72xc”5 - 3% (2*%axb*c - b72)*(d*sqrt(x) + c)75 + 15x(axb*xc”™2 - b72xc)*(
dxsqrt(x) + c)74 - 10%(2*a*bxc”3 - 3*b"2xc”2)*(d*sqrt(x) + c)~3 + 15k (axb*c
T4 - 2%b72xc”3)*(d*sqrt(x) + c)72 - 3% (2xaxbkc”5 - b*b72xc”4)*(d*sqrt(x) +
c))*cos(2xd*xsqrt(x) + 2%c) - (28*Ix(d*sqrt(x) + c) 6*axb + 28xI*axb*c™6 - 8
4xI*¥b"2%c”5 + (-168*Ixa*xbxc + 84*Ixb~2)*(d*sqrt(x) + c)75 + (420%I*axbxc”2
- 420*%Ixb~2%c)*(d*sqrt(x) + c)74 + (-560*I*axbxc”3 + 840*I*b~2%c”2)*(d*sqrt
(x) + ¢c)73 + (420%Ixaxb*c™4 - 840*I*b~2xc~3)*(d*sqrt(x) + c)~2 + (-168*Ix*ax
b*xc”5 + 420%I*b"2%c”4)*(d*sqrt(x) + c))*sin(2*xd*sqrt(x) + 2%c))*dilog(e” (I*
dksqrt(x) + Ikc)) - (2xIx(d*sqrt(x) + c)~7*xaxb - 7xIxb~2xc™6 + (-14xIxaxbxc
- 7*I*b~2)*(d*sqrt(x) + c)76 + (42xIxaxbxc™2 + 42%I*xb~2*c)*(d*sqrt(x) + c)
5 + (-70*Ikxaxb*c™3 - 105*%Ixb~2*c~2)*(d*sqrt(x) + c)~4 + (70xIxa*xbxc™4 + 14
0%I*b~2%c~3) *(d*sqrt(x) + c)”3 + (-42xIxa*b*c™5 - 105%I*b~2xc~4)*(d*sqrt(x)
+ ¢c)72 + (14*xIxa*xbxc™6 + 42%I*b~2%c”5)*(d*sqrt(x) + c) + (-2%I*(d*sqrt(x)
+ c)"Txaxb + T*I*xb"2%c”6 + (14*Ixaxb*xc + 7xI*b~2)*(d*sqrt(x) + c)76 + (-42x%
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Ixaxbxc™2 — 42xI*xb~2%c)*(d*sqrt(x) + c)75 + (70*xIxaxb*c™3 + 105*%Ixb~2%c”2)*
(d*sqrt(x) + c)~4 + (-70*%Ixaxbxc™4 - 140%Ixb~2xc~3)*(d*sqrt(x) + c)~3 + (42
xI*xaxb*xc™5 + 106%I*b~2%c”4)*(d*sqrt(x) + c)72 + (-14*I*axb*c™6 — 42%xIxb~2%c
“B)x(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2xc) + (2*x(d*sqrt(x) + c) 7xa*xb - 7x
b~2%c”6 - Tx(2*kaxbxc + b72)*(d*sqrt(x) + c)76 + 42x(axbxc”2 + b~2*c)*(d*sqr
t(x) + c)7b - 3b5*%(2%axb*c™3 + 3xb"2xc"2)*(d*sqrt(x) + c)”4 + 7O0x(a*xbxc™4 +
2xb~2xc”3) *x (d*sqrt(x) + c)73 - 21*x(2xaxb*c™5 + 5xb~2xc”4)*(d*sqrt(x) + c)”2
+ 14x(axb*c™6 + 3*xb~2xc~5)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2xc))*log(co
s(d*sqrt(x) + c)72 + sin(d*sqrt(x) + c)72 + 2%cos(d*sqrt(x) + c) + 1) - (-2
*Ix(d*xsqrt(x) + c) 7*xaxb — 7*I*b"2xc”6 + (14xIxaxb*xc - 7*I*b~2)*(d*sqrt(x)
+ ¢)76 + (-42xIxaxb*c™2 + 42*xIxb~2%c)*(d*sqrt(x) + c)75 + (70*I*xa*xb*c™3 - 1
05*I*b~2*xc~2) *x(d*sqrt(x) + c)”4 + (=70xI*axbxc™4 + 140*I*b~2*c~3)*(d*sqrt(x
) + ¢c)73 + (42*Ixaxbxc™5 - 105%Ixb~2xc~4)*(d*sqrt(x) + c)~2 + (-14*xIxa*xbxc”
6 + 42xI*b~2%c”5)*(d*sqrt(x) + c) + (2*%Ix(dxsqrt(x) + c)~7*axb + 7xI*b"2%c”
6 + (-14*Ixaxbkxc + 7xI*b~2)*(d*sqrt(x) + c)76 + (42*I*xaxb*c™2 - 42*xIxb~2xc)
*x(dxsqrt(x) + c)75 + (-70%Ixaxb*c™3 + 105*xI*b~2xc~2)*(d*sqrt(x) + c)~4 + (7
OxI*axbxc™4 - 140%I*b~2*c”3)*(d*sqrt(x) + c)~3 + (-42xI*axb*c™5 + 105%I*b~2
xc”4)*(d*sqrt(x) + c)72 + (14xI*axb*c™6 - 42*%Ixb~2xc~5)*(d*sqrt(x) + c))*co
s(2xd*sqrt(x) + 2*xc) - (2*(d*sqrt(x) + c) 7*xaxb + 7*b"2%c”™6 - 7*x(2xaxb*xc -
b~2)*(d*sqrt(x) + c)76 + 42x(axb*c™2 - b~2*c)*(d*sqrt(x) + c)”5 - 35%(2*xaxb
*C™3 - 3*%b72xc”2)*x(d*sqrt(x) + c)”4 + 70*x(a*b*c™4 - 2*b~2xc”3)*(d*sqrt(x) +
c)”3 - 21%(2%axb*c”5 - 5xb72*c74)*(d*sqrt(x) + c)72 + 14x(axbxc”™6 - 3*b~2x
c"B)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2%c))*log(cos(d*sqrt(x) + c)72 + si
n(d*sqrt(x) + c)72 - 2*xcos(d*sqrt(x) + c) + 1) - (20160*axb*cos(2xd*sqrt(x)
+ 2%c) + 20160*I*axb*sin(2*d*sqrt(x) + 2%c) - 20160*ax*b)*polylog(8, -e~(Ix
dxsqrt(x) + Ixc)) + (20160*axbxcos(2*d*sqrt(x) + 2*c) + 20160*I*a*xb*sin(2*d
xsqrt(x) + 2%c) - 20160*ax*b)*polylog(8, e~ (I*d*sqrt(x) + I*c)) - (20160*Ix*(
d*sqrt(x) + c)*axb - 20160*I*a*bxc - 10080*I*b~2 + (-20160*I*(d*sqrt(x) + c
)*axb + 20160*I*axbxc + 10080*I*b~2)*cos(2xd*sqrt(x) + 2%c) + 10080%* (2% (d*s
grt(x) + c)*axb - 2%axbxc - b~2)*sin(2*d*sqrt(x) + 2%c))*polylog(7, -e”~(Ixd
*sqrt(x) + Ixc)) - (-20160*I*(d*sqrt(x) + c)*axb + 20160*I*a*xb*c - 10080*Ix*
b~2 + (20160*%I*(d*sqrt(x) + c)*axb - 20160*Ixa*xbxc + 10080*I*b~2)*cos(2xd*s
grt(x) + 2%c) - 10080*(2*(d*xsqrt(x) + c)*axb - 2*%a*bxc + b~2)*sin(2*d*sqrt(
X) + 2%c))*polylog(7, e~ (I*dxsqrt(x) + I*c)) - (10080*(d*sqrt(x) + c) 2*axb
+ 10080*a*bxc”2 + 10080%b~2xc - 10080*(2*a*bxc + b~2)*(d*sqrt(x) + c) - 10
080* ((d*sqrt(x) + c)"2xa*xb + axbxc™2 + b™2xc - (2%axb*c + b~2)*(d*sqrt(x) +
c))*cos(2*d*xsqrt(x) + 2xc) + (-10080*I*(d*sqrt(x) + c) 2xa*xb - 10080*I*axb
*Cc72 - 10080*%I*b~2*c + (20160*Ixaxb*xc + 10080*I*b~2)*(d*sqrt(x) + c))*sin(2
xd*sqrt(x) + 2%c))*polylog(6, -e~ (I*d*xsqrt(x) + Ixc)) + (10080*(d*sqrt(x) +
c) "2*%axb + 10080*a*b*xc”2 - 10080*b~2xc - 10080* (2*a*b*c - b~2)*(d*sqrt(x)
+ ¢c) - 10080*((d*sqrt(x) + c) 2*axb + a*xb*c™2 - b~2*%c - (2*axb*xc - b~2)*(dx*
sqrt(x) + c))*cos(2xd*sqrt(x) + 2*c) - (10080*I*(d*sqrt(x) + c) 2*a*xb + 100
80*I*axbxc™2 - 10080*Ixb~2xc + (-20160*I*axb*c + 10080*I*b~2)*(d*sqrt(x) +
c))*sin(2xd*sqrt(x) + 2xc))*polylog(6, e~ (I*d*sqrt(x) + I*xc)) - (-3360xIx(d
xsqrt(x) + c)"3*axb + 3360xI*axb*xc”™3 + 5040*I*b~2xc”2 + (10080*I*axb*xc + 50
40%I*b~2) % (d*sqrt(x) + c)”2 + (-10080*I*axb*c”2 - 10080*I*b~2xc)*(d*sqrt(x)
+ ¢c) + (3360*%Ix(d*sqrt(x) + c) 3*axb - 3360*I*xaxb*c”3 - 5040%I*b~2%c~2 + (
-10080*I*axb*c - 5040*Ixb~2)*(d*sqrt(x) + c)”2 + (10080*I*axb*c™2 + 10080*I
*xb~2%xc)* (d*xsqrt(x) + c))*cos(2xd*sqrt(x) + 2%c) - 1680*(2*(d*sqrt(x) + c)~3
xa*xb - 2%axb*c”3 - 3%b72%c”2 - 3*(2%axbxc + b”2)*(d*sqrt(x) + c)”2 + 6%(axb
*C”"2 + b72xc)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*polylog(5, -e” (I*d*s
qrt(x) + Ixc)) - (3360xIx(d*sqrt(x) + c) 3*axb - 3360*I*axb*c”3 + 5040*I*b”
2xc”2 + (-10080*I*axb*c + 5040*I*b~2)*(d*sqrt(x) + c)”2 + (10080*I*a*xb*xc™2
- 10080*I*b~2*c)*(d*sqrt(x) + c) + (-3360*I*(d*xsqrt(x) + c) 3xaxb + 3360*Ix*
axbxc”™3 - B040*I*b~2xc”2 + (10080*I*axb*xc - 5040*Ixb~2)*(d*sqrt(x) + c)~2 +
(-10080*I*a*b*xc~2 + 10080*I*xb~2*c)*(d*sqrt(x) + c))*cos(2*xd*sqrt(x) + 2%*c)
+ 1680% (2% (d*sqrt(x) + c) 3*a*xb - 2xaxb*c™3 + 3xb~2*c”2 - 3*(2%axb*c - b~2
)k (d*sqrt(x) + c)72 + 6*x(axb*c™2 - b72xc)*(d*sqrt(x) + c))*sin(2*d*sqrt(x)
+ 2%c))*polylog(5, e~ (I*d*sqrt(x) + Ixc)) + (840%(d*sqrt(x) + c) 4*a*xb + 84
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Oxaxb*c™4 + 1680%b~2%c~3 - 1680*(2*a*xbxc + b~2)*(d*sqrt(x) + c)~3 + 5040%(a
xb*c”2 + b72*c)*(d*sqrt(x) + c)72 - 1680%(2xaxb*xc™3 + 3*b~2xc”2)* (d*sqrt (x)
+ c) - 840*((d*sqrt(x) + c)"4*axb + axb*c™4 + 2xb~2%xc”3 - 2% (2*axb*c + b~2
)*(d*sqrt(x) + c)73 + 6*x(axb*xc”™2 + b72xc)*(d*sqrt(x) + c)72 - 2% (2*kaxb*c”3
+ 3*b72%c72) *(d*sqrt(x) + c))*cos(2xdxsqrt(x) + 2%c) - (840xI*(d*sqrt(x) +
c) “4*xaxb + 840*Ixaxbxc™4 + 1680*I*b~2%c”3 + (-3360*I*a*xbxc — 1680*I*b~2)*(d
*sqrt(x) + ¢)”3 + (5040*I*xaxb*xc”2 + 5040*%I*b~2%c)*(d*sqrt(x) + c)”2 + (-336
OxI*axb*xc™3 - B5040*I*b~2xc~2)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2%c))*poly
log(4, -e~(I*d*xsqrt(x) + Ixc)) - (840%(d*sqrt(x) + c) 4xa*xb + 840*a*bxc™4 -
1680*b~2+c~3 - 1680* (2*a*xbxc - b~2)*(d*sqrt(x) + c)~3 + 5040*(a*bxc™2 - b~
2xc)*(dxsqrt(x) + c)72 - 1680*(2*a*xbxc™3 - 3*b~2*c”2)*(d*sqrt(x) + c) - 840
*((d*sqrt(x) + c) 4*axb + axb*c™4 - 2%b"2xc”3 - 2% (2*a*xbxc - b~2)*(d*sqrt(x
) + ¢c)73 + 6%(axb*c”2 - b72*c)*(d*sqrt(x) + c)72 - 2x(2%a*bxc”3 - 3*b"2%c”2
)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2%c) + (-840*I*(d*sqrt(x) + c) 4*axb -
840*I*axb*c™4 + 1680*I*b~2xc”3 + (3360*I*a*xbxc - 1680*I*b~2)*(d*sqrt(x) +
c)"3 + (-5040*I*axbxc”2 + 5040*I*b~2xc)*(d*sqrt(x) + c)~2 + (3360*I*a*xb*c”3
- 5040*I*b~2%c”"2)*x(d*xsqrt(x) + c))*sin(2xd*sqrt(x) + 2%c))*polylog(4, e (I
xd*sqrt(x) + Ikc)) - (168*Ix(d*sqrt(x) + c) b*axb - 168*I*xaxb*c™5 - 420*I*b
“2%c”74 + (-840%Ixaxbxc - 420*%Ixb~2)*(d*sqrt(x) + c)”4 + (1680*Ixaxb*c™2 + 1
680*I*b~2%c) * (d*sqrt(x) + c)~3 + (-1680*I*axb*c™3 - 2520%xI*b~2%c~2)*(d*sqrt
(x) + )72 + (840*Ixaxb*c™4 + 1680*Ixb~2*c~3)*(d*sqrt(x) + c) + (-168*I*(dx*
sqrt(x) + c) b*axb + 168*Ixa*xbxc™5 + 420%I*b~2xc”4 + (840*I*axbkxc + 420%I*b
“2)*(d*sqrt(x) + c)74 + (-1680*I*axb*xc”™2 - 1680*I*b~2xc)*(d*sqrt(x) + c)~3
+ (1680*I*axb*c”™3 + 2520%I*b~2xc~2)*(d*sqrt(x) + c)”2 + (-840*Ixa*bxc”™4 - 1
680*I*b~2%c”3)* (d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2%c) + 84x(2x(d*sqrt(x) +
c)“bxaxb - 2xaxb*c”5 - 5xb72%c”™4 - 5k (2xaxbxc + b~2)*(d*sqrt(x) + c)74 + 2
Ox(axb*c™2 + b~ 2*c)*(d*sqrt(x) + c)73 - 10*(2*axb*c™3 + 3*xb~2%c~2)*(d*sqrt(
X) + c)72 + 10*(axb*c™4 + 2xb72*c”3) *(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2xc
))*polylog(3, -e~(Ixd*sqrt(x) + Ixc)) - (-168*Ix(d*sqrt(x) + c) bxa*xb + 168
xI*xaxb*xc”™5 - 420%I*b~2%c”"4 + (840xI*axbxc - 420%I*b~2)*(d*sqrt(x) + c)"4 +
(-1680*I*axbxc™2 + 1680*I*b~2xc)*(d*sqrt(x) + c)~3 + (1680*I*a*xbxc~3 - 2520
*I*¥b72%c”2) * (d*sqrt(x) + c)72 + (-840%Ixa*bxc”4 + 1680*%Ixb~2%c~3)*(d*sqrt(x
) + c) + (168*Ix(d*sqrt(x) + c) b*axb - 168*Ixaxb*xc”5 + 420%Ixb~2xc"4 + (-8
40xI*axbxc + 420%Ixb~2)*(d*sqrt(x) + c)™4 + (1680*%Ixa*xbxc”2 - 1680*I*b~2%c)
x(dxsqrt(x) + c)73 + (-1680*%I*a*xbxc™3 + 2520%Ixb~2xc~2)*(d*sqrt(x) + c)~2 +
(840*I*a*bxc™4 - 1680*I*b~2xc~3)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2%c) -
84x* (2x(d*sqrt(x) + c) bkaxb — 2*axbxc™5 + 5¥b"2xc”4 - 5k (2*axbxc - b~2)*(d
*sqrt(x) + c)74 + 20%(a*xb*c™2 - b72xc)*(d*xsqrt(x) + c)~3 - 10%(2*axb*c™3 -
3xb~2%c"2) *(d*sqrt(x) + c)72 + 10*(a*xb*c™4 - 2xb~2xc”3)*(d*sqrt(x) + c))*si
n(2*d*sqrt(x) + 2%c))*polylog(3, e~ (Ixd*sqrt(x) + Ixc)) - (4xI*x(d*sqrt(x) +
c)"7*b"2 - 28xI*(d*sqrt(x) + c) 6xb~2%c + 84*Ix(dxsqrt(x) + c) 5*b"2%c™2 -
140%I* (d*sqrt(x) + c)"4xb~2%c™3 + 140*I*(d*sqrt(x) + c)~3*xb"2*c™4 - 84*Ix(
dxsqrt(x) + c) 2%b72%c”5 + 28*%Ix(d*sqrt(x) + c)*b~2xc”6)*sin(2xd*sqrt(x) +
2%c) )/ (-2*Ixcos(2*d*sqrt(x) + 2%c) + 2*sin(2*xd*sqrt(x) + 2*c) + 2xI1))/d"8

Fricas [F] time = 0., size = 0, normalized size = 0.

integral(b2x3csc(d\ﬂ;4-c)z4—2abx3csc(d\[;4—c)4—a2x3,x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(b~2*x"3*csc(d*sqrt(x) + c)72 + 2xaxb*x~3*csc(d*sqrt(x) + c) + a~2%
x"3, x)
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+bxcsc(ctd*x**(1/2)))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.
2
f(b csc (d\/E + c) + a) x3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2*x"3, x)
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337 [« (a +bese (c + d\ﬂ))z dx
M. Leaf size=513

20iabx*PolyLog (2, —ei(c”dﬁ)) 20iabx?PolyLog (2, ei(c+dﬁ)) 80abx*2PolyLog (3, —ei(”dﬁ)) 80abx*?Poly
2 ) 2 ) P2 ’

[Out] ((-2*I)*b~2xx7(5/2))/d + (a~2xx73)/3 - (8*a*xb*x~(5/2)*ArcTanh[E~(I*(c + d*S
qrt[x]1))1)/d - (2%b~2*x~(5/2)*Cot [c + d*Sqrt([x]])/d + (10*b~2+x"2*Log[l - E
“((2*I)*(c + d*Sqrt[x]))]1)/d~2 + ((20%I)*axbxx~2*PolyLog[2, -E~(I*(c + d*Sq
rt[x]))1)/d”™2 - ((20%I)*axb*x"2%PolyLog[2, E~(I*(c + d*Sqrt[x]))]1)/d"2 - ((
20*I)*b~2*x~ (3/2)*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d~3 - (80*axb*x~(3
/2)*PolyLog[3, -E~(Ix(c + d*Sqrt[x]))])/d~3 + (80*a*bxx~(3/2)*PolyLogl[3, E~
(Ix(c + dxSqrt[x]))]1)/d"3 + (30*b~2*x*PolyLog[3, E~((2*I)*(c + d*Sqrt[x]))]
)/d~4 - ((240%*I)*axb*x*PolyLog[4, -E~(I*(c + dxSqrt[x]))])/d~4 + ((240%I)*a
*xb*xx*PolyLog[4, E~(I*(c + d*Sqrt[x]))])/d~4 + ((30*I)*b~2*Sqrt[x]*PolyLogl4
, ET((2*%I)*(c + d*Sqrt[x]))])/d"5 + (480*axb*Sqrt[x]*PolyLogl[5, -E~(I*(c +
dxSqrt[x]))])/d"56 - (480*axb*Sqrt [x]*PolyLogl[5, E~(I*(c + d*Sqrt[x]))])/d"5
- (15%b~2*PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))])/d"6 + ((480%I)*a*b*PolyLo
gl6, -E~(I*(c + d*Sqrt[x]))]1)/d"6 - ((480%I)*axb*PolyLog[6, E~(I*(c + d*Sqr
t[x]))]1)/d76

Rubi [A] time = 0.612184, antiderivative size = 513, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 24, number of rules used = 10, integrand size = 20, =
integrand size

= 0.5, Rules used = {4205, 4190, 4183, 2531, 6609, 2282, 6589, 4184, 3717, 2190}

20iabx*PolyLog (2, —ei(”dﬁ)) 20iabx*PolyLog (2, ei(”dﬁ)) 80abx*?PolyLog (3, —ei(c+d\/’_‘)) 80abx*?Poly
2 ) 2 - e ’

Antiderivative was successfully verified.

[In] Int[x"2*(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] ((-2%I)*b~2*x7(5/2))/d + (a~2xx73)/3 - (8*axb*x~(5/2)*ArcTanh[E~(I*(c + d*S
qrt[x]))]1)/d - (2*%b~2*x"(5/2)*Cot [c + d*Sqrt[x]])/d + (10*b~2*x"2*Log[l - E
“((2*I)x(c + d*Sqrt[x]))]1)/d"2 + ((20%I)*axbxx~2*PolyLog[2, -E~(I*(c + d*Sq
rt[x]))]1)/d"2 - ((20%I)*a*xbxx~2*PolyLog[2, E~(Ix(c + d*Sqrt[x]))])/d"2 - ((
20*I)*b~2*x~ (3/2)*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d~3 - (80*axb*x~(3
/2)*PolyLog[3, -E~(I*(c + d*Sqrt[x]))])/d~3 + (80*axb*x~(3/2)*PolyLogl3, E~
(Ix(c + d*Sqrt([x]))])/d~3 + (30*b~2*x*PolyLog[3, E~((2*I)*(c + d*Sqrt[x]))]
)/d~4 - ((240%I)*a*b*x*PolyLogl[4, -E~(I*(c + d*Sqrt[x]))])/d~4 + ((240%I)*a
xb*x*PolyLog[4, E~(Ix(c + d*xSqrt[x]))])/d"4 + ((30*%I)*b~2*Sqrt[x]*PolyLogl[4
, ET((2*%I)*(c + d*Sqrt[x]))])/d"5 + (480*axb*Sqrt[x]*PolyLogl[5, -E~(I*(c +
d*Sqrt[x]))]1)/d"5 - (480*a*b*Sqrt[x]*PolyLogl5, E~(Ix(c + d*Sqrt[x]))]1)/d"5
- (156xb~2*PolyLog[5, E~((2*I)*(c + d*Sqrt[x]))])/d"6 + ((480%I)*a*b*PolyLo
gl6, -E~(I*x(c + d*Sqrt[x]))])/d"6 - ((480*I)*a*b*PolyLogl[6, E~(I*(c + d*Sqr
tlx]))1)/d76

Rule 4205

Int[((a_.) + Cscl(c_.) + (A_)*x_)" (@ )I*xM_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]



148

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])~n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (f_)*x(x )I*((c_.) + (@_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
-2%(c + d*x) m*ArcTanh[E~(Ix(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x)~(m - 1)*Logl[l - E~(I*x(e + £*x))], x], x] + Dist[(d*m)/f, Int[(c + d¥x)~
(m - 1)*Logl[l + E"(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, 0]

Rule 2531

Int[Log[l + (e_.)*x((F_)"((c_)*((a_.) + (b_.)*(x))))"(n_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(e*x(F~(c*(a + bxx
)))"n) 1)/ (bxcxn*Log[F1), x] + Dist[(gm)/(b*c*n*Log[Fl), Int[(f + g*x)"(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_)*((a_.) + (b_.
Yx(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolylLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*Log[F]1), x] - Dist[(f*m)/(b*cxpxLog[Fl), Int[(e + f*x)~
(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)x((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, pty, x] && EqQ[bxd, axe]

Rule 4184

Intlecscl(e_.) + (f_.)*(x_)]172%x((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pi*x(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*x(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)"~
m*xE~ (2% I*k*Pi)*E~ (2%I*x(e + f*xx)))/(1 + E~(2%I*k*Pi)*E~(2xIx(e + fxx))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190
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Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*g*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)

))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rubi steps

fxz (a +besc (c + d\/E))Z dx = 2 Subst (fx5(a + besc(c + dx))? dx, x, \/E)

=2 Subst ( f (a2x5 + 2abx® csc(c + dx) + b?x csc?(c + dx)) dx, x, \/E)

2,3

a’x
==+ (4ab) Subst ( f x° cse(c + dx) dx, x, \/E) + (2b2) Subst ( f x° csc?(c + dx)

1 ( Ji(c+d
2,3 8abx®?tanh (el(cJr ﬁ)) 202x52 cot (c + d\/E) (20ab) Subst ( [x*1o

3 d d

Di2y52 23 8abx? tanh ™" (ei(”dﬁ)) 262252 cot c + dvk) 20iabx*1
T4 3 d - d "

D252 23 8abx? tanh ™! (ei(”dﬁ)) 22452 cot (c N d\/E) 10622 1c
T 3 d ) d ’

D252 23 8abxX? tanh ™" (ei(”dﬁ)) 2022572 cot (¢ + dvX) 1062x2 Ic
T4 3 d } d i

D252 23 8abx? tanh ™" (ei(”dﬁ)) 22452 cot (c N d\/g) 10672 1c
T4 3 d ) d "

D252 23 8abx? tanh™ (ei(ﬁdﬁ)) 20725 cot (c + dyx) 100°x? 1c
T d 3 d } d "

oi2y52 23 8abx? tanh™" (ei (”dﬁ)) 2622572 cot (¢ + dyx) 1062x2 Ic
T4 3 d } d "

D52 23 8abx? tanh ™" (ei(”dﬁ)) 22452 cot (c n d\/E) 10022 1c
T4 3 d ) d "

Mathematica [A] time = 13.7114, size = 779, normalized size = 1.52

ibsin® (c + d\/§) (a +besc (c + dﬁ))z (i (—80ad3x3/2PolyLog (3, —ei(c+dﬁ)) + 80ad®x32PolyLog (3’ ei(c+dﬁ)) _

Antiderivative was successfully verified.

[In] Integratel[x~2*x(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] (a"2*x"3*(a + b*Cscl[c + d*Sqrt[x]])~2+Sin[c + dxSqrt[x]]~2)/(3*(b + a*Sin[c

+ d*Sqrt[x]]1)72) - (Ixbx(a + bxCsclc + dxSqrt[x]]) 2% ((4*xb*d~5+E~ ((2*I)*c)
*x7(5/2))/(-1 + ET((2*%I)*c)) - 20*a*xd”~4xx"2xPolyLog[2, -E~(I*(c + d*Sqrt[x]
))] + 20%axd~4*x"2%PolyLogl[2, E~(I*(c + d*Sqrt[x]))] + I*x(4*xaxd”~5*xx~(5/2)*L
ogll - E7(I*x(c + d*Sqrt[x]))] - 4xaxd~5xx~(5/2)*Logl[l + E~(I*(c + d*Sqrt[x]
))] + 10%b*xd~4*x"2%Log[1l - E~((2xI)*(c + dxSqrt[x]))] - (20%I)*b*d~3*x~(3/2
)*PolyLog[2, E~((2%I)*(c + d*Sqrt[x]))] - 80%a*xd~3*x~(3/2)*PolyLogl[3, -E~(I
x(c + dxSqrt[x]))] + 80*a*xd~3xx~(3/2)*PolyLog[3, E~(I*(c + d*Sqrt[x]))] + 3
Oxbxd~2*x*PolyLog[3, ET((2*xI)*(c + d*Sqrt[x]))] - (240%I)*axd”2*x*PolyLog[4
, "E7(I*(c + d*Sqrt[x]))] + (240%I)*a*xd”2*x*PolyLog[4, E~(I*(c + d*Sqrt[x])
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)] + (30%I)*bxd*Sqrt[x]*PolyLog[4, E~((2*I)*(c + d*Sqrt[x]))] + 480*a*xd*Sqr
t [x]*PolyLog[5, -E~(Ix(c + d*Sqrt[x]))] - 480%axd*Sqrt[x]*PolyLogl[5, E~(I*(
c + d*Sqrt[x]))] - 15*b*PolyLog[5, E~((2*I)*(c + d*xSqrt[x]))] + (480%I)*a*P
olyLog[6, -E~(I*(c + d*Sqrt[x]))] - (480%I)*axPolyLogl[6, E~(I*(c + d*Sqrtl[x
1))1))*Sin[c + d*Sqrt[x]1]172)/(d"6x(b + a*Sin[c + d*Sqrt[x]]1)"2) + (b~ 2*x~(5
/2)*Csclc/2]*Csclc/2 + (d*Sqrtl[x])/2]*(a + b*Csclc + d*Sqrt[x]]) 2xSin[c +
d*Sqrt [x]1]72xSin[(d*Sqrt[x])/2]1)/(d*(b + a*Sin[c + d*Sqrt[x]]1)~2) + (b~2*x"~
(6/2)*(a + bxCsclc + d*Sqrt[x]])~2*Sec[c/2]*Sec[c/2 + (d*Sqrt[x])/2]*Sin[c
+ d*Sqrt [x]]72*Sin[(d*Sqrt[x])/2])/(d*x(b + a*Sin[c + d*Sqrt[x]])~2)

Maple [F] time = 0.199, size = 0, normalized size = 0.

fxz (a +besc (c + d\/&))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(a+b*csc(c+d*x~(1/2)))"2,x)

[Out] int(x"2*(a+b*csc(c+d*x~(1/2)))"2,x)

Maxima [B] time = 2.27891, size = 5207, normalized size = 10.15

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(at+b*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] 1/3*((d*sqrt(x) + c)~6*%a”2 - 6%(d*sqrt(x) + c) 5*a~2*c + 15*x(d*sqrt(x) + c)
“4%a”2xc”2 - 20*(d*sqrt(x) + c)73*a"2xc”3 + 15x(dxsqrt(x) + c)"2*a"2%c"4 -
6% (d*sqrt(x) + c)*a”2*c”5 + 12*xaxbxc”5*log(cot(d*sqrt(x) + c) + csc(d*sqrt(
X) + c)) + 6%x(4xb"2xc”5 + (4x(d*sqrt(x) + c) b*axb - 10*b~2xc”™4 - 10*(2*axb
xC + b72)*(d*sqrt(x) + c)74 + 40*%(axb*c™2 + b~ 2*xc)*(d*sqrt(x) + c)~3 - 20%(
2%axb*c”3 + 3xb”"2xc”2) *(d*sqrt(x) + c)”2 + 20*(a*bxc”4 + 2*b"2xc”3)*(d*sqrt
(x) + c) - 2%(2%(d*sqrt(x) + c) b*xaxb - b5*b"2%c”4 - 5*x(2xaxb*xc + b~2)*(d*sq
rt(x) + c)~4 + 20%(axbxc™2 + b72xc)*(d*sqrt(x) + c)73 - 10*(2%a*b*c™3 + 3x*b
"2%c72)*x(dxsqrt(x) + c)72 + 10x(axb*c™4 + 2xb~2%c”3)*(d*sqrt(x) + c))*cos(2
xd*sqrt(x) + 2%c) - (4xIx(d*sqrt(x) + c) b*xa*xb - 10xI*b~2xc”4 + (-20*%I*axbx
c - 10*xI*b~2)*(d*sqrt(x) + c)74 + (40*Ixaxbkxc™2 + 40*xI*b~2xc)*(d*sqrt(x) +
c)~3 + (-40*Ixaxb*c”3 - 60*I*b~2xc”2)*(d*sqrt(x) + c)72 + (20%I*axb*xc™4 + 4
0*I*b~2%c”3) *(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2%c))*arctan2(sin(d*sqrt(x)
+ c), cos(dxsqrt(x) + c) + 1) + 10*x(b~2*c"4*cos(2*d*sqrt(x) + 2%c) + Ixb~2
xCc"4*sin(2xd*sqrt(x) + 2%c) - b~2*c"4)*arctan2(sin(d*sqrt(x) + c), cos(dxsq
rt(x) + c) - 1) + (4x(d*sqrt(x) + c) Bkxaxb - 10*(2xa*bxc - b~2)*(d*sqrt(x)
+ ¢c)74 + 40*x(axb*c”™2 - b72*c)*(d*sqrt(x) + c)”3 - 20*(2*axb*c™3 - 3*b~2%c"2
)*(d*sqrt(x) + c)72 + 20*(a*bxc™4 - 2*%b~2*c”3)*(d*sqrt(x) + c) - 2x(2x(d*sq
rt(x) + c)~b*a*xb - 5x(2*xaxbxc - b72)*(d*sqrt(x) + c)~4 + 20x(axbxc™2 - b~2x
c)*(dxsqrt(x) + c)73 - 10*(2%axb*c™3 - 3*xb"2xc”"2)*(d*sqrt(x) + c)72 + 10*(a
xb*c™4 - 2xb~2xc”3)*(d*sqrt(x) + c))*cos(2*d*xsqrt(x) + 2xc) - (4*xIx(d*sqrt(
X) + c)"bkxaxb + (-20*Ikxaxb*c + 10*I*b~2)*(d*sqrt(x) + c)~4 + (40*I*axbxc~2
- 40*Ixb~2xc)*(d*sqrt(x) + c)~3 + (-40*I*xaxb*c”3 + 60*I*b~2xc~2)*(d*sqrt(x)
+ ¢c)72 + (20*I*axbxc™4 - 40*I*b~2xc~3)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) +
2xc))*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) - 4x((d*sqrt(x)
+ ¢c)7b*b72 - Bx(d*sqrt(x) + c) 4*b72%c + 10*(d*sqrt(x) + c)~3*b"2%c™2 - 10%



151

(d*sqrt(x) + c)"2%b~2*c”~3 + bx(d*sqrt(x) + c)*b~2xc~4)*cos(2*d*sqrt(x) + 2%
c) - (20*(d*sqrt(x) + c)~4xaxb + 20*axbxc™4 + 40%b~2*c~3 - 40*(2*axbxc + b~
2)*(d*sqrt(x) + c)73 + 120*(a*xb*c™2 + b~2*c)*(d*sqrt(x) + c)72 - 40%(2xaxbx
c™3 + 3*%b72*c"2)*x(dxsqrt(x) + c) - 20%((d*sqrt(x) + c) 4*axb + axbxc™4 + 2%
b~2%c”3 - 2x(2*kaxbxc + b72)*(d*sqrt(x) + c)~3 + 6*(a*xb*c™2 + b~2x*c)*(d*sqrt
(x) + ¢)72 - 2%(2*%axb*c™3 + 3*xb7"2xc”2)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2
xc) + (-20%Ikx(d*sqrt(x) + c) 4xaxb - 20*Ixaxb*c™4 - 40*Ixb~2%c”3 + (80*Ixax*
bxc + 40*xI*b"2)*(d*sqrt(x) + c)73 + (-120%I*axbxc”2 - 120*I*b~2x*c)*(d*sqrt(
X) + ¢)72 + (80xI*axbxc™3 + 120%I*b~2%c”2)*(d*sqrt(x) + c))*sin(2*xd*sqrt(x)
+ 2*c))*dilog(-e~ (I*d*sqrt(x) + I*c)) + (20%(d*sqrt(x) + c) 4*axb + 20%*ax*b
*xCc™4 - 40%b72xc”3 - 40*(2*axb*c - b~2)*(d*sqrt(x) + c)”3 + 120%(a*b*c”2 - b
“2xc)*x(d*sqrt(x) + c)72 - 40*(2xa*xb*xc”3 - 3*b~2xc”2)*(d*sqrt(x) + c) - 20%(
(d*sqrt(x) + c) 4*axb + axbxc™4 - 2%b72xc”3 - 2% (2*xaxb*c - b~2)*(d*sqrt(x)
+ ¢c)73 + 6%(axb*c”2 - b~2*c)*(d*sqrt(x) + c)72 - 2x(2xa*xbxc™3 - 3*b"2xc72)*
(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2xc) (20%I*(d*sqrt(x) + c) 4*axb + 20%
I*xaxb*c™4 - 40*%Ixb~2*c”3 + (-80*I*axb*c + 40*I*b~2)*(d*sqrt(x) + c)~3 + (12
OxI*xa*xbxc™2 — 120%I*b~2*c)*(d*sqrt(x) + c)72 + (-80*Ixa*xb*xc”3 + 120%I*b~2xc
~2)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*dilog(e” (I*d*sqrt(x) + Ixc)) -
(2%I*(d*sqrt(x) + c) bxa*xb - BxIxb~2xc”4 + (-10*Ixaxbkxc - 5xI*xb~2)*(d*sqrt
(x) + c)74 + (20xI*axb*xc™2 + 20*%I*b~2*c)*(d*sqrt(x) + c)~3 + (-20*I*axb*c”3
- 30*I*b~2xc”2)*x(d*sqrt(x) + c)~2 + (10xIxa*xbkxc™4 + 20*xI*xb~2*c”3)*(d*sqrt(
x) + c) + (—2xIx(d*xsqrt(x) + c) bxaxb + L*xIxb"2%c”4 + (10*Ixaxbxc + 5xI*b~2
)k (d*sqrt(x) + c)”4 + (-20%I*axbxc™2 - 20%I*b~2*c)*(d*sqrt(x) + c)~3 + (20%
I*xaxb*c™3 + 30*%Ixb~2xc~2)*(d*sqrt(x) + c)~2 + (-10*%Ixa*bxc™4 - 20%I*b~2%c”3
)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2xc) + (2x(d*sqrt(x) + c) b*a*xb - 5*b~
2%c™4 - bx(2xaxb*c + b~2)*(d*sqrt(x) + c)”4 + 20*(axb*c”™2 + b~2x*c)*(d*sqrt(
X) + ¢)73 - 10%(2%axbxc”3 + 3*%b72*c”2)*(d*sqrt(x) + c)72 + 10x(axb*c™4 + 2%
b~2%c”3) *(d*sqrt(x) + c))*sin(2*xd*sqrt(x) + 2xc))*log(cos(d*sqrt(x) + c)~2
+ sin(d*sqrt(x) + c)72 + 2%cos(d*sqrt(x) + c) + 1) - (-2%I*(d*sqrt(x) + c)~
Skaxb - b*xI*b~2%c”4 + (10*Ixaxbkxc - 5xIxb~2)*(d*sqrt(x) + c)™4 + (-20xI*axb
*C72 + 20%I*b~2%c)*(d*sqrt(x) + c)~3 + (20%Ixaxb*c™3 - 30*Ixb~2%c~2)*(d*sqr
t(x) + c)72 + (-10%I*axb*xc”™4 + 20%Ixb~2*c~3)*(d*sqrt(x) + c) + (2xIx(d*sqrt
(x) + c)7bxaxb + 5xIxb"2xc”4 + (-10xI*axbxc + 5xI*b~2)*(d*sqrt(x) + c)74 +
(20%I*axb*xc™2 - 20*Ixb~2%c)*(d*sqrt(x) + c)~3 + (-20xI*axb*xc”™3 + 30*I*b~2*c
“2)x(d*sqrt(x) + c)”2 + (10*Ixaxbxc™4 - 20%I*b~2*c”~3)*(d*sqrt(x) + c))*cos(
2xd*xsqrt(x) + 2xc) - (2x(d*sqrt(x) + c)~b*a*xb + 5xb~2%c”4 - 5x(2*xaxbxc - b~
2)*(d*sqrt(x) + c)74 + 20%(a*bxc™2 - b™2xc)*(d*sqrt(x) + c)73 - 10*(2%a*b*c
73 - 3%b72xc”2)*x(d*sqrt(x) + c)72 + 10*(axb*c™4 - 2xb72xc”3)*(d*sqrt(x) + c
))*sin(2*d*sqrt(x) + 2xc))*log(cos(d*sqrt(x) + c)”2 + sin(d*sqrt(x) + c)72
- 2xcos(d*sqrt(x) + c) + 1) + (480%axb*cos(2xd*sqrt(x) + 2%c) + 480*I*a*b*s
in(2*d*sqrt(x) + 2%c) - 480*axb)*polylog(6, -e” (Ixd*sqrt(x) + I*xc)) - (480%
a*bkxcos (2*d*sqrt(x) + 2*c) + 480*Ixaxb*sin(2xd*sqrt(x) + 2%c) - 480%axb)*po
lylog(6, e~ (I*d*sqrt(x) + Ixc)) - (-480%Ix(d*sqrt(x) + c)*axb + 480*I*axb*c
+ 240*%Ixb~2 + (480*%Ix(d*sqrt(x) + c)*axb - 480*I*axb*xc - 240*I*b~2)*cos (2%
dxsqrt(x) + 2%c) - 240%(2*x(d*sqrt(x) + c)*axb - 2%a*xbxc - b~2)*sin(2*d*sqrt
(x) + 2%xc))*polylog(5, -e~(I*d*sqrt(x) + Ixc)) - (480*Ix(d*sqrt(x) + c)*axb
- 480xIxaxb*xc + 240%I*b~2 + (-480*%I*(d*sqrt(x) + c)*a*xb + 480xI*a*xb*xc - 24
0xI*b~2)*cos(2xd*sqrt(x) + 2%c) + 240%(2x(d*sqrt(x) + c)*a*xb - 2%axb*c + b~
2)*sin(2*d*sqrt(x) + 2%c))*polylog(5, e~ (I*d*sqrt(x) + Ixc)) + (240%(d*sqrt
(x) + c)"2xaxb + 240%axb*xc”2 + 240%b~2*c - 240*(2xa*bxc + b~2)*(d*sqrt(x) +
c) - 240*%((d*sqrt(x) + c) 2%axb + a*xb*c™2 + b~2*xc - (2*axb*c + b~2)*(d*sqr
t(x) + c))*cos(2xdxsqrt(x) + 2%c) - (240%Ix(d*sqrt(x) + c) 2xaxb + 240xIxax
b*xc”2 + 240*I*b"2%c + (-480*I*axb*c - 240%I*b~2)*(d*sqrt(x) + c))*sin(2*xd*s
qrt(x) + 2xc))*polylog(4, -e~(I*d*sqrt(x) + Ixc)) - (240*(d*sqrt(x) + c) 2%
axb + 240%axbxc”2 - 240%b~2xc - 240%(2*axb*c - b~2)*(d*sqrt(x) + c) - 240%(
(d*sqrt(x) + c)~2%axb + a*xb*c™2 - b~2%c - (2*axb*xc - b~2)*(d*sqrt(x) + c))*
cos(2*d*sqrt(x) + 2xc) + (-240*%Ix(d*sqrt(x) + c) 2*axb - 240*I*xaxb*c™2 + 24
0xI*b~2xc + (480*I*axb*c - 240*I*b~2)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2%
c))*polylog(4, e~ (Ixd*sqrt(x) + I*c)) - (80*Ik(d*sqrt(x) + c) 3xaxb - 80*Ix
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axbxc”3 - 120%I*b72%c”2 + (-240*Ixaxbkxc - 120%I*b~2)*(d*sqrt(x) + c)~2 + (2
40xI*axbxc™2 + 240*I*b~2xc)*(d*sqrt(x) + c) + (-80*I*x(d*sqrt(x) + c) 3*ax*b

+ 80*I*axb*xc™3 + 120%I*b~2%c”2 + (240*I*axbxc + 120%Ixb~2)*(d*sqrt(x) + c)~
2 + (-240*I*axb*c™2 - 240*Ixb~2*c)*(d*sqrt(x) + c))*cos(2xdxsqrt(x) + 2%*c)

+ 40% (2% (d*sqrt(x) + c) " 3*axb - 2%axbxc™3 - 3*%b72xc”2 - 3*(2*kaxbxc + b72)*(
dxsqrt(x) + c)72 + 6%(axb*c™2 + b~2*c)*(d*sqrt(x) + c))*sin(2*xd*sqrt(x) + 2
*xc))*polylog(3, -e” (I*d*sqrt(x) + I*c)) - (-80*Ix(d*sqrt(x) + c) 3xaxb + 80
xI*axb*xc™3 - 120%I*b~2%c”2 + (240*I*axb*xc - 120%I*b~2)*(d*sqrt(x) + c)”2 +

(-240*I*xaxb*c™2 + 240*%Ixb~2*c)*(d*sqrt(x) + c) + (80*I*(d*sqrt(x) + c) 3*ax
b - 80*Ixaxb*c™3 + 120%I*b~2xc”2 + (-240xI*a*xbkxc + 120*%I*b~2)*(d*sqrt(x) +

c)"2 + (240*Ixaxb*xc™2 - 240%Ixb~2%c)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2*c
) — 40%(2x(d*sqrt(x) + c)"3*axb - 2xaxb*xc”3 + 3*%b"2xc”2 - 3*(2*%axbxc - b72)
*x(d*sqrt(x) + c)72 + 6%(a*xb*c™2 - b~2*xc)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) +
2xc) ) *polylog(3, e~ (I*xd*sqrt(x) + I*c)) - (4*xIx(d*sqrt(x) + c)75*b~2 - 20%
I*x(d*sqrt(x) + c) 4xb~2*xc + 40*Ix(d*sqrt(x) + c)~3*b"2%c”2 - 40*Ix(dxsqrt(x
) + c)72+b72%c”3 + 20%I*(d*sqrt(x) + c)*b~2xc”4)*sin(2*xd*sqrt(x) + 2xc))/(-
2*%I*cos (2*d*sqrt(x) + 2%c) + 2*sin(2*d*sqrt(x) + 2*c) + 2xI1))/d"6

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (172x2 csc (d\/E + c)z + 2 abx? csc (d\/& + c) + a%x?, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2x(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral (b~ 2*x~2*csc(d*sqrt(x) + c)”2 + 2xaxb*x~2*csc(d*sqrt(x) + c) + a™2x%
x"2, x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz (a +besc (c + d\/E))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(atb*csc(c+d*x**(1/2)))**2,x)

[Out] Integral(x**2*(a + b*csc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
2
f(b csc (d\/g + c) + a) x2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(at+b*csc(c+d*x™(1/2)))"2,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2*x"2, x)
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338 [« (a +bese (c + d\/E))Z dx

Optimal. Leaf size=333

12iabxPolyLog (2, —ei(”d‘/}_‘)) 12iabxPolyLog (2, ei(”dﬁ)) 24ab+/xPolyLog (3, —ei(”dﬁ)) 24ab+/xPolyLo;

2 - 2 B B * B

[Out] ((-2%I)*b~2*x~(3/2))/d + (a~2xx"2)/2 - (8*a*b*x~(3/2)*ArcTanh[E~(I*(c + d*S
grt[x]1))1)/d - (2%b~2*x~(3/2)*Cot[c + d*Sqrt[x]])/d + (6xb~2*x*Log[1l - E~((
2xI)*(c + d*Sqrt[x]1))1)/d"2 + ((12+I)*axbxx*PolyLogl[2, -E~(I*(c + dxSqrt[x]
))1)/d72 - ((12%I)*a*xbxx*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d"2 - ((6*%I)*b~
2*xSqrt [x] #*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d~3 - (24*a*b*xSqrt[x]*Poly
Logl[3, -E~(I*(c + d*Sqrt[x]))])/d"3 + (24*a*b*Sqrt[x]*PolyLogl[3, E~(I*(c +
d*Sqrt[x]))1)/d"3 + (3*b~2xPolyLog[3, E~((2xI)*(c + d*Sqrt[x]))]1)/d~4 - ((2
4x1)*axbxPolyLog[4, -E~(I*(c + d*xSqrt(x]))])/d~4 + ((24*I)*axb*PolyLogl[4, E
“(Ix(c + dxSqrt[x]))])/d"4

Rubi [A] time = 0.431866, antiderivative size = 333, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 18, number of rules used = 10, integrand size = 18, e o TR
integrand size

= 0.556, Rules used = {4205, 4190, 4183, 2531, 6609, 2282, 6589, 4184, 3717, 2190}

12iabxPolyLog (2, —ei(”d‘/}_‘)) 12iabxPolyLog (2, ei(”dﬁ)) 24ab+/xPolyLog (3, —ei(Hd‘/;)) 24ab+/xPolyLo;

72 2 e " e

Antiderivative was successfully verified.

[In] Int[x*(a + bxCsc[c + dxSqrt[x]])~2,x]

[Out] ((-2%I)*b~2xx~(3/2))/d + (a~2xx"2)/2 - (8*a*xb*x~(3/2)*ArcTanh[E~(I*(c + d*S
qrt[x]1))1)/d - (2%b~2*x"~(3/2)*Cot[c + d*Sqrt[x]]1)/d + (6xb~2*x*Log[1 - E~((
2xI)x(c + d*Sqrt[x]1))]1)/d"2 + ((12%I)*a*b*x*PolyLog[2, -E~(Ix(c + d*Sqrt [x]
))1)/a72 - ((12*I)*a*b*x*Polylog[2, E~(Ix(c + d*Sqrt[x]1))]1)/d"2 - ((6+I)*b"
2*xSqrt [x] #*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))]1)/d~3 - (24*a*b*xSqrt[x]*Poly
Logl[3, -E~(I*(c + d*Sqrt[x]))]1)/d~3 + (24*axb*Sqrt[x]*PolyLogl[3, E~(I*(c +
d*Sqrt[x]))1)/d"~3 + (3*b~2*PolyLog[3, E~((2xI)*(c + d*Sqrt[x]))])/d~4 - ((2
4x1)*axbxPolyLog[4, -E~(I*(c + d*xSqrt(x]))])/d~4 + ((24*I)*axb*PolyLogl[4, E
“(Ix(c + dxSqrt[x]))])/d"4

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x_)"(m )I*M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x]1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 4190

Int[(cscl(e_.) + (f£_.)*(x_)]1*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_D)*(x )1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*xx) m*¥ArcTanh[E~(I*x(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
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*x)"(m - 1)*Log[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*x(e + fx*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*xLog[F]1), x] + Dist[(g*m)/(b*c*n*Logl[F]), Int[(f + g*x)"(m -
1)*#PolyLog[2, -(ex(F~(cx(a + b*x)))"™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (f_.)*(x_)) " (m_.)*PolyLog[n_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)1, x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/(b*cxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]l), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]l /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[b*d, axe]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + fxx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2+%Ixk*Pi)*E~(2+%Ix (e + f*x)))/(1 + E~(2*%Ixk*Pi)*E~(2*Ix(e + f*x))), x],
x] /; FreeQl{c, d, e, f}, x] & IntegerQ[4xk] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*((e_.) + (£_)*x_ )N (n_)*((c_.) + (d_)*(&x))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1 + (b*(F~(gx(e + f*x)))~n)/al)/(bxfxg*n*Log[F]), x] - Di
st [(d*m) / (b*xf*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rubi steps
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fx (a +besc (c + dﬁ))z dx = 2 Subst (fx3(a + besc(c + dx))? dx, x, \/E)

= 2 Subst ( f (a2x3 + 2abx3 csc(c + dx) + b2x3 csc?(c + dx)) dx, x, \/E)
a’x?
=+ (4ab) Subst ( f x3 cse(c + dx) dx, x, \/E) + (2172) Subst ( f x3 csc?(c + dx) ¢

1 ( i(c+d
2232 8abx*? tanh (el(c+ V) ) 20%x32 cot (c + d«/&) (12ab) Subst ( [ x21og

2 d d

o232 22 8abx? tanh™" (ei(”dﬁ)) 202232 cot (c + dyR) 12iabxLi,
a4 T2 T d ) d i

o232 22 8abx? tanh™" (ei(”dﬁ)) 20222 cot (c + dyk) 6b2x log (
a4 T2 T d ) d i

2232 22 8abx? tanh ™" (ei(”dﬁ)) 20222 cot (c + dyx) 6b2x log (
“TTad T2 T d ) d i

o232 22 8abx? tanh ™" (ei(”dﬁ)) 202232 cot (c + dyx) 6b2x log (
a4 T2 T d ) d i

232 22 8abx? tanh™ (ei(”dﬁ)) 212532 cot (c + d\/;) 6b%x log (
a2 T d ) d "

Mathematica [A] time = 8.22096, size = 449, normalized size = 1.35

2ib (i (—61' (adzx + bd\ﬁ) PolyLog (2, ei(”d‘/})) +6 (b - 2ad\/§) PolyLog (3, —ei(”dﬁ)) +12ad+/xPolyLog (3, il

Antiderivative was successfully verified.

[In] Integratel[x*(a + b*Csc[c + d*Sqrt[x]])~2,x]

[Out] (a™2%x72)/2 - ((2%I)*b*((2xb*d"3*E~((2*I)*c)*x"~(3/2))/(-1 + E7((2*%I)*c)) +
(6%b*xd*Sqrt [x] - 6*axd~2*x)*PolyLog[2, -E~(I*(c + d*Sqrt[x]))] + I*(3*bxd~2
xx*Log[1 - E7(I*(c + d*Sqrtl[x]))] + 2*axd~3*x~(3/2)*Logl[l - E~(I*(c + d*Sqr
t[x]))] + 3xb*d"2*x*Log[l + E~(I*(c + d*xSqrtlx]))] - 2xa*d~3*x~(3/2)*Logl[1
+ E7(I*x(c + d*Sqrt[x]))] - (6*I)*(bxd*Sqrt[x] + a*d~2xx)*PolyLog[2, E~(I*(c
+ d*Sqrt[x]))] + 6%(b - 2*xaxd*Sqrt[x])*PolyLog[3, -E~(I*(c + d*Sqrt[x]))]
+ 6%b*PolyLog[3, E~(Ix(c + d*Sqrt[x]))] + 12*%axd*Sqrt[x]*PolyLogl[3, E~(I*(c
+ d*Sqrt[x]))] - (12xI)*a*PolyLogl[4, -E~(I*(c + d*Sqrtl[x]))] + (12xI)=*a*Po
lyLog[4, E~(Ix(c + d*Sqrt[x]))]1)))/d"4 + (b™2%x~(3/2)*Csc[c/2]*Csc[(c + d*S
qrt[x])/2]*Sin[(d*Sqrt[x])/2])/d + (b~2*x~(3/2)*Sec[c/2]*Sec[(c + d*Sqrt[x]
)/21*Sin[(d*Sqrt[x])/2])/d

Maple [F] time = 0.182, size = 0, normalized size = 0.

fx(a + bcsc (c + d\/E))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*csc(c+d*xx~(1/2)))"2,%)
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[Out] int(x*(a+b*csc(c+d*x~(1/2)))"2,x)

Maxima [B] time = 1.65839, size = 2624, normalized size = 7.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] 1/2*%((d*sqrt(x) + c)”4*a”2 - 4*x(d*sqrt(x) + c)~3*a”2*c + 6x(d*sqrt(x) + c)~
2%a”2%c”2 - 4x(d*sqrt(x) + c)*a”2xc”3 + 8*axb*c”3*log(cot(d*sqrt(x) + c) +
csc(d*sqrt(x) + c)) + 4x(4xb~2xc™3 + (4x(dxsqrt(x) + c) 3*axb - 6%xb™2*c™2 -
6% (2xaxbxc + b72)*x(d*sqrt(x) + c)72 + 12x(axb*c™2 + b~ 2*c)*(d*sqrt(x) + c)
- 2% (2% (d*sqrt(x) + c) 3*xaxb - 3*b72xc”2 - 3% (2xaxb*xc + b72)*(d*sqrt(x) +
c)"2 + 6x(a*xb*xc”2 + b~2*xc)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2%c) - (4xIx*(
dxsqrt(x) + c)”3*axb - 6*xI*b"2xc”2 + (-12*I*xaxbxc - 6*%I*b~2)*(d*sqrt(x) + c
)72 + (12xI*axbxc™2 + 12xI*xb~2xc)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2xc))*
arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) + 6%(b~2%c™2*cos(2*d*sq
rt(x) + 2%c) + I*b72xc ™ 2xsin(2xd*sqrt(x) + 2*c) - b"2xc”2)*arctan2(sin(d*sq
rt(x) + c), cos(dxsqrt(x) + c) - 1) + (4x(dxsqrt(x) + c) 3*axb - 6x(2xa*b*c
- b™2)*(d*sqrt(x) + c)72 + 12%(a*xb*c™2 - b72*xc)*(d*sqrt(x) + c) - 2x(2x(d*
sqrt(x) + c) 3%axb - 3*(2%axbxc - b~2)*(d*sqrt(x) + c)72 + 6*x(axb*c™2 - b72
xc)* (dxsqrt(x) + c))*cos(2xd*sqrt(x) + 2%c) - (4*xIx(d*sqrt(x) + c) 3*a*xb +
(-12*%Ixa*bxc + 6xI*b"2)*(d*sqrt(x) + c)72 + (12*Ixaxbkxc™2 - 12xI*b~2xc)*(d*
sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*arctan2(sin(d*sqrt(x) + c), -cos(dxsq
rt(x) + c) + 1) - 4x((d*sqrt(x) + c)73*%b"2 - 3*(d*sqrt(x) + c) 2xb"2*c + 3%
(d*sqrt(x) + c)*b™2xc”2)*cos(2xd*sqrt(x) + 2%c) - (12*x(d*sqrt(x) + c) 2xa*b
+ 12%axb*c™2 + 12xb~2xc - 12*%(2xaxb*xc + b~2)*(d*xsqrt(x) + c) - 12*%((d*sqrt
(x) + c)"2xaxb + a*xb*xc”2 + b"2xc - (2*axb*c + b72)*(d*sqrt(x) + c))*cos(2*d
xsqrt(x) + 2%c) + (-12%Ix(d*sqrt(x) + c) 2%a*xb - 12*Ixaxb*c™2 - 12%xI*b~2xc
+ (24*xIxaxbxc + 12xIxb~2)*(d*sqrt(x) + c))*sin(2*dxsqrt(x) + 2*c))*dilog(-e
“(I*d*sqrt(x) + Ikc)) + (12x(d*sqrt(x) + c) 2%axb + 12%axb*c™2 - 12xb72%c -
12% (2*%axbxc - b™2)x(d*sqrt(x) + c) - 12x((d*sqrt(x) + c) 2%axb + axb*c™2 -
b~2%c - (2%axb*c - b72)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2%c) - (12*xIx(d
xsqrt(x) + c)"2*axb + 12xIxa*xbxc™2 - 12%I*xb~2%c + (-24*Ixa*xbxc + 12%xIxb~2)*
(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*dilog(e” (I*d*sqrt(x) + Ixc)) - (2%
I*x(d*sqrt(x) + c)"3xaxb - 3*%Ixb~2%c”2 + (-6xI*axbkxc - 3*I*b~2)*(d*sqrt(x) +
)72 + (6%Ixa*xbxc”2 + 6*%Ixb~2%c)*(d*sqrt(x) + c) + (-2*Ix(d*sqrt(x) + c)~3
xa*xb + 3*%Ixb~2%xc”2 + (6xI*axbxc + 3*Ixb~2)*(d*sqrt(x) + c)~2 + (-6xI*axb*c”
2 - 6*%Ixb~2%c)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2*c) + (2x(dxsqrt(x) + c)
“3%axb - 3*b72%c”2 - 3*x(2%axbxc + b~2)*(d*sqrt(x) + c)”2 + 6*x(axb*xc”2 + b72
xc)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*log(cos(d*sqrt(x) + ¢c)”2 + sin
(d*sqrt(x) + c)~2 + 2*cos(d*sqrt(x) + c) + 1) - (-2*Ix(d*sqrt(x) + c) 3*axb
- 3*%I*b72%c”2 + (6*xI*xaxbkxc — 3*Ixb~2)x(d*sqrt(x) + c)72 + (-6%Ixa*xbxc”2 +
6xIxb~2xc)* (dxsqrt(x) + c) + (2*%Ix(d*sqrt(x) + c)~3*axb + 3xI*b"2xc”2 + (-6
xI*xaxbxc + 3*%I*xb~2)*(d*sqrt(x) + c)~2 + (6*I*xaxb*c™2 - 6xI*b”~2xc)*(d*sqrt(x
) + c))*xcos(2*d*xsqrt(x) + 2%c) - (2*(d*sqrt(x) + c) 3xaxb + 3*b~2xc”2 - 3*(
2%axb*c - b72)*(d*sqrt(x) + c)72 + 6%(a*xb*c™2 - b~2*c)*(d*sqrt(x) + c))*sin
(2%d*sqrt(x) + 2xc))*log(cos(d*sqrt(x) + c)”2 + sin(d*sqrt(x) + c)72 - 2xco
s(d*sqrt(x) + c) + 1) - (24xaxbkcos(2xd*sqrt(x) + 2%c) + 24xI*xaxb*sin(2*d*s
qrt(x) + 2xc) - 24*axb)*polylog(4, -e” (Ixd*sqrt(x) + I*c)) + (24*axb*cos(2x*
dxsqrt(x) + 2%c) + 24xIxaxbxsin(2+d*sqrt(x) + 2xc) - 24*axb)*polylog(4, e~ (
Ixd*sqrt(x) + Ixc)) - (24xIx(dxsqrt(x) + c)*axb - 24xIxaxbxc - 12%Ixb~2 + (
-24*Ix(d*sqrt(x) + c)*a*xb + 24xIkxaxbxc + 12*%I*b”~2)*cos(2xd*sqrt(x) + 2x%c) +
12% (2% (d*sqrt(x) + c)*a*b - 2*axb*c - b~2)*sin(2xd*sqrt(x) + 2%c))*polylog
(3, —e”(Ixd*sqrt(x) + Ixc)) - (-24*Ix(d*sqrt(x) + c)xa*xb + 24xI*xaxb*c - 12x
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I¥b~2 + (24xIx(d*sqrt(x) + c)*axb - 24xIxaxbkxc + 12%xIxb~2)*cos(2*d*sqrt(x)
+ 2%c) - 12x(2x(d*sqrt(x) + c)*a*xb - 2%axb*c + b72)*sin(2xd*sqrt(x) + 2%c))
xpolylog(3, e~ (Ixd*sqrt(x) + Ixc)) - (4*Ix(d*sqrt(x) + c)"3*b72 - 12*Ix(d*s
grt(x) + c)72%b7"2xc + 12xI*(d*sqrt(x) + c)*b"2%c”2)*sin(2xd*sqrt(x) + 2%c))
/ (=2xIxcos(2*d*sqrt(x) + 2%c) + 2xsin(2*d*sqrt(x) + 2xc) + 2xI1))/d74

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (bzx csc (d\/E + c)2 + 2 abx csc (dx/z + c) + a?x, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(b~2*x*csc(d*sqrt(x) + c)~2 + 2*axb*x*csc(d*sqrt(x) + c) + a™2*x, x

)

Sympy [F] time = 0., size = 0, normalized size = 0.
fx (11 +bcsc (c + d\/E))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*csc(c+d*x*x*(1/2)))**2,x)

[Out] Integral(x*(a + b*csc(c + dksqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
f (b csc (d\/i + c) + a)zx dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2*x, x)
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3.39

Optimal. Leaf size=22

f (a+b csc(c+d\/§))2 dx

X

X

2
Unintegrable [ (a +bose (C i d\/;)) , x]

[Out] Unintegrable[(a + b*Csc[c + d*Sqrt(x]])~2/x, x]

Rubi [A] time = 0.0213427, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——————
integrand size

0., Rules used = {}

X

f (a +besc (c + d\/E))2 ;

X

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*Sqrt[x]])"2/x,x]

[Out] Defer[Int] [(a + b*Csc[c + dxSqrt[x]])~2/x, x]

Rubi steps

X X

f (a +bcesc (c + dﬁ))z e f (a +besc (c -+ d\/E))z 5

Mathematica [A] time = 40.84006, size = 0, normalized size = 0.

dx

f (a +besc (c + d\/E))z

X

Verification is Not applicable to the result.

[In] Integrate[(a + b*Csclc + d*Sqrt[x]1])~2/x,x]

[Out] Integrate[(a + b*Csc[c + d*Sqrt[x]])~2/x, x]

Maple [A] time = 0.181, size = 0, normalized size = 0.

f}l—c (a +bcsc (c + dﬁ))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(c+d*x”~(1/2)))"2/x,x)

[Out] int((a+b*csc(c+d*x~(1/2)))"2/x,x%)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))"2/x,x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

b? csc (d\/E + c)2 +2abcsc (d\ﬁ + c) +a?
X

X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))72/x,x, algorithm="fricas")

[Out] integral((b~2*csc(d*sqrt(x) + c)~2 + 2*axb*csc(d*sqrt(x) + c) + a~2)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f (a + bcse (c + d\/E))z

X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*xx**(1/2)))**2/x,%)

[Out] Integral((a + b*csc(c + d*sqrt(x)))**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f (b csc (d\/E -+ c) + a)2

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))"2/x,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2/x, x)
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3.40

Optimal. Leaf size=22

f (a+b csc(c+d\/§))2 dx

x2

x2

2
Unintegrable [ (a +bose (C i d\/;)) , x]

[Out] Unintegrable[(a + b*Csc[c + d*Sqrt(x]])~2/x"2, x]

Rubi [A] time = 0.0218751, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ——————
integrand size

0., Rules used = {}

X

f (a +besc (c + d\/E))2 ;

x2

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*Sqrt[x]])~2/x"2,x]

[Out] Defer[Int] [(a + b*Csc[c + d*Sqrt[x]])~2/x72, x]

Rubi steps

X2 x2

f (a +bcesc (c + dﬁ))z e f (a +besc (c -+ d\/E))z 5

Mathematica [A] time = 21.5903, size = 0, normalized size = 0.

dx

f (a +besc (c + d\/E))z

2
Verification is Not applicable to the result.

[In] Integrate[(a + b*Csclc + d*Sqrt[x]])~2/x72,x]

[Out] Integrate[(a + b*Csclc + d*Sqrt[x]])~2/x72, x]

Maple [A] time = 0.191, size = 0, normalized size = 0.

f% (a + bcsc (c + d\/%))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(c+d*x~(1/2)))"2/x"2,%)

[Out] int((a+b*csc(c+d*x~(1/2)))"2/x"2,%)



161

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))"2/x"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

b? csc (d\/E + c)2 +2abcsc (d\ﬁ + c) +a?

x
x? ’

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*csc(c+d*x~(1/2)))72/x72,x, algorithm="fricas")

[Out] integral((b~2*csc(d*sqrt(x) + c)~2 + 2*axb*csc(d*sqrt(x) + c) + a”2)/x72, x
)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f (a +besc (c + d\/E))z

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+dxx**(1/2)))**2/x**2 %)

[Out] Integral((a + bxcsc(c + d*xsqrt(x)))**2/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f (b csc (d\/E -+ c) + a)z

22
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(c+d*x™(1/2)))"2/x72,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2/x72, x)
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3

3.41 f a+b csc(c+d\/§) dx

Optimal. Leaf size=1075

result too large to display

[Out] x74/(4*a) + ((2*%I)*b*x~(7/2)*Logl[l - (IxaxE~(Ix(c + d*Sqrt[x])))/(b - Sqrtl
-a”2 + b~2])])/(a*xSqrt[-a”2 + b~2]*d) - ((2%I)*b*x~(7/2)*Logl[l - (IxaxE~(Ix
(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*xSqrt[-a”2 + b~2]*d) + (14*b*x
~3%PolyLog[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(axSqrt[
-a"2 + b72]*d72) - (14%b*x~3*PolyLog[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])])/(axSqrt[-a"2 + b~2]*d"2) + ((84x*I)*bxx~(5/2)*PolyLogl[3, (
I*xa*xE~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"3
) — ((84*I)xbxx~(5/2)*PolyLogl[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2
+ b~2])]1)/(axSqrt[-a~2 + b~2]*d"3) - (420*b*x~2*PolyLog[4, (I*a*xE~(Ix(c +
d*Sqrt[x])))/(b - Sqrt[-a™2 + b"2])])/(axSqrt[-a"2 + b~2]1*d"4) + (420%b*x"~2
*PolyLog[4, (I*xa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a"2 + b~2])])/(a*Sqrt[-a
T2 + b72]*d"4) - ((1680*I)*b*x~(3/2)*PolyLogl[5, (I*a*E~(I*(c + d*Sqrt[x])))
/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"5) + ((1680*I)*b*x~(3/2)*Po
lyLog[5, (I*axE~(I*(c + d*Sqrtl[x])))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2
+ b~2]*d"5) + (5040*b*x*PolyLogl[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrtl[-a
2 + b72])]1)/(axSqrt[-a”2 + b~2]*d"6) - (5040*b*x*PolyLogl[6, (I*a*E~(I*(c +
dxSqrt[x])))/(b + Sqgrt[-a”2 + b~2])])/(a*xSqrt[-a"2 + b~2]*d"6) + ((10080%*I
) *b*Sqrt [x] *PolyLog[7, (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])
/(axSqrt[-a”2 + b72]*d"7) - ((10080%*I)*b*Sqrt[x]*PolyLogl[7, (I*a*E~(Ix*(c +
d*xSqrt[x]))) /(b + Sqrt[-a”2 + b"2])])/(axSqrt[-a"2 + b~2]*d~7) - (10080*b*P
olyLog[8, (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2
+ b~2]1*d"8) + (10080*b*PolyLog[8, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a
~2 + b72])]1)/(axSqrt[-a"2 + b~2]*d"8)

Rubi [A] time = 1.49272, antiderivative size = 1075, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 9, integrand size = 20, e e

= 0.45, Rules used = {4205, 4191, 3323, 2264, 2190, 2531, 6609, 2282, 6589}

integrand size

. i(c+dvi) . i(c+dvi) i(c+dvk) - i(c+dvi
1ae ) x7/2 Zlb log (1 _ :16 lae

2iblog |1 — x’2 14bPolylLog (2, fac x3  14bPolyLog (2,
4 8 yLog yLog

N b-Vi2—a? +Vi2-a2 N b-V2-a? b+Vb2—a’
4a avVb? — a%d avb? — a%d avb? — a?d? avb? — a2d?

Antiderivative was successfully verified.

[In] Int[x~3/(a + b*Csclc + d*Sqrt[x]]),x]

[Out] x74/(4*a) + ((2*%I)*b*x~(7/2)*Logl[l - (IxaxE~(Ix(c + d*Sqrt[x])))/(b - Sqrtl
-a”2 + b72])])/(a*xSqrt[-a”2 + b~2]*d) - ((2%I)*b*x~(7/2)*Logl[l - (IxaxE~(Ix
(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*xSqrt[-a”2 + b~2]*d) + (14*b*x
~3%PolyLog[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[
-a"2 + b72]*d72) - (14#b*x~3*PolyLog[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])])/(axSqrt[-a"2 + b~2]*d"2) + ((84x*I)*bxx~(5/2)*PolyLogl[3, (
I*xa*xE~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"3
) — ((84*I)xbxx~(5/2)*PolyLogl[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2
+ b~2])]1)/(axSqrt[-a~2 + b~2]*d"3) - (420*b*x~2*PolyLog[4, (I*a*xE~(Ix(c +
d*Sqrt[x])))/(b - Sqrt[-a™2 + b~2])])/(axSqrt[-a~2 + b~2]*d"4) + (420%b*x~2
*PolyLog[4, (I*xa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a
"2 + b72]*d"4) - ((1680*I)*b*x~(3/2)*PolyLogl[5, (I*a*E~(I*(c + d*Sqrt[x])))
/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"5) + ((1680*I)*b*x~(3/2)*Po
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1yLog[5, (I*axE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]1)])/(axSqrt[-a~2
+ b"2]*d"5) + (5040*b*x*PolyLog[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrtl[-a
“2 + b72])])/(a*xSqrt[-a”2 + b~2]*d"6) - (5040xbxx*PolyLogl[6, (I*a*E~(I*(c +
d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]1*d"6) + ((10080%*I
)*bxSqrt [x] *PolyLog[7, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])
/(axSqrt[-a”2 + b72]*d~7) - ((10080%*I)*b*Sqrt[x]*PolyLogl[7, (I*a*E~(I*(c +
d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]1)])/(a*Sqrt[-a~2 + b~2]*d"7) - (10080%b*P
olyLog[8, (I*a*E~(Ix(c + dxSqrtl[x])))/(b - Sqrt[-a~2 + b~2])1)/(axSqrt[-a~2
+ b~2]*d"8) + (10080%b*PolyLog[8, (I*a*E~(I*(c + d*Sqrtl[x])))/(b + Sqrtl-a
"2 + b72])]1)/(axSqrt[-a”2 + b~2]*d"8)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])p
» x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_)*(x_)I*x(b_.) + (@)~ (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3323

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + fxx)))/(I*b + 2*a*xE~(I*(e + f*x
)) - I*b*E”(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a”2 - b2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*F"u)/(b - q + 2%cxF~u), x], x] - Dist[(2*c)/q, Int[((f + g*x)~
m*F u) /(b + q + 2%cxF~u), x], x]] /; FreeQ[{F, a, b, ¢, f, g}, x] && EqQ[v,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(((F)"((g_)*((e_.) + (£_.)*xx_)N)"(m_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_I*(F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[1 + (b*x(F~(gx(e + f*x)))"n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (b*xfxgxn*Log[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F (gx(e + f*x)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_)*((F_)"((c_.)*((a_.) + (b_)*x(x_))))"(n_)I*x((£_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)"(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609
Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
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)*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*x(F~(cx(a
+ b*x)))"pl)/ (b*cxpxLog[F]), x] - Dist[(f*m)/(bxcxpxLogl[F]), Int[(e + fxx)~
(m - 1)*PolyLogln + 1, d*(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] &% IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
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a
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 4a a
e(c+dx)x
R (4b) Subst ( f e e G % Vx )
 4a a
i(c+dx) 7 i(c+dx) 7
4ib) Subst i, VR) (i) Subst o
o GSubs | gV g Mo %N (i) Subst ([ e
4a V—-a? + b? V—a? + b?
by 72 ] iael+4V%) b7 1 elle+) ) 6
B 4 N 2ibx""* log (1 - m 2ibx"* log (1 PR a (14zb) Subst (fx log(
4a aN—-a? + b’d aN—a? + b%d av-
. i(c+d\/§) zc+d\f . i(c+d\/§c)
. ae . iae . ae
“ 2ibx"? log (1 - Pz 2ibx"? log (1 T _a2+b2) 14bx3Li, PV '——a2+b2)
= — + —
4a av—-a? + b%d av-a? + b2d av—-a? + b2d?
2ibx""? log |1 - i) 2ibx""? 1o i) 14bx3Li e
o S\ T e e\l 2 PV
4a av—-a? + b?d av-a® + b?d av—-a? + b?d?
2 b 7/2 1 1 _ iaei(c+d\/;) 2 b 7/2 1 mel C+d\f 14:b 3L. mel C+d\f
o 8 b-V=aZ+b2 ibxlog (1 Va2 Sl PR
= — 4+ —_
4a aN—a? + b%d aN—a? + b%d aN—a? + b?d?
. i(c+dvi) . i(c+dvk) (c+dv)
. 7/2 _ ae . 7/2 _ lae 37 ¢ iae
A 2ibx’*log (1 Vv 2ibx""*log (1 v 14bx°Li, - m)
=—+ - +
4a av—-a? + b%d av-a? + b2d av-a? + b2d?
. i(c+dvi) . i(c+dvi) i(c+dyR)
. 7/2 _ lae . 7/2 _ ae 37 iae
A 2ibx’*log (1 N 2ibx"* log (1 VIR 14bx°Li, - m)
=—+ - +
4a av-a? + b*d av—a? + b%d av—a? + b?d?
. i(c+d\/§) . i(c+d\/§) zc+d\f
. 7/2 _ ae . 7/2 _ ae 37 = iae
A 2ibx"*log (1 o 2ibx"* log (1 VR 14bx°Li, - m)
4a av—-a? + b%d av-a? + b2d av—-a? + b2d?
. i(c+dvi) . i(c+dvk) . i(c+dvk)
. 7/2 _ ae . 7/2 _ lae 37 ¢ lae
A 2ibx" log (1 Varzy m) 2ibx’'* log (1 W m) 14bx°Li, (—b_ m)
= — 4+ —_ —
4a av—-a? + b%d av-a? + b2d av—-a? + b2d?
. i(c+d\/§) . i(c+d\/E) . i(c+d\/§)
. 7/2 _ lae . 7/2 _ ae 37 1ae
. 2ibx"’* log (1 N m) 2ibx"’* log (1 N m) 14bx°Li, (—b_ _u2+b2)
= — —_ + —_
4a av—a? + b?d av-a® + b2d av—-a? + b2d?

Mathematica [A]

i(2c+d+/x
MH 47 -x712 10g]
- J(@2-12)e2ic

ibelC

8beic[x7/ 2 log[

Jil2crdyx),

iefCh+ (a2 -12

time = 2.33838, size = 1176, normalized size = 1.09

)(,21‘0 +1]d7—7ix3P01yLog[2,

eiCh+i (az—bz)ezw

el (2e+VR)

- ]d6+7z’x3PolyLog[2,—

csc (c + d\/E) x?

Antiderivative was successfully verified.

[In] Integrate[x~3/(a + bxCscl[c + dxSqrt[x]]),x]
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[Out] (Csclc + dxSqrt[x]]1*(x"4 - (8*b*E~(I*c)*(d"7*x"(7/2)*Log[l + (axE~(I*(2xc +
d*Sqrt[x])))/(I*b*E~(I*c) - Sqrtl[(a™2 - b™2)*E~((2+I)*c)]1)] - d~7*x~(7/2)*
Log[l + (a*E~(I*(2xc + dxSqrt[x])))/(I*b*xE~(I*c) + Sqrt[(a™2 - b~2)*E~((2%I
)*c)])] - (7*I)*d~6xx"3*PolyLog[2, (I*a*xE~(I*(2*c + d*xSqrt[x])))/(b*E~(Ixc)
+ IxSqrtl[(a”2 - b™2)*E~((2%I)*c)])] + (7xI)*d~6*x~3*PolyLog[2, -((a*xE~(I*(
2xc + dxSqrt[x])))/(I*b*xE~(I*c) + Sqrtl[(a™2 - b™2)*E~((2xI)*c)]))] + 42%d”5
*x~(5/2)*PolyLog[3, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*E~(Ixc) + I*Sqrt[(a™2
- b"2)*E"((2%I)*c)])] - 42xd~5*xx~(5/2)*PolyLog[3, -((a*E~(I*x(2%c + d*Sqrt[x
1))/ (I*b*E~(Ixc) + Sqrtl[(a™2 - b~2)*E~((2*%I)*c)]))] + (210*I)*d~4*x"2xPoly
Log[4, (I*xa*E~(I*(2*c + dxSqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b™2)*E~((2x
D*c)])] - (210%I)*d~4*x"2+PolyLog[4, -((a*E~(I*(2*c + dxSqrt[x])))/(I*b*E"
(Ixc) + Sqrtl[(a™2 - b"2)*E~((2*I)*c)]))] - 840%d~3*x~(3/2)*PolyLog[5, (I*ax
E7(I*(2%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b"2)*E~((2*I)*c)])] + 8
40*d~3*x~(3/2)*PolyLog[5, -((a*E~(I*(2xc + dxSqrt[x])))/(I*b*xE~(I*c) + Sqrt
[(@™2 - b™2)*E~((2%I)*c)]1))] - (2520%I)*d~2xx*PolyLogl[6, (I*a*E~(Ix(2xc + d
*xSqrt [x]1)) )/ (b*E~(I*xc) + IxSqrtl[(a”™2 - b~2)*E~((2xI)*c)])] + (2520%I)*d~2*x
*xPolyLog[6, —-((a*E~(I*(2*c + d*Sqrt[x])))/(I*bxE~(I*c) + Sqrt[(a”2 - b72)*E
“((2xI)*c)]))] + B040*dxSqrt[x]*PolyLogl[7, (I*a*E~(I*(2%c + d*Sqrtl[x])))/(b
*E~(I*xc) + I*Sqrtl(a”2 - b~2)*E~((2%I)*c)])] - 5040*d*Sqrt [x]*PolyLogl[7, -(
(a*E~ (I*(2xc + dxSqrt[x])))/(Ixb*xE~(I*c) + Sqrt[(a”2 - b~2)*E~((2%I)*c)]))]
+ (5040%I)*PolyLog[8, (I*a*E~(I*(2*c + dxSqrt([x])))/(b*E~(I*c) + I*Sqrt[(a
"2 - bT2)*ET((2%I)*c)]1)] - (5040*I)*PolyLogl[8, -((axE~(Ix(2*c + d*Sqrt[x]))
)/ (I¥b*E~ (Ixc) + Sqrtl[(a”™2 - b™2)*E~((2xI)*c)]1))]1))/(d"8*Sqrt[(a”2 - b~2)*E
“((2xI)*c)]))*(b + axSin[c + d*Sqrt[x]]))/(4*ax(a + b*Cscl[c + d*Sqrt[x]]))

Maple [F] time = 0.239, size = 0, normalized size = 0.

fx3 (a +bcese (c + d\/E))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3/(a+bxcsc(c+d*x~(1/2))),x)

[Out] int(x~3/(at+b*csc(c+d*x~(1/2))),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(a+b*csc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

X3

bcsc(d\/E+c) v

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~3/(a+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(x~3/(b*csc(d*sqrt(x) + c) + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

3

X
fa+bcsc(c+d\/E) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3/(at+b*csc(c+dxx**(1/2))),x)

[Out] Integral(x**3/(a + b*csc(c + d*sqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.
3

f a dx
bcsc(d\/;+c) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(a+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(x~3/(b*csc(d*sqrt(x) + c) + a), x)
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2

3.42 f a+b csc(c+d\/§) dx

Optimal. Leaf size=807

() i)

j - 52 9 _ ine )
2iblog (1 )x 2iblog (1 P . PN

— 4+
3a avb? - a%d avb? - a%d avb? — a?d? avb? — a?d?

[Out] x73/(3*%a) + ((2xI)*b*x~(5/2)*Logl[l - (I*a*xE~(I*(c + d*Sqrtl[x])))/(b - Sqrtl
-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d) - ((2xI)*b*x~(5/2)*Logl[l - (I*axE~(Ix*
(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d) + (10%*b*x
~2xPolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b"2])])/(axSqrt[
-a”2 + b72]%d"2) - (10*b*x"2*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])])/(a*xSqrt[-a”2 + b~2]*d"2) + ((40*I)*b*x~(3/2)*PolyLogl[3, (
Ixa*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a*Sqrt[-a”2 + b~2]*d"3
) = ((40*I)*b*x~(3/2)*PolyLog[3, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2
+ b72])])/(axSqrt[-a”2 + b"2]*d"3) - (120%b*x*PolyLog[4, (Ixa*xE~(I*(c + dx
Sqrt[x]1)))/(b - Sqgrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d~4) + (120*b*x*Pol
yLog[4, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 +
b~2]*d~4) - ((240%I)*b*Sqrt[x]*PolyLogl[5, (I*a*E~(Ix(c + d*Sqrt[x])))/(b -
Sqrt[-a”2 + b72])])/(axSqrt[-a”2 + b~2]*d"5) + ((240%I)*b*Sqrt[x]*PolyLogl
5, (IxaxE~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*xSqrt[-a~2 + b~2]
*d"5) + (240*b*PolyLogl[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2]
)1)/(axSqrt[-a~2 + b~2]*d"6) - (240%b*PolyLogl[6, (I*a*E~(I*(c + d*Sqrt[x]))
)/ (b + Sqrt[-a~2 + b~2])])/(axSqrt[-a~2 + b~2]*d"6)

. |
iaez(cﬂi VX,

2, ———
b+Vh2—4?

ind (c+dyx)

3 = ) x”2 10bPolyLog (2, ) x2  10bPolyLog (

b—Vb2-a?

Rubi [A] time = 1.21782, antiderivative size = 807, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 19, number of rules used = 9, integrand size = 20, e e e

= 0.45, Rules used = {4205, 4191, 3323, 2264, 2190, 2531, 6609, 2282, 6589}
. i(c+d\/§) . i(c+d\/§)
2 2iblog (1 - me—) x?2  2iblog (1 -

b-Vb2—a? b+Vb2-a2

integrand size

. i(c+d\/§}
2 1ae
) x“ 10bPolyLog (2, T

—+ - +
3a avb? - a’d avb? - a%d avb? — a?d? avb? — a%d?

Antiderivative was successfully verified.

. i(c+d\ﬁ)
) x>2 10bPolyLog (2, l:e

b2—g2

[In] Int[x"2/(a + b*Csc[c + d*Sqrt[x]]),x]

[Out] x73/(3%a) + ((2xI)*b*x~(5/2)*Logl[l - (I*a*xE~(I*(c + d*Sqrtl[x])))/(b - Sqrtl
-a”2 + b~2])])/(axSqrt[-a”2 + b~2]*d) - ((2%I)*b*x~(5/2)*Logl[l - (IxaxE~(Ix
(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*xSqrt[-a”2 + b~2]*d) + (10*b*x
~2%PolyLog[2, (Ixa*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[
-a”2 + b72]*d"2) - (10xb*x~2*PolyLog[2, (I*axE~(Ix(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])])/(axSqrt[-a"2 + b~2]*d"2) + ((40*I)*bxx~(3/2)*PolyLogl[3, (
I*xa*xE~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"3
) — ((40%*I)*b*x~(3/2)*PolyLog[3, (I*a*E~(Ix(c + dxSqrt[x])))/(b + Sqrt[-a~2
+ b~2])]1)/(a*Sqrt[-a~2 + b~2]*d"3) - (120*b*x*PolyLog[4, (I*a*xE~(I*(c + dx
Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"4) + (120*b*x*Pol
yLog[4, (I*xa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 +
b~2]*d"4) - ((240%I)*bxSqrt[x]*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b -
Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"5) + ((240%*I)*b*Sqrt[x]*PolyLogl
5, (Ixa*xE~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]
*d~5) + (240%b*PolyLog[6, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2]
)1)/(axSqrt[-a”2 + b~2]*d"6) - (240%b*PolyLog[6, (I*axE~(Ix(c + dxSqrt[x]))
)/ (b + Sqrt[-a~2 + b 2])1)/(a*xSqrt[-a~2 + b~2]*d"6)



169

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(m )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 4191

Int[(cscl(e_.) + (£_D*(x_)1x(b_.) + (a_))"(n_.)*((c_.) + (d_)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + fx*x]"n/(b + axSi
nle + fxx])"™n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3323

Int[((c_.) + (d_D*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E~(I*(e + £*x)))/(I*b + 2*xa*xE~(Ix(e + f*x
)) - Ixb*xE~(2xIx(e + fx*x))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF~u)/(b - q + 2*%c*xF~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2*%cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F)~((g_)*((e_.) + (£_)*(x_)))) " (n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[1 + (b*(F~(gx(e + f*x)))~n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2531

Int[Logl[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_)*((a_.) + (b_.
)x(x_))))"(p_.)]1, x_Symbol]l :> Simp[((e + f*x) m*PolyLogln + 1, dx(F~(c*(a
+ b*x)))"pl)/ (b*ckpxLog[F]), x] - Dist[(f*m)/(bxc*pxLogl[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*nl] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
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(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] && EqQ[bxd, axel

Rubi steps

2 X5

x
dx = 2 Subst dx, x, \x
fa+bcsc(c+d\/§) s (fa+bcsc(c+dx) \/—)
5 5
=2 Subst (f(x—— b.x )dx,x,\/})

a a(b+ asin(c + dx))

5
(Zb) Subst (f m dx, X, \/E)

3
=3 - .
oilc+x) 5
3 (4b)Subst ( f — T 0%, \x )
=3 - .
) pl(c+dx) 5 ) eile+d) 5
x® (4ib) Subst (f 2b—-2V=a2 +62—2igei(c+d) 4%, X, \/E) (4ib) Subst (f 2b+2V—-a2+b2—2igel(c+dx) d

3a V—a? + b? ) V-a® + b?

ind (c+dyx) i(c+dyR)

iae (

7,512 _ b2 _fme L
) 3 ) 2ibx*log (1 TR 2ibx”*log (1 e (10117) Subst (fle log (1
~ 3a aV—a? + b%d aN—a? + b%d av-a
i(c+dy) . i(c+dyx) i(c+dvi)
2. 5/21 1 _ lae 2 5/21 1 _ ZIZE— 1 2L. ZIZE
2 b log|1- T b log (1= = . 0bx°Lia |
3a aV-a? + b*d av—a? + b%d av—a? + b?d?
. i(c+d\/§) . i(c+d\/§) c+d\f
. 5/2 _ 1ae . 5/2 _ ae 27 = me
) e ) 2ibx”*log (1 o 2ibx’*log (1 e ) 10bx L12 W )
3a aV—a? + b’d aN—a? + b%d a\/—az + b2d?
. i(c+dvi) . i(c+dvk) i(c+dyR)
. 5/2 _ ae . 5/2 _ lae 27 = lLlE
. 3 ) 2ibx”*log (1 Vv 2ibx>*log (1 v ) 10bx L12 W )
3a av—-a? + b%d av-a? + b2d a\/—az + b2d?
. i(c+dvi) . i(c+dvi) i(c+dyR)
22 10g 1= ) i i0g (1 - =) a2
2 SR a2 e T 2 . plicd PR
3a av-a? + b*d av—a? + b%d av—a? + b?d?
. i(c+d\ﬂ) . i(c+d\/§) . i(c+d\/§)
2ibx>2log |1 - = 2ibx32log |1 - ——==| 10bx?Li, |— 1
2 SR = Bt e . plicd PR
3a aV—a? + b%d aN—a? + b%d aN—a? + b?d?

. i(c+dvi) . i(c+dvk) . i(c+dvk)
N 2ibx52 1og (1 - = ) 2ibx>2 log (1— m—) 10bx2Li2(”” ) 1C
+

. b-V-a2+12 b+\=-a? 412 b-V-a2+1?
3a av—-a? + b%d av-a? + b2d av-a? + b2d?

Mathematica [A] time = 1.84069, size = 898, normalized size = 1.11

mz‘(md\&)

6bec| x°2 log R
elCh+i (az—bz)ez“f

i(2c+dvx)
[ - /)162‘ +1]d5—5ix2PolyLog[2,
ic

T ]d4+51x2P01yL0g[2 -
ie'Ch+/(ac-b

ibelC— (a2_b2)€2ic iefCt

csc (c + d\/E) x5
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Antiderivative was successfully verified.

[In] Integratel[x~2/(a + b*Cscl[c + d*Sqrt[x]]),x]

[Out] (Csclc + d*xSqrt[x]]*(x"3 - (6xb*E~(I*c)*(d"5*x~(5/2)*Logl[l + (a*xE~(I*(2xc +
d*Sqrt[x]1)))/(I*b*E™ (Ixc) - Sqrtl[(a™2 - b ™2)*E~((2*I)*c)])] - d75*x~(5/2)*
Logl[l + (a*E~(I*(2xc + dxSqrt[x])))/(I*b*E~(I*c) + Sqrt[(a™2 - b72)*E~((2*I
)*c)])] - (6%I)*d~4xx"2*PolyLog[2, (I*axE~(I*(2*c + d*xSqrt[x])))/(b*E~(Ixc)
+ I*xSqrt[(a”2 - b™2)*E~((2*I)*c)])] + (5xI)*d~4xx"2*PolyLog[2, -((a*xE~(I*(
2%c + dxSqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b72)*E~((2%I)*c)]))] + 20%d~3
*x~(3/2)*PolyLog[3, (I*a*E~(I*(2%c + d*Sqrtl[x])))/(b*E~(I*c) + I*Sqrt[(a”2
- b"2)*E~((2%I)*c)])] - 20*d"3*x"(3/2)*PolyLog[3, -((a*E~(I*(2*c + d*Sqrt[x
1))/ (I*b*E~(I*c) + Sqrtl(a™2 - b 2)*E~((2*I)*c)]))] + (60*I)*d~2*x*PolyLog
[4, (I*xa*xE~(I*(2%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b~2)*E~((2*I)*
c)1)] - (60*I)*d~2*x*PolyLogl[4, -((a*xE~(I*(2xc + d*Sqrt[x])))/(Ixb*E~(I*c)
+ Sqrt[(a™2 - b"2)*E~((2%I)*c)]))] - 120*d*Sqrt[x]*PolyLogl[5, (IxaxE~(Ix*(2x
c + d*Sqrt[x])))/(b*E~(I*c) + IxSqrtl[(a”2 - b 2)*E~((2*I)*c)])] + 120*d*Sqr
t [x]*PolyLog[5, -((a*E~(I*(2xc + dxSqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b~
2)*E7((2*%I)*c)]))] - (120*I)*PolyLogl[6, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*E”
(Ixc) + IxSqrtl[(a”™2 - b~2)*E~((2xI)*c)])] + (120%I)*PolyLogl[6, -((a*E~(Ix*(2
xc + dxSqrt[x])))/(Ixb*E~(I*c) + Sqrt[(a”2 - b 2)*E~((2%xI)*c)]1))]1))/(d"6%Sq
rt[(a™2 - b72)*E7((2%¥I)*c)]))*(b + a*xSin[c + d*Sqrt[x]]))/(3*ax(a + b*Csclc
+ d*Sqrt([x]11))

Maple [F] time = 0.144, size = 0, normalized size = 0.

fxz (zz +besc (c + d\/E))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2/(a+bxcsc(c+d*x~(1/2))),x)

[Out] int(x~2/(at+b*csc(c+d*x~(1/2))),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(c+d*x~(1/2))),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

z2

bcsc(d\/E+c) e

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2/(a+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(x~2/(b*csc(d*sqrt(x) + c) + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

2

X
fa+bcsc(c+d\/E) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2/(at+b*csc(c+dxx**(1/2))),x)

[Out] Integral(x**2/(a + bxcsc(c + d*sqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.
2

f a dx
bcsc(d\/;+c) +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(a+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(x~2/(b*csc(d*sqrt(x) + c) + a), x)
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3.43 f a+b csc(c+d\/§) ax

Optimal. Leaf size=539

sbrPolyLog (2, ™) spxPolyLog (2, ) 1o EPolyLog (3, “ ) 12ibyEPolyLog (3, #
roLos (> ) rOLos\B vy VKOs (S )| 1vRolvLes (S
ad?\ b2 — a2 ad?\b? — g2 ad3 Vb2 — g2 ad3Vb? — g2

[Out] x72/(2%a) + ((2*%I)*b*x~(3/2)*Logl[l - (IxaxE~(Ix(c + d*Sqrt[x])))/(b - Sqrtl
-a”2 + b72])])/(axSqrt[-a"2 + b~2]xd) - ((2*I)*b*x~(3/2)*Logl[l - (I*a*xE~(Ix*
(c + d*Sqrt[x]1)))/(b + Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d) + (6*b*x*
PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”
2 + b"2]*d72) - (6*bxx*PolylLogl[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b72])])/(axSqrt[-a”2 + b~2]*d"2) + ((12*I)*bx*Sqrt[x]*PolyLogl3, (I*a*E"
(I*x(c + d*Sqrt[x])))/(b - Sgrt[-a”2 + b~2])]1)/(a*xSqrt[-a”2 + b~2]*d"3) - ((
12*I) *bxSqrt [x] *PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2
1)1)/(axSqrt[-a”2 + b72]*d"3) - (12*b*PolyLogl[4, (I*a*xE~(I*(c + d*Sqrtl[x]))
)/ (b - Sqrt[-a~2 + b~2])])/(axSqrt[-a"2 + b~2]*d~4) + (12*b*PolyLog[4, (I*a
*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a"2 + b72])])/(a*xSqrt[-a”2 + b~2]*d"4)

Rubi [A] time = 0.971699, antiderivative size = 539, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 9, integrand size = 18, e o e

= 0.5, Rules used = {4205, 4191, 3323, 2264, 2190, 2531, 6609, 2282, 6589}

integrand size

- i(c+dyz) . i(c+dyx) . i(c+dvi) (e
PolyLog (2, = PolyLog (2, == 12ib+/xPolyL = 12ib+/xPolyL =
6bxPoly og( o b2—a2) 6bxPoly og( '\/mw) ) ib\/xPoly 0g(3, e ib\/xPolyLog 3,\/ZI
ad’>Vb? — a? ad?>Vb? — a? ad3Vb? — a? ad3Vb? — a?

Antiderivative was successfully verified.

[In] Int[x/(a + bxCscl[c + dxSqrt[x]]),x]

[Out] x72/(2*a) + ((2*xI)*b*x~(3/2)*Logl[l - (I*a*xE~(I*(c + d*Sqrtl[x])))/(b - Sqrtl[
-a”2 + b72])])/(axSqrt[-a”2 + b~2]*d) - ((2xI)*b*x~(3/2)*Logl[l - (IxaxE~(Ix
(c + d*Sqrt[x1)))/(b + Sqrt[-a”2 + b~2])])/(axSqrt[-a”2 + b~2]*d) + (6*b*x*
PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”
2 + b"2]*d72) - (6*bxx*PolyLog[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b72])])/(axSqrt[-a”2 + b~2]*d"2) + ((12*I)*bx*Sqrt[x]*PolyLogl3, (I*a*E"
(Ix(c + d*Sqrt(x])))/(b - Sgrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"3) - ((
12*I)*b*Sqrt [x] *PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2
1)1)/(axSqrt[-a”2 + b72]*d"3) - (12*b*PolyLogl[4, (I*axE~(I*(c + d*Sqrt[x]))
)/ (b - Sqrt[-a~2 + b~2])])/(axSqrt[-a~2 + b~2]*d~4) + (12*b*PolyLog[4, (I*a
*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(axSqrt[-a”2 + b~2]*d"4)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x )" (m )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
» x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (a))"(n_)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*Si
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
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Q[m, O]

Rule 3323

Int[((c_.) + (d_D)*x))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£f_.)*(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(I*(e + f*x)))/(I*b + 2*%a*xE~(I*(e + f*x
)) - I*b*xE~(2*I*(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a“2 - b"2, 0] && IGtQ[m, 0]

Rule 2264

Int [((FO)~(u)*((£f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((£f + g#x) ™ m*F u)/(b - q + 2*%c*F~u), xJ, x] - Dist[(2%c)/q, Int[((f + g*x)~
m¥F~u) /(b + q + 2*cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*nxLog[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_)*(x_)))) " (m_D1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLog[n_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x ))))"(p_.)], x_Symbol]l :> Simp[((e + f*x) m*PolyLogln + 1, d*(F"(c*(a
+ b*x)))"pl)/(bxcxp*Log[F]), x] - Dist[(f*m)/(bxcxp*Log[F]), Int[(e + fx*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)x((a_.) + (b_.)*(x_)) " (p_.)1/Cd_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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X3
~ x_z B (Zb) Subst (f m dx, X, \/&)
- 2a a
pi(c+dx) 3
_ X (4b) Subst (f 2T % \/E)
- 2a a
i(c+dx) 3 i(c+dx) 3
4ib) Subst xR (i) Subst o
::fi+_(1)su i ~f2b243§ﬁiqmﬂﬁwﬁ'xx v _( ib) Subs ~f2m2v3§ﬁiamﬂﬂd
2a V-a? + b? V—-a? + b?
2] 1o (c+VR) 132 ] il (c+VR) ' ,
o 20log1-To ) 2 loa 1o g | e Subst [ +210g 1
= — 4+ — —
2a av—-a? + b%d av-a? + b2d aV—
. i(c+dvi) . i(c+dvi) . i(c+dvx)
. 3/2 1 _ lae . 3/2 1 _ lae L. e
2, 2ibxlog|1 = Tz ] 2ibx T log (1 ) obalh | T
2a avV—a? + b%d av—a? + b%d av—a? + b2d?
. i(c+dvi) i(c+dvk) . i(c+dvx)
Zb 3/2 1 1 _ e 2 b 3/2 1 1 _ lae b L. ae
) W= o) Sl W o +6’“2 P
2a av—-a? + b%d av-a? + b2d av—-a? + b?d?
. i(c+dvi) i(c+dvk) . i(c+dvx)
Zb 3/2 1 1 _ ae 2 b 3/2 1 1 _ lae b L. ae
2 o Og( o) o T +6x‘2 N
2a av—-a? + b%d av-a? + b2d av—-a? + b?d?
. i(c+dvi) . i(c+dvk) . i(c+dvx)
Zb 3/21 1 _ lae 2 b 3/21 1 _ lae 6b L. e
I -t P RVE = ] RVa . R PV a
2a av-a? + b%d av-a? + b%d aV—a? + b2d?

Mathematica [A]

16 (20+VR)

iJe2ic(a2—2)+beic

12ibe°d?xPolyLog (2,

time = 1.59342, size = 659, normalized size = 1.22

e (20+VR)

—12ibe“’d?>xPolyLog | 2, -—————=—— | - 24be’°d~/xPolyLog | 3,
\Je2ic(a2-12)+ibeic

iaei (Zc+a

i /ezic(az_k

Antiderivative was successfully verified.

[In] Integratel[x/(a + b*Csc[c + d*Sqrt(x]]),x]

[Out] (d74xSqrtl(a”2 - b72)*E~((2*I)*c)]*x"2 - 4*xbxd~3+E~ (I*c)*x~(3/2)*Logl[l + (a
*E~ (Ix(2%c + d*Sqrt[x])))/(I*b*E~(I*c) - Sqrt[(a™2 - b~ 2)*E~((2*I)*c)])] +
4xb*d"3*E” (I*c)*x~(3/2)*Log[1 + (a*E~(I*(2%c + d*xSqrt[x])))/(I*bxE~(I*c) +
Sqrt[(a”2 - b™2)*E7((2*%I)*c)])] + (12%I)*b*d"2+E~ (I*c)*x*PolyLog[2, (I*axE~”
(I*x(2%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrtl[(a”2 - b"2)*E~((2*I)*c)])] - (12
*x1) xb*d"2+E~ (I*c) *x*PolyLog[2, -((a*E~(I*(2xc + dxSqrt[x])))/(I*b*xE~(I*c) +
Sqrt[(a”2 - b™2)*E~((2%I)*c)]))] - 24xbxd*E~ (I*c)*Sqrt[x]*PolyLogl[3, (Ixax
E~(I*x(2*c + d*Sqrt[x])))/(*E”~(Ixc) + I*Sqrtl[(a”™2 - b"2)*E~((2xI)*c)])] + 2
4xb*d*E~ (I*c)*Sqrt [x]*PolyLog[3, -((a*E~(I*(2xc + dxSqrt[x])))/(Ixb*E~(I*c)
+ Sqrt[(a™2 - b™2)*E~((2%xI)*c)]))] - (24*I)*b*E~(I*c)*PolyLogl[4, (Ixa*E~(I
x(2xc + dxSqrt[x])))/(b*xE~(I*c) + I*Sqrtl(a”2 - b 2)*E~((2%I)*c)])] + (24x%I
) *b*E~ (I*c)*PolyLog[4, -((a*E~(I*(2*c + dxSqrt[x])))/(I*b*E~(I*c) + Sqrtl(a

T2 - bT2)*ET((2%I)*c)])) 1)/ (2%a*xd"4*Sqrt[(a”2 - b~2)*E~ ((2*I)*c)])
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Maple [F] time = 0.108, size = 0, normalized size = 0.

fx (a + bcsc (c + d\/E))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(atb*csc(c+d*x~(1/2))),x%)

[Out] int(x/(at+b*csc(c+d*x~(1/2))),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*csc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

x
bcsc(d\/;+c) +a’x

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(x/(b*csc(d*sqrt(x) + c) + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f a dx
a+bcsc (c + d\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*csc(c+d*x**(1/2))),x)

[Out] Integral(x/(a + b*csc(c + d*sqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

X
fbcsc(d\/}+c)+adx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(x/(bxcsc(d*sqrt(x) + c) + a), x)
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1
3.44 f x(a+b Csc(c+d\/§)) ax

Optimal. Leaf size=22

. 1
Unintegrable (x (a b (c " d\/E)) ,X

[Out] Unintegrable[1/(x*(a + b*Cscl[c + d*Sqrt[x]]1)), x]

Rubi [A] time = 0.0257083, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

0., Rules used = {}

ok
x(a+bcsc(c+d\/§)) *

Verification is Not applicable to the result.
[In] Int[1/(x*(a + b*Csclc + d*Sqrt[x]1])),x]

[Out] Defer[Int][1/(x*x(a + b*Cscl[c + d*Sqrt[x]])), x]

Rubi steps

1

fx(a+bcsc(c+d\/§)) dx:fx(a+bcsc(c+d\/§))

dx

Mathematica [A] time = 2.36457, size = 0, normalized size = 0.

1
fx(a+bcsc(c+d\/§)) *

Verification is Not applicable to the result.

[In] Integrate[1/(x*(a + bxCsclc + dxSqrt[x]1]1)),x]

[Out] Integrate[l/(xx(a + bxCsc[c + d*Sqrt[x]])), x]

Maple [A] time = 0.112, size = 0, normalized size = 0.

f% (a + bcsc (c + d\&))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x/(a+bxcsc(c+d*x~(1/2))),x)

[Out] int(1/x/(at+b*csc(c+d*x~(1/2))),x)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1

bx csc (d\/E + c) rax

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(1l/(b*x*csc(d*sqrt(x) + c) + a*x), X)

Sympy [A] time = 0., size = 0, normalized size = 0.

1
fx(a+bcsc(c+d\/§)) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(c+d*xx*x*x(1/2))),x)

[Out] Integral(1l/(xx(a + bxcsc(c + d*sqrt(x)))), x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
f (b csc (d\/E + c) + a)x *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(1/((b*csc(d*sqrt(x) + c) + a)*x), x)
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a+b csc(c+dv/x
3.45 [l
X
Optimal. Leaf size=25
d
bUnintegrable (M, x] _a
X X

[Out] -(a/x) + b*Unintegrable[Csc[c + d*Sqrt[x]]/x"2, x]

Rubi [A] time = 0.014836, antiderivative size = 0, normalized size of antiderivative =
. . ber of rul

0., number of steps used = 0, number of rules used = 0, integrand size = 0, e .
integrand size

0., Rules used = {}

dx

X2

fa+bcsc(c+d\/§)

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + d*Sqrtlx]])/x"2,x]

[Out] -(a/x) + b*Defer[Int] [Csc[c + d*Sqrt([x]]/x"2, x]

Rubi steps

x2 x?

fa+bcsc(c+d\/§) e f[g N bcsc(c+d\/§))dx

x2

X

be

Mathematica [A] time = 0.603667, size = 0, normalized size = 0.

dx

fa+bcsc(c+d\/§)

2
Verification is Not applicable to the result.

[In] Integrate[(a + b*Cscl[c + d*Sqrt([x]])/x"2,x]

[Out] Integrate[(a + b*Csclc + d*Sqrt[x]])/x"2, x]

Maple [A] time = 0.008, size = 0, normalized size = 0.

f ! (a+bcsc(c+d\/§))dx

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(c+d*x~(1/2)))/x"2,x%)
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[Out] int((a+b*csc(c+d*x~(1/2)))/x"2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

bcsc(dx/i+c)+a

x2

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"2,x, algorithm="fricas")

[Out] integral((b*csc(d*sqrt(x) + c) + a)/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

fa+bcsc(c+d\/§)

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*xx**(1/2)))/x**2,%)

[Out] Integral((a + b*csc(c + d*sqrt(x)))/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcsc(d\/§+c)+a

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))/x"2,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)/x"2, x)
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3

3.46 : d
f (a+b csc(c+d\/§))2 *

Optimal. Leaf size=3205

result too large to display

[Out] ((-2%I)*b~2%x~(7/2))/(a"2*%(a”2 - b~2)*d) + x"4/(4*xa"2) + (14%b~2*x"3xLogl[1
+ (a*xE"(I*(c + d*Sqrt[x])))/(Ixb - Sqrtl[a™2 - b~2])])/(a"2*(a"2 - b~2)*d"2)
+ (14xb~2*x"3*Log[1 + (a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a™2 - b~2])]1)/
(a”2x(a”2 - b™2)*d"2) - ((2*I)*b~3*x~(7/2)*Log[1l - (I*a*E~(I*(c + d*Sqrt[x]
)))/(b - Sqgrt[-a”2 + b72])]1)/(a"2%x(-a"2 + b72)7(3/2)*d) + ((4*I)x*bxx~(7/2)*
Log[l - (Ixa*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~2
+ b72]*d) + ((2%I)*b~3*x~(7/2)*Log[1l - (I*a*xE~(I*(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])])/(a"2+x(-a"2 + b~2)7(3/2)*d) - ((4*I)*b*xx~(7/2)*Logl[l - (Ix
a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d)
- ((84%I)*b~2xx~(5/2)*PolyLog[2, -((a*xE~(I*(c + d*Sqrt[x])))/(Ixb - Sqrtl[a”
2 -Db72]))1)/(@™2x(a”2 - b™2)*d"3) - ((84*I)x*b~2*x"(5/2)*PolyLog[2, -((a*E~
(Ix(c + d*Sqrt(x])))/(I*b + Sqrtla”2 - b2]))])/(a"2*(a"2 - b~2)*d"3) - (14
*b~3*x"3*%PolyLog[2, (I*a*xE~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a
“2x(-a”2 + b72)7(3/2)*d"2) + (28*bxx"3*PolyLog[2, (I*a*xE~(I*(c + dxSqrt[x])
))/(b - Sqrt[-a~2 + b~2])]1)/(a"2*Sqrt[-a”2 + b~2]*d"2) + (14*b~3*x"3*PolyLo
gl2, (I*xa*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)
~(3/2)*d"2) - (28*b*xx~3*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a
2 + b"2])]1)/(a"2*Sqrt[-a”2 + b~"2]*d"2) + (420%b~2*xx"2*PolyLog[3, -((a*E~(I
*x(c + dxSqrt[x])))/(I*xb - Sqrtla”2 - b72]))])/(a"2*%(a"2 - b~2)*d"4) + (420%
b~2*x"2%PolyLog[3, -((a*E~(I*(c + d*xSqrt[x])))/(I*b + Sqrt[a”2 - b~2]))]1)/(
a”2x(a”2 - b"2)*d"4) - ((84*I)*b~3*x~(5/2)*PolyLogl[3, (Ixa*E~(I*(c + d*Sqrt
[x]1)))/(b - Sqgrt[-a"2 + b"2])])/(a"2x(-a"2 + b72)7(3/2)*d"3) + ((168%I)*b*x
~(5/2)*PolyLog[3, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2
*Sqrt[-a”2 + b~2]*xd"3) + ((84xI)*b~3*x~(5/2)*PolyLogl3, (I*a*E~(I*(c + d*Sq
rt[x])))/ (b + Sqrt[-a”2 + b™2])])/(a"2*%(-a"2 + b72)7(3/2)*d"3) - ((168*I)*b
*x~(5/2)*PolyLog[3, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a"2 + b~2])])/(a
~2%Sqrt[-a”2 + b~2]*d"3) + ((1680*I)*b~2xx~(3/2)*PolyLog[4, -((a*E~(Ix(c +
d*Sqrt[x])))/(I*b - Sqrt[a™2 - b72]))]1)/(a"2*(a”2 - b72)*d"5) + ((1680*I)*b
~2xx7(3/2)*PolyLog[4, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a™2 - b~2]))]
)/ (a™2x(a”2 - b"2)*d"5) + (420%b~3xx"2*PolyLogl[4, (I*a*E~(Ix(c + d*Sqrt[x])
))/(b - Sqrt[-a”2 + b~2])])/(a"2*%(-a"2 + b~2)7(3/2)*d"4) - (840*b*x~2*PolyL
ogl4, (I*xaxE~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 +
b~2]*d"4) - (420%b~3*x"2%PolyLogl[4, (Ixa*E~(Ix(c + d*Sqrt[x])))/(b + Sqrtl[
-a”2 + b"2])])/(a"2*x(-a"2 + b~2)"(3/2)*d"4) + (840*b*xx~2xPolyLogl[4, (IxaxE"
(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"4) -
(56040%b~2*x*PolyLog[5, -((a*E~(I*(c + dxSqrt[x])))/(I*b - Sqrt[a™2 - b~2]))
1)/(@"2x(a”2 - b"2)*d"6) - (5040*b~2*x*PolyLog[5, -((a*xE~(I*(c + d*Sqrt[x])
))/(Ixb + Sqrtfa”™2 - ©72]))1)/(a™2*%(a"2 - b72)*d"6) + ((1680*I)*b~3*x~(3/2)
*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2x(-a~2
+ b72)7(3/2)*d"5) - ((3360%*I)*b*x~(3/2)*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x
1))/ (o - Sgrt[-a”2 + b"2])]1)/(a"2*Sqrt[-a”2 + b~2]*d"5) - ((1680*I)*b~3*x"~
(3/2)*PolyLog[5, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2%
(ma”2 + b~2)7(3/2)*d"5) + ((3360%*I)*b*x~(3/2)*PolyLogl[5, (I*a*E~(I*(c + d*S
qrt[x1)))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"5) - ((10080%I)*
b~2xSqrt [x] *PolyLog[6, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2]))
1)/(@2%(a”2 - b™2)*d"7) - ((10080*I)*b~2*Sqrt [x]*PolyLog[6, -((a*E~(I*(c +
d*Sqrt[x])))/(I*b + Sqrtla”2 - b~2]))1)/(a"2*%(a"2 - b™2)*d"7) - (5040%b~3*
x*PolyLog[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2*(-a~
2 + b72)7(3/2)*d"6) + (10080*b*x*PolyLogl[6, (Ixa*E~(Ix(c + d*Sqrt[x])))/(b
- Sqrt[-a”2 + b72])])/(a"2*Sqrt[-a~2 + b~2]*d"6) + (5040%b~3*x*PolyLogl[6, (
I*xa*xE~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)"(3/2)
*d~6) - (10080*b*x*PolyLogl[6, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a"2 +
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b"2]1)1)/(a"2xSqrt[-a~2 + b"2]*d"6) + (10080*b~2*PolyLogl[7, -((a*xE~(Ix(c + d
*3qrt [x])))/(Ixb - Sqrtla”2 - b~2]))])/(a"2%(a”2 - b72)*d"8) + (10080*b~2xP
olyLog[7, -((a*E~(I*(c + dxSqrt[x])))/(Ixb + Sqrt[a™2 - b~"2]))])/(a"2x(a"2

- b72)*d"8) - ((10080*I)*b~3*Sqrt[x]*PolyLog[7, (I*axE~(I*(c + d*Sqrtl[x])))
/(b - Sqrt[-a”2 + b~2])])/(a"2*x(-a"2 + b~2)7(3/2)*d"7) + ((20160*I)*b*Sqrt[
x]*PolyLogl[7, (I*axE~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*Sqr
t[-a”2 + b"2]*d"7) + ((10080%I)*b~3*Sqrt[x]*PolyLogl7, (I*a*E~(I*(c + d*Sqr
t[x])))/(b + Sqrt[-a~2 + b72])])/(a"2*%(-a"2 + b~2)7(3/2)*d"7) - ((20160*I)*
b*Sqrt [x] *PolyLog[7, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(
a~2xSqrt[-a”2 + b~2]*d~7) + (10080*b~3*PolyLog[8, (I*a*xE~(I*(c + dxSqrt[x])
))/(b - Sqrt[-a~2 + b~2])])/(a"2*(-a"2 + b~2)"(3/2)*d"8) - (20160*b*PolyLog
[8, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sgrt[-a~2 + b~2])]1)/(a"2+Sqrt[-a”2 + b
~2]*d"8) - (10080*b~3*PolyLog([8, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a~2
+ b72])]1)/(a"2x(-a"2 + b~2)7(3/2)*d"8) + (20160*b*PolyLog[8, (Ixa*E~(Ix(c

+ d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d"8) - (2%b~2
*x~(7/2)*Cos[c + d*Sqrt[x]])/(a*x(a”2 - b"2)*d*(b + a*Sin[c + d*Sqrt([x]]))

Rubi [A] time = 4.24007, antiderivative size = 3205, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 61, number of rules used = 11, integrand size = 20, e o e
integrand size

= 0.55, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2531, 6609, 2282, 6589, 4521}

result too large to display

Antiderivative was successfully verified.

[In] Int[x"3/(a + b*Csclc + d*Sqrtl[x]])~2,x]

[Out] ((-2*D)*b~2xx~(7/2))/(a"2*x(a"2 - b~2)*d) + x~4/(4*a"2) + (14xb~2xx"3*Log[1
+ (a*E"(I*(c + d*Sqrt[x])))/(Ixb - Sqrt[a™2 - b~2])])/(a"2*(a"2 - b~2)*d"2)
+ (14*%b~2*x73*Log[1 + (a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a”2 - b72])]1)/
(a”2%(a”2 - b72)*xd"2) - ((2*I)*b~3*x~(7/2)*Log[1l - (I*a*xE~(I*(c + d*Sqrt[x]
)))/ (b - Sqrt[-a”2 + b72])]1)/(a"2%(-a"2 + b72)7(3/2)*d) + ((4x*I)x*b*x~(7/2)*
Log[l - (Ixa*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a~2*Sqrt[-a~2
+ b72]*d) + ((2%I)*b~3*x~(7/2)*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sq
rt[-a"2 + b72])])/(a"2x(-a"2 + b~2)7(3/2)*d) - ((4*I)*b*x~(7/2)*Logl[l - (Ix*
a*E~ (I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a"2 + b~2]*d)
- ((84%I)*b~2xx~(5/2)*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb - Sqrt[a”
2 -Db72]1))1)/(@™2x(a”2 - b72)*d"3) - ((84x*I)x*b~2*x~(5/2)*PolyLog[2, -((a*E~
(Ix(c + d*Sqrt[x])))/(Ixb + Sqrt[a”™2 - b"2]))])/(a"2*x(a"2 - b"2)*d"3) - (14
*b~3*x”"3*PolyLog[2, (I*axE”~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a
2% (-a”2 + b"2)7(3/2)*%d72) + (28*b*x"3*PolyLogl[2, (I*a*E~(Ix(c + d*Sqrt[x])
))/(b - Sqrt[-a~2 + b~2])])/(a"2xSqrt[-a"2 + b~2]*d"2) + (14*b~3*x"3*PolyLo
gl2, (I*xa*E~(Ix(c + dxSqrt[x])))/(b + Sgrt[-a”2 + b~2])]1)/(a"2*(-a"2 + b~2)
~(3/2)*%d"2) - (28xb*xx~3*PolyLog[2, (I*a*xE~(Ix(c + dxSqrt[x])))/(b + Sqrt[-a
2 + b72])]1)/(a"2xSqrt[-a”2 + b~2]*d"2) + (420%b~2*x"2xPolyLogl3, -((a*E™(I
*(c + dxSqrt[x])))/(I*b - Sqrtla™2 - b"2]))])/(a"2*%(a"2 - b™2)*d"4) + (420%
b~2*x"2%PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))]1)/(
a"2x(a”2 - b72)*d"4) - ((84*I)*b~3*x~(5/2)*PolylLogl[3, (Ixa*E~(Ix(c + d*Sqrt
[x1)))/(b - Sqgrt[-a"2 + b"2])])/(a"2x(-a"2 + b72)"(3/2)*d~3) + ((168%I)*b*x
~(5/2)*PolyLog[3, (I*a*xE~(Ix(c + dxSqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2
*xSqrt[-a”2 + b~2]xd"3) + ((84x*I)*b~3%x~(5/2)*PolyLogl3, (I*a*E~(I*(c + d*Sq
rt[x]1)))/(b + Sqrt[-a”2 + b72])])/(a"2x(-a"2 + b~2)"(3/2)*d~3) - ((168*I)*b
*xx~(5/2)*PolyLog[3, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a
~2+Sqrt[-a”2 + b~2]*d"3) + ((1680%I)*b~2xx~(3/2)*PolyLog[4, -((a*E~(Ix(c +
d*Sqrt[x])))/(I*b - Sqrt[a™2 - b72]))]1)/(a"2*(a"2 - b™2)*d"5) + ((1680%*I)*b
~2%x7(3/2)*PolyLog[4, -((a*xE~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a™2 - b~2]))]
)/(a"2x(a”2 - b~2)*d”5) + (420%b~3*x"2*PolyLogl[4, (Ixa*E~(Ix(c + d*Sqrt[x])
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))/(b - Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2)7(3/2)*d"4) - (840*b*x~2*PolyL
ogl4, (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2]1)]1)/(a"2*Sqrt[-a~2 +
b~2]*d"4) - (420%b~3*x"2*PolyLogl[4, (I*a*E~(I*(c + d*xSqrt[x])))/(b + Sqrt[
-a”2 + b72])])/(a"2*x(-a"2 + b~2)"(3/2)*d"4) + (840*b*x~2xPolyLog[4, (I*xaxE”
(Ix(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d~4) -

(56040*%b~2*x*PolyLog[5, —-((a*xE~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a™2 - b~2]))
1)/(@2%(a”2 - b™2)*d"6) - (5040*b~2*x*PolyLog[5, -((a*E”~(Ix(c + d*Sqrt[x])
))/(Ixb + Sqrt[a™2 - b™2]))1)/(a"2%(a”2 - b™2)*d"6) + ((1680*I)*b~3*x~(3/2)
xPolyLog[5, (I*axE~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2x(-a"2
+ b72)7(3/2)*d75) - ((3360%I)*b*x~(3/2)*PolyLog[5, (I*a*E~(I*(c + d*Sqrtl[x
1)))/(b - Sqrt[-a~2 + b°21)1)/(a"2*Sqrt[-a~2 + b~2]*d"5) - ((1680%I)*b 3*x"
(8/2)*#PolyLog[5, (I*a*xE”~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*
(ma”2 + b72)7(3/2)*%d”5) + ((3360%*I)*b*x~(3/2)*PolyLogl[5, (I*a*E~(I*(c + d*S
qrt[x]1)))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"5) - ((10080%I)*
b~2*3qrt [x] *PolyLog[6, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2]))
1)/(@2%x(a”2 - b72)*d"7) - ((10080%*I)*b~2*Sqrt[x]*PolyLogl[6, —-((a*E~(I*(c +
d*Sqrt[x])))/(Ixb + Sqrt[a”™2 - b™2]))]1)/(a"2%(a”2 - b~2)*d"7) - (5040%b~3*
x*PolyLog[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2*(-a"
2 + b72)7(3/2)*d"6) + (10080*b*x*PolyLogl[6, (I*a*E~(Ix(c + d*Sqrt[x])))/(b

- Sqrt[-a”2 + b~2])])/(a"2xSqrt[-a”"2 + b~2]*d"6) + (5040*b~3*x*PolyLogl6, (
Ixa*xE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*x(-a"2 + b~2)~(3/2)
*d"6) - (10080*b*x*PolyLog[6, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a~2 +

b"2]1)1)/(a”2xSqrt[-a~2 + b~2]*d"6) + (10080%b~2*PolyLogl[7, -((a*xE~(Ix(c + d
*3qrt [x]1)))/(Ixb - Sqrt[a”2 - b72]))])/(a"2%x(a”2 - b™2)*d"8) + (10080%b~2*P
olyLogl[7, -((a*E~(I*(c + dxSqrt[x])))/(Ixb + Sqrt[a”2 - b~2]))])/(a"2x(a"2

- b"2)*d"8) - ((10080%I)*b~3*Sqrt[x]*PolyLog[7, (I*a*E~(I*(c + d*Sqrt([x])))
/(b - Sqrt[-a~2 + b~2]1)]1)/(a"2*(-a"2 + b~2)"(3/2)*d"7) + ((20160*I)*bxSqrt[
x]*PolyLog[7, (I*a*xE~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a~2%Sqr
t[-a”2 + b72]*d"7) + ((10080%I)*b~3*Sqrt[x]*PolyLogl7, (Ixa*E~(I*(c + d*Sqr
t[x])))/(b + Sqrt[-a~2 + b72])])/(a"2*%(-a"2 + b~2)7(3/2)*d"7) - ((20160%*I)*
b*Sqrt [x]*PolyLog[7, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])1)/(
a~2xSqrt[-a”2 + b~2]*d"7) + (10080*b~3*PolyLog[8, (I*a*xE~(I*(c + dxSqrt[x])
))/(b - Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2)7(3/2)*d"8) - (20160*b*PolyLog
[8, (I*a*xE~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a"2 + b
~2]%d"8) - (10080*b~3*PolyLog([8, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a~2
+ b72])]1) /(@ 2x(-a"2 + b~2)7(3/2)*d"8) + (20160*b*PolyLog[8, (Ixa*E~(Ix(c

+ d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a"2 + b~2]*d"8) - (2*b~2
*x~(7/2)*Cos[c + d*Sqrt[x]])/(ax(a”2 - b72)*d*(b + a*xSin[c + dxSqrt[x]]))

Rule 4205

Int[((a_.) + Cscl[(c_.) + (d_)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3324

Int[((c_.) + (A_.)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£_.)*(x_)])"2, x_
Symbol] :> Simp[(b*(c + d*x) m*Cos[e + fxx])/(fx(a”2 - b~"2)*(a + bxSin[e +

f*x])), x] + (Dist[a/(a”2 - b~2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[(bxd*m)/(f*(a"2 - b72)), Int[((c + d*x)"(m - 1)*Cos[e + fx*x])/(a
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+ bxSinf[e + f*x]), x], x]) /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E~(I*(e + f£*x)))/(I*b + 2*xa*xE~(Ix(e + f*x
)) - Ixb*xE~(2xIx(e + fx*x))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a”2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int [C(F_)~(u_)*((£f_.) + (g_)*&x_))"(m_.))/((a_.) + (b_)*F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkF u)/(b - q + 2xc*F"u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2*%c*xF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F)~((g_)*x((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[1 + (b*(F~(gx(e + f*x)))~n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2531

Int[Logl[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], xI, x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 6609

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_)*((a_.) + (b_.
)*(x_))))"(p_.)]1, x_Symboll :> Simp[((e + f*x) m*PolyLogln + 1, d*(F (cx(a
+ b*x)))"pl)/ (b*cxpxLog[F]), x] - Dist[(f*m)/(bxc*pxLogl[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunctionl[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogl[n + 1, cx(a + bxx) " pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 4521
Int[(Cos[(c_.) + (d_)*(x_)I*((e_.) + (f£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
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(c_.) + (A_)*(x_)]), x_Symbol] :> -Simp[(I*(e + f*x)~(m + 1))/ (b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x)"m*E~(I*(c + d*x)))/(I*a - Rt[-a"2 + b~2, 2]
+ b*E~(I*(c + d*x))), x], x] + Dist[I, Int[((e + f*xx) m*E"(I*(c + dx*x)))/(
I*a + Rt[-a"2 + b2, 2] + b*E~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d,
e, £}, x] && IGtQ[m, 0] && NegQ[a"2 - b~2]

Rubi steps
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2 Subst (

7

x
f (a + besc(c + dx))?

dx, x, \/E)

b2x7 2bx7
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Mathematica [A] time = 14.8474, size = 3831, normalized size = 1.2

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[x~3/(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] (x"4xCsclc + dxSqrt[x]]~2*(b + a*Sin[c + d*Sqrt[x]])~2)/(4*a~2*(a + b*Csclc
+ d*Sqrt[x]])72) - ((2%I)*bxE~(Ixc)*Csclc + d*Sqrt[x]] 2% (2%b*E™ (I*c)*x~ (7
/2) = ((-1 + E7((2*I)*c))*((-7*I)*b*d~6*Sqrt[(a”2 - b72)*E~ ((2%I)*c)]*x"3*L
ogll + (a*E~(I*(2xc + dxSqrt[x])))/(I*bxE~(I*c) - Sqrt[(a™2 - b~2)*E~((2%I)
xc)])] + (2*I)*a”2*xd"7+E~(Ixc)*x~(7/2)*Logl[l + (a*xE~(I*(2*c + d*Sqrt[x])))/
(Ixb*E~(I*c) - Sqrtl[(a™2 - b™2)*E~((2%I)*c)])] - I*b~2xd~7+E~ (I*c)*x~(7/2)*
Logl[l + (a*E~(I*(2xc + dxSqrt[x])))/(I*b*E~(I*c) - Sqrtl[(a”2 - b72)*E~((2*I
)*c)])] - (7*I)*b*xd~6*Sqrt[(a”2 - b 2)*E~((2*I)*c)]*x"3*xLog[1l + (a*E~(Ix*(2%
c + d*xSqrt[x])))/(I*xb*E~(I*c) + Sqrtl[(a”2 - b 2)*E~((2*I)*c)])] - (2xI)*a”2
*xd~T*E~ (I*c)*x~(7/2)*Log[1 + (a*E~(Ix(2xc + d*Sqrt[x])))/(Ixb*E~(I*c) + Sqr
t[(a™2 - b™2)*E~((2*%I)*c)])] + I*b~2xd"7+E~(Ixc)*x~(7/2)*Logl[l + (axE~(I*(2
xc + d*Sqrt[x])))/(I*xb*xE~(Ixc) + Sqrt[(a™2 - b 2)*E~((2*I)*c)])] - 7+d"5*(6
*xb*xSqrt[(a™2 - bT2)*E~((2*I)*c)] - 2%a”2xd*E~ (I*c)*Sqrt[x] + b~2*xd*E~(I*c)*
Sqrt [x])*x~(5/2) *PolylLog[2, (Ixa*E~(I*(2xc + d*Sqrt[x])))/(b*xE~(I*c) + Ix*Sq
rt[(a”2 - b"2)*E~((2%I)*c)])] + 7+d"5x(-6*%bxSqrt[(a”2 - b~2)*E~((2xI)*c)] -
2%a”2xd*E” (I*xc)*Sqrt [x] + b~ 2xd*E~ (I*c)*Sqrt[x])*x~(5/2)*PolyLog[2, -((a*E
“(I*x(2xc + d*xSqrt[x])))/(Ixb*E~(I*c) + Sqrtl[(a”2 - b™2)*E~((2xI)*c)]1))] - (
210*I)*b*d~4*Sqrt[(a”2 - b~2)*E~ ((2*I)*c)]*x"2*PolyLog[3, (I*a*xE~(I*(2*xc +
dxSqrt[x])))/(b*E~(I*c) + IxSqrtl[(a™2 - b"2)*E~((2xI)*c)])] + (84*I)*a~2xd”
5*E~ (I*c)*x~(5/2)*PolyLog[3, (I*a*xE~(I*(2*c + d*xSqrt[x])))/(b*E~(I*c) + Ix*S
grt[(a”™2 - b™2)*E~((2*xI)*c)])] - (42%I)*b~2xd"5*E~ (I*c)*x"~(5/2)*PolyLogl[3,
(Ixa*xE~(I*x(2xc + d*Sqrt[x])))/(b*E~(I*c) + IxSqrt[(a”2 - b 2)*E~((2*I)*c)])
] - (210%I)*b*d~4xSqrt[(a”2 - b72)*E~((2*I)*c)]*x~2*PolyLog[3, -((a*xE~(I*(2
xc + d*Sqrt[x])))/(Ixb*E~(I*xc) + Sqrtl(a™2 - b 2)*E~((2%I)*c)]))] - (84x*I)x
a~2xd"5*E~ (I*c)*x~(5/2)*PolyLog[3, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(Ix*
c) + Sqrtl(a™2 - b™2)*E~((2%I)*c)]1))] + (42+I)*b~2*d~5*E~ (I*c)*x~(5/2)*Poly
Log[3, -((a*E~(I*(2*c + dxSqrt[x])))/(I*b*E~(I*c) + Sqrtl[(a”2 - b™2)*E~((2x
I)*c)]1))] + 840xbxd~3xSqrt[(a”2 - b~2)*E~((2*I)*c)]*x"(3/2)*PolyLog[4, (I*a
*E~ (I*(2*%c + d*xSqrt[x])))/(b*E~(Ixc) + IxSqrtl[(a™2 - b™2)*E~((2xI)*c)])] -
420%a”~2*%d"4*E” (I*c)*x~2*PolyLog[4, (I*a*E~(I*(2%c + d*Sqrtl[x])))/(b*E~(I*c)
+ I*xSqrt[(a”2 - b™2)*E~((2*I)*c)])] + 210%b~2*xd~4*E~ (I*c)*x~2*PolyLog[4, (
I*xa*E™ (I*(2%c + d*Sqrt[x])))/(bxE~(Ixc) + IxSqrt[(a”2 - b~2)*E~((2*I)*c)])]
+ 840xb*xd~3*Sqrt[(a”™2 - b72)*E~((2%I)*c)]*x~(3/2)*PolyLogl[4, -((a*xE™(I*(2%
c + d*Sqrt[x])))/(I*bxE~(Ixc) + Sqrt[(a”2 - b 2)*E~((2%I)*c)]))] + 420*a~2x
d~4#E” (I*c)*x~2*PolyLog[4, -((a*xE~(I*(2*c + d*Sqrt([x])))/(I*b*E~(I*c) + Sqr
t[(a”™2 - b™2)*E~((2*%I)*c)]))] - 210%b~2*d"4*E~ (I*c)*x~2*PolyLog[4, -((a*xE~(
I*x(2*%c + d*Sqrt[x])))/(I*b*xE~(I*c) + Sqrtl[(a”™2 - b™2)*E~((2xI)*c)]))] + (25
20*I)*bxd~2*%Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x*PolyLog[5, (I*axE~(I*(2*c + d*S
qrt[x])))/(b*xE~(I*c) + IxSqrtl[(a”2 - b 2)*E~((2+¥I)*c)])] - (1680%I)*a~2xd"3
*E~ (I*c)*x~(3/2)*PolyLog[5, (I*axE~(I*(2xc + dxSqrt[x])))/(b*E~(I*c) + IxSq
rt[(a”2 - b"2)*E~((2%I)*c)])] + (840%I)*b~2xd~3*E~ (I*c)*x~(3/2)*PolyLogl[5,
(Ixa*xE~ (I*x(2xc + d*Sqrt[x])))/(b*xE~(I*c) + IxSqrt[(a”2 - b 2)*E~((2*I)*c)])
1 + (2520%I)*b*d~2*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x*PolyLog[5, -((a*xE™(I*(2*
c + d*Sqrt[x])))/(I*xbxE~(I*c) + Sqrtl[(a”2 - b 2)*E~((2*¥I)*c)]))] + (1680%I)
*a”~2xd"3*%E” (Ixc)*x~ (3/2)*PolyLog[5, -((a*xE~(I*(2*c + d*Sqrt([x])))/(I*b*E~(I
xc) + Sqrt[(a”2 - b"2)*E~((2*I)*c)]))] - (840%*I)*b~2xd~3*E~(I*c)*x"(3/2)*Po
lyLog[5, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrtl[(a™2 - b~2)*E" ((
2¥I)*c)]))] - 5040*b*d*Sqrt[(a”2 - b"2)*E~((2xI)*c)]*Sqrt[x]*PolyLog[6, (Ix*
axE” (I*(2%c + d*Sqrt[x])))/(b*E~(Ixc) + IxSqrt[(a™2 - b72)*E~((2xI)*c)])] +
5040*a~2*xd"2*E" (I*c)*x*PolyLog[6, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*xE~(I*c)
+ I*xSqrt[(a”2 - b™2)*E~((2*I)*c)])] - 2520%b~2*d~2+E~ (I*c)*x*PolyLog[6, (I
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xa*E~ (I*(2xc + d*Sqrt[x])))/(b*E~(Ixc) + I*Sqrt[(a”2 - b~2)*E~((2*I)*c)])]
- 5040*b*d*Sqrt[(a™2 - b72)*E~((2*I)*c)]*Sqrt [x]*PolyLogl[6, -((a*E~(I*(2*c
+ d*Sqrt [x])))/(I*xb*E~(Ixc) + Sqrtl(a™2 - b 2)*E~((2%I)*c)]))] - 5040%a~2xd
“2+E” (I*c)*x*PolyLog[6, —((a*E~(I*x(2xc + d*Sqrt[x])))/(Ixb*E~(I*c) + Sqrtl[(
a”2 - b 2)*E~((2*I)*c)]))] + 2520%b~2xd"2+E~ (I*c)*x*PolyLog[6, -((a*E~(I*(2
xc + dxSqrt[x])))/(I*xb*E~(I*c) + Sqrt[(a”2 - b~2)*E~((2*I)*c)]))] - (5040%*I
)*¥bxSqrt[(a™2 - b72)*E~((2%xI)*c)]*PolyLog[7, (I*axE~(I*(2*c + d*xSqrt[x])))/
(b*E~(I*c) + I*Sqrt[(a”2 - b"2)*E~((2*I)*c)])] + (10080%I)*a~2xd*E~ (I*c)*Sq
rt [x]*PolyLog[7, (I*a*xE~(I*(2*c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a™2 - b
“2)*ET((2%I)*c)])] - (5040%I)*b~2+d*E~(I*c)*Sqrt [x]*PolyLogl[7, (IxaxE~(I*(2
xc + dxSqrt[x])))/(b*xE~(I*xc) + IxSqrtl[(a”2 - b~2)*E~((2%I)*c)])] - (5040%I)
*bxSqrt[(a”2 - b™2)*E~((2+I)*c)]1*PolyLog[7, -((a*E™(I*(2*c + d*Sqrt[x])))/(
I*b*E~(I*c) + Sqrtl[(a”™2 - b™2)*E~((2xI)*c)]))] - (10080%I)*a~2xd*E~ (I*c)*Sq
rt [x]*PolyLog[7, -((a*xE~(I*(2*c + d*Sqrt(x])))/(I*b*E~(I*c) + Sqrt[(a™2 - b
“2)*xET((2%I)*c)]))] + (5040%I)*b~2*xd*E~ (I*c)*Sqrt [x]*PolyLogl[7, -((a*xE~(I*(
2xc + d*Sqrt[x])))/(I*bxE~(I*c) + Sqrtl[(a™2 - b~2)*E~((2xI)*c)]))] - 10080%
a”2xE”~ (Ixc)*PolyLog[8, (I*a*E~(I*(2*c + dxSqrt[x])))/(b*E~(I*c) + I*Sqrt[(a
T2 - bT2)*ET((2%I)*c)])] + B5040*b~2+E” (I*c)*PolyLog[8, (I*axE~(I*(2*c + d*S
qrt[x])))/(b*E~(Ixc) + IxSqrtl[(a™2 - b™2)*E~((2%xI)*c)])] + 10080*a~2*E~ (Ixc
)*PolyLog[8, -((a*E~(Ix(2*c + d*Sqrt[x])))/(Ixb*E~(I*c) + Sqrt[(a”2 - b~2)*
E~((2%I)*c)]1))] - 5040%b"2*E~ (I*c)*PolyLog[8, -((a*xE~(I*(2*c + d*Sqrt([x])))
/ (I¥b*xE~(I*c) + Sqrt[(a™2 - b 2)*E~((2*I)*c)]1))]1))/(d~7*E~ (I*c)*Sqrt[(a”2 -
b 2)*E~((2%I)*c)]))*(b + a*Sin[c + d*Sqrt[x]]1)"2)/(a"2x(a”2 - b~2)*d*(-1 +
E7((2xI)*c))*(a + b*Csclc + d*Sqrt[x]])~2) + (Csclc/2]*Csclc + dxSqrt[x]]~
2xSec[c/2]*(b + a*Sin[c + d*Sqrt[x]])*(-(b~3*x~(7/2)*Cos[c]) - a*b™2xx~(7/2
)*Sin[d*Sqrt[x]]))/(a"2*(-a + b)x(a + b)*d*x(a + b*Csc[c + d*Sqrt[x]])~2)

Maple [F] time = 0.25, size = 0, normalized size = 0.

fx3 (a +bese (c + dﬁ))_z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3/(at+b*csc(c+d*x~(1/2)))"2,x)

[Out] int(x~3/(a+b*csc(c+d*x~(1/2)))"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

X3

b2 csc (d\/E + c)z +2abesc (d\/E + c) r a2

integral X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(x~3/(b~2*csc(d*sqrt(x) + c)~2 + 2*axbxcsc(d*sqrt(x) + c) + a~2), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

3

a 5 dx
f (a +besc (c + d\ﬁ))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3/(atb*csc(c+d*x**(1/2)))**2,x)

[Out] Integral(x**3/(a + b*csc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
3

a 5 dx
f (b csce (d\/E+ c) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(x~3/(b*csc(d*sqrt(x) + c) + a)~2, x)
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2

3.47 . d
f (a+b csc(c+d\/§))2 *

Optimal. Leaf size=2385

result too large to display

[Out] ((-2*I)*b~2xx~(5/2))/(a"2x(a”2 - b~2)*d) + x~3/(3*a"2) + (10*¥b~2xx"2*xLog[1
+ (a*xE~(I*(c + d*Sqrt[x])))/(Ixb - Sqrt[a”2 - b~2])])/(a"2*(a"2 - b~2)*d"2)
+ (10%b~2*x"2xLog[1 + (a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrtl[a™2 - b~2])]1)/
(a”2x(a”2 - b™2)*d"2) - ((2*I)*b~3*x~(5/2)*Logl[l - (I*a*xE~(I*(c + d*Sqrt[x]
)))/ (b - Sgrt[-a”2 + b"2])])/(a"2x(-a"2 + b~2)7(3/2)*d) + ((4*I)*bxx~(5/2)*
Logl[l - (Ixa*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2
+ b72]*d) + ((2%I)*b~3*x~(5/2)*Log[l - (Ixa*xE~(I*(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])]1)/(a"2*x(-a"2 + b~2)7(3/2)*d) - ((4*I)*b*xx~(5/2)*Logl[l - (Ix
a*E~ (I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a"2 + b~2]*d)
- ((40%I)*b~2xx~(3/2)*PolyLog[2, -((a*E~(I*(c + d*Sqrt([x])))/(I*b - Sqrt[a”
2 - b 2]))1)/(a"2*(a”2 - b72)*d"3) - ((40*I)*b~2xx~(3/2)*PolyLog[2, -((axE”
(Ix(c + d*Sqrt[x])))/(Ixb + Sqrt[a™2 - b72]))]1)/(a"2*x(a”2 - b~2)*d~3) - (10
*b~3*x"2*%PolyLog[2, (I*a*E~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a
“2x(-a”2 + b72)7(3/2)*d"2) + (20*bxx"2*PolyLog[2, (I*a*xE~(I*(c + dxSqrt[x])
))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a”2 + b~2]1*d"2) + (10*b~3*x"2*PolyLo
gl2, (I*xa*xE~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2x(-a"2 + b~2)
~(3/2)*d"2) - (20*%b*xx~2xPolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a
"2 + b"2])]1)/(a"2xSqrt[-a”2 + b~2]*d"2) + (120%b~2*x*PolyLogl[3, -((a*E~(I*(
c + dxSqrt[x])))/(Ixb - Sqrt[a™2 - b~2]))]1)/(a"2*x(a"2 - b™2)*d"4) + (120%b~
2%xxPolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b72]1))1)/(a~2%
(2”2 - b™2)*d"4) - ((40*I)*b~3*x~(3/2)*PolylLogl[3, (Ixa*E~(Ix(c + d*Sqrt[x])
))/(b - Sqrt[-a”2 + b™2])])/(a™2*(-a"2 + b72)7(3/2)*d"3) + ((80*I)*b*x~(3/2
)*PolyLog[3, (I*a*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a~2*Sqrt
[-a™2 + b~™2]*d"3) + ((40*I)*b~3*x~(3/2)*PolyLogl[3, (I*a*xE~(I*(c + dxSqrt[x]
)))/(b + Sgrt[-a~2 + b~2])]1)/(a"2*(-a~2 + b~2)~(3/2)*d"3) - ((80*I)*bxx"(3/
2)*PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a"2 + b~2])])/(a"2*Sqr
t[-a”2 + b72]*d"3) + ((240*I)*b~2*Sqrt[x]*PolyLogl[4, -((a*E~(I*(c + d*Sqrtl[
x1)))/(I¥b - Sgrtla”2 - b™2]1))1)/(a"2*%(a"2 - b~2)*d"5) + ((240%I)*b~2xSqrt [
x]*PolyLog[4, -((a*xE~(Ix(c + d*Sqrt[x])))/(I*b + Sqrtl[a™2 - b~2]))]1)/(a~2*(
a”2 - b"2)*d"5) + (120%b~3*x*PolyLog[4, (I*axE~(Ix(c + d*Sqrt([x])))/(b - Sq
rt[-a”2 + b72])])/(a"2x(-a"2 + b~2)"(3/2)*d"4) - (240*b*x*PolyLog[4, (IxaxE
“(Ix(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"4) -
(120*%b~3*x*PolyLog[4, (I*a*xE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])
/(a”2*%(-a"2 + b~2)7(3/2)*d"4) + (240xb*x*PolyLog[4, (I*axE~(I*(c + d*Sqrtlx
1)))/(b + Sqrt[-a~2 + b~2])])/(a"2%Sqrt[-a~2 + b~2]*d~4) - (240%b~2%PolyLog
[5, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sgrt[a™2 - b~2]1))]1)/(a"2*(a"2 - b~2)
xd~6) - (240%b~2xPolyLogl[5, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b
~21))1)/(@"2%(a”2 - b72)*d"6) + ((240%I)*b~3*Sqrt[x]*PolyLogl[5, (Ixa*xE~(I*(
c + dxSqrt[x])))/(b - Sqrt[-a™2 + b~2])])/(a"2*%(-a"2 + b~2)7(3/2)*d"5) - ((
480%*I)*bxSqrt [x] *PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~
21)1)/(a"2xSqrt[-a”2 + b~2]*d"5) - ((240%I)*b~3*Sqrt[x]*PolyLogl[5, (I*a*E~(
Ix(c + d*Sqrt[x])))/(b + Sgrt[-a”2 + b~2])]1)/(a"2*x(-a"2 + b~2)"(3/2)*d"5) +
((480%I)*b*xSqrt [x]*PolyLog[5, (I*xa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 +
b~2])]1)/(a"2xSqrt[-a”2 + b~2]*d"5) - (240%b~3*PolyLog[6, (I*a*xE~(I*(c + dx
Sqrt[x1)))/(b - Sqrt[-a~2 + b72]1)]1)/(a"2x(-a"2 + b~2)~(3/2)*d"6) + (480xb*P
olyLogl[6, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a
"2 + b"2]*d"6) + (240%b~3*PolyLogl[6, (I*axE~(Ix(c + d*Sqrt[x])))/(b + Sqrt[
-a”2 + b72])]1)/(a"2%(-a"2 + b~2)7(3/2)*d"6) - (480*b*PolyLogl6, (I*xa*xE~(I*(
c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"6) - (2*b
~2xx7(56/2)*Cos[c + d*Sqrt[x]])/(a*x(a”2 - b~2)*d*(b + a*Sin[c + d*Sqrt[x]]))
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Rubi [A] time = 3.36195, antiderivative size = 2385, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 49, number of rules used = 11, integrand size = 20, /e
integrand size

= 0.55, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2531, 6609, 2282, 6589, 4521}

result too large to display

Antiderivative was successfully verified.

[In] Int[x~2/(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] ((-2*I)*b~2xx~(5/2))/(a"2x(a”2 - b~2)*d) + x~3/(3*%a"2) + (10%b~2xx"2*xLog[1
+ (axE~(I*(c + d*Sqrt[x])))/(Ixb - Sqrtla”2 - b~2])]1)/(a"2*(a”2 - b~2)*d"2)
+ (10%b~2*x"2*Log[1 + (a*xE~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a”2 - b~2])]1)/
(a”2%(a”2 - b~2)*xd"2) - ((2*xI)*b~3*x~(5/2)*Log[1l - (I*a*xE~(I*(c + d*Sqrt[x]
)))/ (b - Sgrt[-a~2 + b72])]1)/(a"2*x(-a"2 + b~2)"(3/2)*d) + ((4*I)*bxx~(5/2)*
Log[1l - (IxaxE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2xSqrt[-a~2
+ b72]*d) + ((2*I)*b~3*x~(5/2)*Log[1 - (I*axE~(Ix(c + d*Sqrt[x])))/(b + Sq
rt[-a”2 + b72])])/(a"2x(-a"2 + b~2)7(3/2)*d) - ((4*I)*b*x~(5/2)*Logll - (Ix*
a*E~(Ix(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]*d)
- ((40*I)*b~2*x~(3/2)*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrtl[a”
2 - b72]))]) /(@™ 2x(a”2 - b™2)*d"3) - ((40*I)*b~2*x~(3/2)*PolyLog[2, -((a*E™
(Ix(c + d*Sqrt[x]1)))/(Ixb + Sqrtl[a”2 - b~2]))])/(a"2*(a"2 - b~2)*d"3) - (10
*xb~3*%x"2*%PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a
“2%(-a”2 + b”2)7(3/2)*d"2) + (20%b*x"2*PolyLog[2, (I*a*E~(Ix(c + d*Sqrt([x])
))/(b - Sqrt[-a~2 + b~2])])/(a"2xSqrt[-a"2 + b~2]*d"2) + (10*b~3*x~2xPolyLo
gl2, (I*xaxE~(I*(c + dxSqrtl[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2x(-a"2 + b~2)
~(3/2)*d72) - (20*b*x~2*PolyLog[2, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a
2 + b"2])]1)/(a”2xSqrt[-a”2 + b"2]*d"2) + (120%b~2*x*PolyLogl3, -((a*E™(I*(
c + dxSqrt[x])))/(Ixb - Sqrt[a”™2 - b72]))]1)/(a"2%x(a"2 - b"2)*d"4) + (120%b~
2*xx*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))])/(a~2x
(a”2 - b72)*d"4) - ((40%I)*b~3*x~(3/2)*PolyLogl[3, (I*a*xE~(I*(c + dxSqrt[x])
))/(b - Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)"(3/2)*d"3) + ((80*I)*b*x~(3/2
)*PolyLog[3, (I*a*E~(Ix(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b72])])/(a"2*Sqrt
[-a”2 + b~2]*d"3) + ((40*I)*b~3*x~(3/2)*PolyLogl[3, (I*a*E~(Ix(c + dxSqrt[x]
)))/ (b + Sgrt[-a”2 + b™2])1)/(a™2*%(-a”2 + b~2)7(3/2)*d"3) - ((80*I)*b*x"(3/
2)*PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])]1)/(a~2*Sqr
t[-a”2 + b72]*d"3) + ((240%I)*b~2*Sqrt[x]*PolyLogl[4, -((a*E~(I*(c + d*Sqrtl[
x]1)))/(I*b - Sqrtla”2 - b™2]1))1)/(a"2*(a”2 - b~2)*d"5) + ((240%I)*b~2%Sqrt [
x]*PolyLog[4, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrtl[a™2 - b72]))]1)/(a~2x(
a”2 - b72)*d"5) + (120%b~3xx*PolyLogl[4, (I*a*E~(Ix(c + d*Sqrt[x])))/(b - Sq
rt[-a”2 + b"2])]1)/(a"2x(-a"2 + b~2)7(3/2)*d"4) - (240*b*x*PolyLogl[4, (IxaxE
“(Ix(c + d*Sqrt[x]1)))/(b - Sqrt[-a”2 + b~2])])/(a"2%Sqrt[-a~2 + b~2]*d~4) -
(120*%b~3*x*PolyLog[4, (I*a*E™(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]1)1)
/(a”2*%(-a"2 + b~2)7(3/2)*d"4) + (240*b*x*PolyLog[4, (I*a*xE~(I*(c + d*Sqrtl[x
1)))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d"4) - (240%b~2*PolyLog
[5, -((a*xE~(I*(c + dxSqrt[x])))/(I*b - Sqrt[a™2 - b"2]))])/(a"2x(a"2 - b~2)
*d~6) - (240xb~2*PolyLogl[5, -((a*xE~(I*(c + d*Sqrt([x])))/(I*b + Sqrt[a™2 - b
~2]1))1) /(@™ 2x(a”2 - b~2)*d"6) + ((240*I)*b~3*Sqrt[x]*PolyLogl[5, (I*xa*xE~(I*(
c + dxSqrt[x]1)))/(b - Sqrtl[-a~2 + b~2])])/(a"2*%(-a"2 + b~2)7(3/2)*d"5) - ((
480*I)*bxSqrt [x] *PolyLog[5, (I*a*E~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~
2]1)1)/(a"2xSqrt[-a”2 + b~2]*d"5) - ((240%I)*b~3*Sqrt[x]*PolyLogl[5, (I*a*xE™(
Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*(-a"2 + b~2)~(3/2)*d"5) +
((480*I)*b*Sqrt [x]*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 +
b~2])])/(a"2xSqrt[-a”2 + b~2]*d"5) - (240*b~3*PolyLog[6, (I*a*xE~(I*(c + dx
Sqrt[x]1)))/(b - Sqrt[-a~2 + b~2]1)]1)/(a"2x(-a"2 + b~2)"(3/2)*d"6) + (480xbxP
olyLog[6, (I*a*E~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a~2*Sqrt[-a
"2 + b72]*d"6) + (240%b~3*PolyLogl6, (Ixa*xE~(Ix*(c + d*Sqrt[x])))/(b + Sqrtl
—a”2 + b°21)1)/(a"2%(-a"2 + b~2)~(3/2)*d"6) - (480%b*PolyLogl6, (Ixa*E~(I*(
c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a"2 + b~2]*d"6) - (2*b
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~2xx”~(5/2)*Cos[c + d*Sqrt[x]])/(a*x(a”2 - b"2)*d*(b + a*Sin[c + d*Sqrt[x]]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +
f*x])), x] + (Dist[a/(a”2 - b™2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[(b*d*m)/(f*(a”2 - b72)), Int[((c + d*x)~(m - 1)*Cos[e + f*xx])/(a
+ bxSin[e + f*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E"(Ix(e + fx*xx)))/(Ixb + 2*%a*xE~(I*(e + f*x
)) - I*b*E”(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m¥F~u)/(b - q + 2*cxF~u), x], x] - Dist[(2*c)/q, Int[((f + g*x)~
m*F u) /(b + q + 2%cxF~u), x], x]] /; FreeQ[{F, a, b, ¢, f, g}, x] && EqQ[v,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_.)*((e_.) + (£_)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_I*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_)*((F_)"((c_.)*((a_.) + (b_)*x(x_))))"(n_)I*x((£_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)"(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609
Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
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)*(x_))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*x(F~(cx(a
+ b*x)))"pl)/ (b*cxpxLog[F]), x] - Dist[(f*m)/(bxcxpxLogl[F]), Int[(e + fxx)~
(m - 1)*PolyLogln + 1, d*(F~(cx(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c,
d, e, £, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] &% IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 4521

Int[(Cos[(c_.) + (d_.)*(x_)]*((e_.) + (f_.)*x(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(I*(e + f*x)"(m + 1))/(b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x) " m*¥E"(I*x(c + d*x)))/(I*a - Rt[-a"2 + b2, 2]
+ b*E"(Ix(c + d*x))), x], x] + Dist[I, Int[((e + f*x) m*E~(I*x(c + dx*xx)))/(
I*a + Rt[-a"2 + b™2, 2] + b*E~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d,
e, £}, x] &% IGtQ[m, 0] && NegQ[a"2 - b~2]

Rubi steps
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x2

f (a +besc (c + d\/E))

5

f (a + besc(c + dx))?
5 2.5 5
= 2 Subst (f(z + bx 2l?x ) dx, x, \/E)

a’(b+a sm(c +dx)?2  a2(b + asin(c + dx))

2 2
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2ib?x5? x3 ib-Va2—p2 ib+Va2— 12 ) 2
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106°x2 log (1 + ) 10b%x? log (1 +

2ib?x52 NP2 PN
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i(c+dyR)

z(c+d\/})
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2ib? x5 x3 b2 12 ) 106 log (1 " m
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s T ) @

m i 3a2 " a2 (az - bz) d? i a2 (a2 - b2) d?

10622 log (1 + ) 10222 log (1 +

Mathematica [A] time = 14.0905, size = 2829, normalized size = 1.19

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integrate[x™2/(a + bxCsclc + d*Sqrt[x]])~2,x]
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[Out] (x"3*Csclc + dxSqrt[x]]1~2*(b + a*Sin[c + d*Sqrt[x]])~2)/(3*a~2*(a + bx*Csclc
+ d*Sqrt[x]11)72) - ((2*I)*b*E~(I*c)*Csclc + d*Sqrt[x]] 2% (2xb*E~ (I*c)*x~ (5
/2) = ((-1 + E7((2*I)*c))*((-5*I)*b*d~4xSqrt[(a”2 - b72)*E~ ((2%I)*c)]*x~2*L
ogll + (a*E~(I*(2xc + dxSqrt[x])))/(I*bxE~(I*c) - Sqrtl[(a™2 - b~2)*E~((2xI)
xc)])] + (2*I)*a”2*%d"6*xE~(I*c)*x~(5/2)*Logl[l + (a*xE~(I*(2*c + d*Sqrt[x])))/
(I*b*E~(I*c) - Sqrtl[(a”2 - b"2)*E~((2*%I)*c)])] - I*b~2*d 5*E~ (I*c)*x~(5/2)*
Logl[1l + (a*E~(I*(2xc + dxSqrt[x])))/(I*b*E~(I*c) - Sqrt[(a”2 - b72)*E~((2*I
)*c)])] - (6xI)*b*xd~4*Sqrt[(a”2 - b 2)*E~((2*I)*c)]*x"2xLog[1 + (a*E~(Ix*(2%
c + d*Sqrt[x])))/(Ixb*E~(I*c) + Sqrtl[(a”2 - b 2)*E~((2*I)*c)])] - (2xI)*a"2
*xd"B*E~ (I*c)*x~(5/2)*Log[1 + (a*E~(Ix(2xc + d*Sqrt[x])))/(Ixb*E~(I*c) + Sqr
t[(a™2 - b™2)*E~((2*%I)*c)])] + I*b~2xd"5xE~(Ixc)*x~(5/2)*Logl[l + (a*xE~(I*(2
xc + d*Sqrt[x])))/(IxbxE~(Ixc) + Sqrt[(a”2 - b 2)*E~((2*I)*c)])] - 5*xd"3*(4
*xb*xSqrt[(a”2 - b72)*E~((2*I)*c)] - 2%a”2xd*E~ (I*c)*Sqrt[x] + b~2*xd*E~(I*c)*
Sqrt [x])*x~(3/2)*PolylLog[2, (Ixa*E~(Ix(2xc + d*Sqrt[x])))/(b*xE~(I*c) + Ix*Sq
rt[(a”2 - b™2)*E~((2xI)*c)])] + 5xd~3*(-4*b*Sqrt[(a”2 - b 2)*E~((2*I)*c)] -
2%a~2xd*E” (I*xc)*Sqrt [x] + b~ 2xd*E~ (I*c)*Sqrt[x])*x~(3/2)*PolyLog[2, -((a*E
“(Ix(2%c + d*Sqrt[x])))/(Ixb*E~(I*c) + Sqrt[(a™2 - b™2)*E~((2*%I)*c)]))] - (
60*I)*bxd~2*xSqrt[(a”2 - b~2)*E~((2*I)*c)]*x*PolyLog[3, (I*axE~(I*(2*c + d*S
qrt[x])))/(b*E~(Ixc) + IxSqrt[(a™2 - b"2)*E~((2xI)*c)])] + (40*I)*a~2*d~3*E
“(Ixc)*x~(3/2)*PolyLog[3, (I*a*xE~(I*(2*c + d*Sqrt[x])))/(b*E~(Ixc) + I*Sqrt
[(@™2 - b™2)*E~((2%I)*c)]1)] - (20%I)*b~2xd~3*E~(I*c)*x~(3/2)*PolyLogl[3, (I
a*E” (I*(2%c + d*Sqrt[x])))/(b*E~(I*c) + IxSqrtl[(a”2 - b 2)*E~((2*I)*c)])] -
(60*%I)*xb*d~2xSqrt [(a”2 - b72)*E~ ((2%I)*c)]*x*PolyLog[3, -((a*E~(I*x(2%c + d
xSqrt [x])) )/ (Ixb*xE~(I*c) + Sqrt[(a™2 - b 2)*E~((2%I)*c)]))] - (40*I)*a”~2xd”
3*xE~ (I*c)*x~(3/2)*PolyLog[3, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*xE~(I*c) + S
grt[(a”™2 - b™2)*E~((2%xI)*c)]1))] + (20%I)*b~2xd"3*E~(Ixc)*x~(3/2)*PolyLogl3,
-((a*xE~(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrtl[(a”2 - b~2)*E~((2*I)*c)]
))] + 120*b*d*Sqrt[(a™2 - b™2)*E~((2*I)*c)]*Sqrt[x]*PolyLog[4, (Ixa*E~(I*(2
xc + d*Sqrt[x])))/(b*xE~(I*c) + I*Sqrtl(a”2 - b 2)*E~((2%I)*c)])] - 120%a~2x
d"24E” (I*c)*x*PolyLog[4, (Ixa*E~(I*(2xc + d*Sqrt[x])))/(b*E~(I*c) + IxSqrtl[
(a”2 - b"2)*E~((2%I)*c)])] + 60%b~2*%d"2*xE~(I*c)*x*PolyLogl[4, (I*a*E~(I*(2xc
+ d*Sqrt[x])))/(b*E~(I*c) + IxSqrtl[(a”2 - b™2)*E~((2xI)*c)])] + 120*bxd*Sq
rt[(a”2 - b72)*E~ ((2%I)*c)]*Sqrt[x]*PolyLog[4, -((a*E~(I*(2%c + d*Sqrtl[x]))
)/ (I¥b*xE~(I*c) + Sqrt[(a”™2 - b"2)*E~((2%xI)*c)]))] + 120%a”2xd~2*E~ (I*c)*x*P
olyLog[4, -((a*E~(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b~2)*E"(
(2%xI)*c)]))] - 60%b~2xd"2+E~ (I*c)*x*PolyLog[4, -((a*E~(I*(2*c + d*Sqrt([x]))
)/ (I*xb*E~ (I*c) + Sqrtl[(a”2 - b™2)*E~((2%I)*c)]))] + (120%I)*b*Sqrt[(a”2 - b
“2)*E~ ((2*%I)*c)]*PolyLog[5, (I*a*E~(I*(2*c + d*Sqrt([x])))/(b*E™(I*c) + I*Sq
rt[(a”2 - b"2)*E~((2%I)*c)])] - (240%I)*a”2*d*E~(I*c)*Sqrt[x]*PolyLog[5, (I
*xa*E” (Ix(2xc + d*Sqrt[x])))/(b*xE~(I*c) + I*Sqrt[(a”2 - b 2)*E~((2%I)*c)])]
+ (120*I)*b~2*d*E~ (I*c)*Sqrt [x]*PolyLog[5, (I*axE~(I*(2*c + d*Sqrt[x])))/(b
*E~(Ixc) + IxSqrtl[(a™2 - b"2)*E~((2*I)*c)])] + (120%I)*bxSqrt[(a”2 - b~2)*E
~((2*%I)*c)]*PolyLog[5, -((a*E~(I*(2*c + dxSqrt[x])))/(I*b*E~(I*c) + Sqrtl(a
T2 - bT2)*ET((2%I)*c)]))] + (240%I)*a”2*d*E” (I*c)*Sqrt[x]*PolyLog[5, -((a*xE
“(I*x(2xc + dxSqrt[x])))/(I*b*E”(Ixc) + Sqrt[(a™2 - b™2)*E~((2%xI)*c)]1))] - (
120*I)*b~2*d*E~ (I*c)*Sqrt [x]*PolyLog[5, -((a*xE~(I*(2*c + d*Sqrt[x])))/(I*bx
E~(I*c) + Sqrtl[(a”2 - b™2)*E~((2*I)*c)]1))] + 240*a~2*E~(Ixc)*PolyLogl[6, (I*
axE~ (Ix(2%c + dxSqrt[x])))/(b*E~(I*c) + IxSqrt[(a”™2 - b"2)*E~((2*I)*c)])] -
120*b~2*E~ (I*c)*PolyLog[6, (I*a*E™(Ix(2*c + d*Sqrt[x])))/(b*E~(I*c) + I*Sq
rt[(a”2 - b"2)*E~((2%I)*c)])] - 240%a~2+E~ (I*c)*PolyLog[6, -((a*E~(I*(2*xc +
dxSqrt[x])))/(Ixb*xE~(I*c) + Sqrt[(a™2 - b~2)*E~((2%I)*c)]))] + 120%b~2xE~(
I*xc)*PolyLogl[6, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b~
2)*E~((2*%I)*c)]))]1))/(d"B*E™ (I*c)*Sqrt[(a™2 - b™2)*E~((2%I)*c)]))*(b + ax3i
nlc + d*Sqrt[x]])"2)/(a"2*(a”2 - b~2)*d*(-1 + E~((2*I)*c))*(a + bxCsclc + d
xSqrt [x]])72) + (Csclc/2]*Csclc + d*Sqrt[x]]~2xSec[c/2]*(b + axSin[c + dx*Sq
rt[x]])*(-(b~3*x~(5/2)*Cos[c]) - a*xb~2*x~(5/2)*Sin[d*Sqrt[x]]))/(a~2*(-a +
b)*(a + b)*d*(a + b*Csclc + d*Sqrt[x]])~2)




197

Maple [F] time = 0.242, size = 0, normalized size = 0.

fxz (a +bcese (c + dﬁ))_z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2/(a+b*csc(c+d*x~(1/2)))"2,x)

[Out] int(x"2/(a+b*csc(c+d*x~(1/2)))"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

x2

b? csc (d\/§+c)2 +2abcsc (d\/§+c) + az’x

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(x~2/(b"2*csc(d*sqrt(x) + c)~2 + 2*axb*csc(d*sqrt(x) + c) + a™2), x
)

Sympy [F] time = 0., size = 0, normalized size = 0.

2

. 5 dx
f (a + bcse (c + d\/E))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2/(at+b*csc(c+d*x**(1/2)))**2,x)

[Out] Integral(x*x2/(a + b*csc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

2

a 5 dx
f (b csc (d\/E+ c) + a)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(x~2/(b*csc(d*sqrt(x) + c) + a)~2, x)
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3.48 . d
f (a+b csc(c+d\/§))2 *

Optimal. Leaf size=1565

result too large to display

[Out] ((-2%I)*b~2*x~(3/2))/(a"2*(a"2 - b~2)*d) + x72/(2xa~2) + (6xb~2*x*Log[1l + (
a*E~ (I*(c + d*Sqrt[x])))/(Ixb - Sqrt[a™2 - b~2]1)])/(a"2*(a"2 - b~2)*d"2) +
(6%b~2xx*Log[1 + (a*xE~(I*(c + d*Sqrt[x])))/(I*b + Sqrtl[a™2 - b~2])]1)/(a~2%(
a”2 - b72)*xd"2) - ((2*I)*b~3*x~(3/2)*Log[l - (I*axE~(I*(c + d*Sqrtl[x])))/(b
- Sqrt[-a”2 + b72])])/(a"2*(-a"2 + b~2)"(3/2)*d) + ((4xI)*bxx~(3/2)*Logl1
- (I*a*E~(I*(c + d*Sqrt[x]1)))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a”2 + b2
1*xd) + ((2xI)*b~3*x~(3/2)*Logl[l - (I*a*xE~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~
2 + b72])]1)/(a"2x(-a"2 + b72)"(3/2)*d) - ((4*I)*bxx~(3/2)*Logl[l - (I*xaxE~(I
x(c + dxSqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d) - ((12
*I1)*b~2xSqrt [x] *PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~
21))1)/(a"2+%(a”2 - b72)*d"3) - ((12%I)*b~2*Sqrt[x]*PolyLog[2, -((a*E~(I*(c
+ d*xSqrt[x])))/(I*b + Sqrt[a™2 - b~2]))])/(a"2*%(a”2 - b72)*d"3) - (6*b~3*x*
PolyLog[2, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*x(-a"2
+ b72)7(3/2)*d72) + (12%b*xxPolyLog[2, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqr
t[-a”2 + b72])])/(a"2xSqrt[-a”2 + b~2]*d"2) + (6%b~3*x*PolyLog[2, (I*axE~(I
x(c + d*Sqrt[x])))/(b + Sqrt[-a"2 + b"2])])/(a"2*(-a"2 + b~2)"(3/2)*d"2) -
(12xb*x*PolyLog[2, (Ixa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2]1)1)/(a"
2x3qrt[-a”2 + b"2]*d"2) + (12%b~2xPolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I
xb - Sqrt[a™2 - b72]))])/(a"2%x(a"2 - b"2)*d"4) + (12%b~2xPolyLogl[3, -((axE~”
(I*x(c + dxSqrt[x])))/(Ixb + Sqrt[a™2 - b72]))])/(a"2x(a"2 - b"2)*d"4) - ((1
2*I)*b~3*Sqrt [x] *PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~
21)1)/(@"2x(-a"2 + b~2)7(3/2)*d"3) + ((24*I)*b*Sqrt[x]*PolyLogl[3, (I*a*xE~(I
*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"3) + ((
12xI) *xb~3*Sqrt [x] *PolyLog[3, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b
~21)1)/(a”2*(-a"2 + b~2)7(3/2)*d"3) - ((24*I)*bxSqrt[x]*PolyLogl[3, (I*a*E~(
Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"3) + (
12xb~3*PolyLog[4, (I*axE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2
x(-a”2 + b72)7(3/2)*d"4) - (24xb*PolylLogl[4, (Ixa*E~(Ix(c + d*xSqrt[x])))/(b
- Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*xd"4) - (12*b~3*PolyLogl[4, (Ixax
E~(I*x(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)~(3/2)*d"4
) + (24xbxPolyLogl4, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])]1)/(
a"2xSqrt[-a”2 + b72]*d"4) - (2xb~2*xx~(3/2)*Cos[c + d*Sqrtl[x]])/(ax(a"2 - b~
2)*d*(b + a*Sin[c + d*Sqrt[x]]))

Rubi [A] time = 2.69939, antiderivative size = 1565, normalized size of antiderivative =

. . b f rul
1., number of steps used = 37, number of rules used = 11, integrand size = 18, ==
integrand size

= 0.611, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2531, 6609, 2282, 6589, 4521}

result too large to display

Antiderivative was successfully verified.

[In] Int[x/(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] ((-2xI)*b~2%x~(3/2))/(a"2*(a"2 - b~2)*d) + x~2/(2*a"2) + (6*%b~2xx*Log[l + (
a*E~ (I*x(c + dxSqrt[x])))/(Ixb - Sqrt[a”™2 - b"2])])/(a"2*%(a"2 - b™2)*d"2) +
(6xb~2xx*Log[1 + (a*xE~(I*(c + d*Sqrt[x])))/(I*b + Sqrtl[a”2 - b~2])]1)/(a~2%(

a”2 - b"2)*d"2) - ((2*I)*b~3*x~(3/2)*Logl[l - (I*axE~(Ix(c + d*Sqrt([x])))/(b

- Sqrt[-a”2 + b72])]1)/(a"2*(-a"2 + b~2)"(3/2)*d) + ((4xI)*bxx~(3/2)*Logl1

- (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a"2 + b~2
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1*xd) + ((2xI)*b~3*x~(3/2)*Logl[l - (I*a*xE~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a"
2 + b72])]1)/(a"2x(-a"2 + b72)"(3/2)*d) - ((4*I)*bxx~(3/2)*Logl[l - (I*xaxE~(I
x(c + dxSqrt[x])))/(b + Sqrt[-a~"2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d) - ((12
*x1)*b~2xSqrt [x] *PolyLog[2, -((a*E~(Ix(c + dxSqrt[x])))/(I*b - Sqrt[a™2 - b~
21))1)/(a"2*(a"2 - b72)*d"3) - ((12+I)*b~2*Sqrt[x]*PolyLog[2, -((a*E™(I*(c

+ dxSqrt[x])))/(Ixb + Sqrt[a™2 - b72]))])/(a"2*%(a”2 - b72)*d"3) - (6%xb~3*xx*
PolyLog[2, (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2x(-a"2

+ b72)7(3/2)*d72) + (12%b*x*xPolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqr
t[-a”2 + b72])])/(a"2xSqrt[-a”2 + b"2]*d"2) + (6%b~3*x*PolyLog[2, (I*axE~(I
x(c + dxSqrt[x])))/(b + Sqrt[-a"2 + b"2])])/(a"2*(-a"2 + b~2)"(3/2)*d"2) -

(12%b*x*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a”
2%Sqrt[-a”2 + b~2]*d"2) + (12%b~2xPolyLogl[3, -((a*E~(I*(c + d*Sqrt[x])))/(I
xb - Sqrtl[a™2 - b72]))])/(a"2%(a”2 - b"2)*d"4) + (12%b~2xPolyLogl[3, -((axE~”
(Ix(c + dxSqrt[x])))/(Ixb + Sqrt[a™2 - b72]))])/(a"2*x(a"2 - b"2)*d"4) - ((1
2*I)*b~3*%Sqrt [x] *PolyLog[3, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~
2]1)1)/(@"2x(-a"2 + b72)7(3/2)*d"3) + ((24*I)*bxSqrt[x]*PolyLogl3, (I*a*E~(I
*x(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]*d~3) + ((
12xI)*xb~3*Sqrt [x] *PolyLog[3, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b
~21)1)/(a"2*(-a”2 + b~2)7(3/2)*d"3) - ((24*I)*bxSqrt[x]*PolyLogl[3, (I*a*E~(
Ix(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d"3) + (
12¥b~3*PolyLog[4, (I*a*E~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2
x(-a”2 + b72)7(3/2)*%d"4) - (24xb*PolylLogl[4, (Ixa*E~(Ix(c + d*Sqrt[x])))/(b

- Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a"2 + b"2]*d"4) - (12*%b"3*PolyLog[4, (Ixax
E7(I*x(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)"(3/2)*d"4
) + (24*%bxPolyLog[4, (I*axE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])]1)/(
a~2xSqrt[-a”2 + b~2]*d"4) - (2¥b~2xx~(3/2)*Cos[c + d*Sqrt[x]])/(ax(a”2 - b~
2)*dx(b + a*xSin[c + d*xSqrt[x]]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +

f*x])), x] + (Distla/(a”2 - b"2), Int[(c + d*x)"m/(a + b*Sin[e + fx*x]), x],
x] - Dist[(b*d*m)/(f*x(a”"2 - b72)), Int[((c + d*x)"(m - 1)*Cos[e + fxx])/(a
+ bxSin[e + f*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E"(Ix(e + fx*x)))/(Ixb + 2*%a*xE~(I*(e + f*x
)) - I*b*E~(2%Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264
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Int [(FO)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)~(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g¥x) ™ m*F u)/(b - q + 2%c*F~u), xJ, x] - Dist[(2%c)/q, Int[((f + g*x)~
m¥F~u) /(b + q + 2*cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_)*(x_)))) " (n_D1*x((f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] & GtQ[m, 0]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
Y*(x_))))"(p_.)]1, x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/(b*cxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]l), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*x(F~(cx(a + bxx)))7pl, x1, x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_]l /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_)) " (p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 4521

Int[(Cos[(c_.) + (d_.)*x(x_)I*((e_.) + (f_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol]l :> -Simp[(I*(e + f*x)"(m + 1))/(b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x) " m*¥E~(I*(c + d*x)))/(I*a - Rt[-a"2 + b2, 2]
+ b*E~(Ix(c + d*x))), x], x] + Dist[I, Int[((e + f*x) m*xE~(Ix(c + d*x)))/(
I*a + Rt[-a"2 + b™2, 2] + b*E~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d,
e, £}, x] && IGtQ[m, 0] && NegQ[a"2 - b~2]

Rubi steps
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3
f (a + bese(c + dx))?
3 2,3 2y
:ZSubst(f(;c—z+ b bx ) dx,x,\/E)

a2(b + asin(c + dx))2  a2(b + asin(c + dx))

x3 x3
2 (4b) Subst ( f ———dx, x, \/E) . (2b2) Subst ( f v dx, x, \/§)

b+asin(c+dx)

5dx =2 Subst ( dx, x, \/E)

f (a +besc (c + d\/E))

T 222 a? a2
i(c+dx) 3
% 20%x%72 cos (c + d\/E) (8D) Subst (f ™ +2bei(ec+dx)_;ezi(c+dx) dx, x, \/E)
2¢% 4 (az —~ bz) d (b +asin (c + dﬁ)) a2
ez’(c+dx)
_ 2ib2x3/2 + x_z _ 2b2x3/2 COS (C + d\/%) B (4b3) Subst (f ia+2bei(c+dx) _
a2 (az - bz) d 2> g (az - bz) d (b +asin (c + d\/E)) a2 (az — b
i(c+d\/§) i(c+d\&)
2 ﬂe— 2 ae . 3/2
) Dil2 2 ) 2 ) 6b°x log (1 + ib_m) ) 6b°x log (1 + —in/m) ) 4ibx°'* lo;
a2 (az - bz) d 2a? a2 (az - bz) a2 a2 (az - bz) a2 a2\
i(c+dvk) i(c+dvk)
2 1 ae 2 1 ae 13 3/21
) il ) 2 ) 6b°x log (1 + ib_m) ) 6b°x log (1 + Z.b“/m) 2ib°x7= 1
az(az__bz)d 2a? a2(a2—-b2)d2 az(az__bz)dz aZ(—
i(c+d\/§) i(c+d\&)
2 ae 2 ae 13 3/2
) Dil2 2 ) 2 ) 6b“x log (1 + ib_m) ) 6b°x log (1 + ibﬂ/m) 2ib°x7= 1
a2 (az - bz) d 24a° a2 (a2 - bz) d? a2 (az - bz) d? 22 (_
i(c+dvk) i(c+dvx)
2xlog 1+ —— 2xlog(1+ ——| 2ib®x*?1
) Dil232 ) 2 ) 6b°x og( + a2—b2) ) 6b°xlog |1 + P ib°x”* Ic
a2 (a2 -12)d 207 a? (a2 - 1?) 2 a? (a2 - 12) 2 2 -
i(c+dﬁ) i(c+dﬁ)
2 1 ae 2 1 ae 213 3/21
) il ) 2 ) 6b°x log (1 + ib_m) ) 6b°x log (1 + l_b+m) 2ib°x"“ Ic
a2 (az _ bz) d 242 a2 (az _ bz) 42 a2 (a2 - bz) 42 2 (_
i(c+dvx) i(c+dvx)
2xlog(1+ = 2xlog 1+ = 2ib%x%21
w2 60 Og( * ib_m) ) orxlog(1+ )| 2Tl
a? (a2 -12)d 2% a? (a2 - b?) d2 a? (a2 - b?) d2 2 -

Mathematica [A] time = 14.4632, size = 1729, normalized size = 1.1

result too large to display

Warning: Unable to verify antiderivative.

[In] Integratel[x/(a + b*Csc[c + d*Sqrtlx]])~2,x]

[Out] (Csclc + d*Sqrt[x]]~2*(b + a*Sin[c + d*Sqrt[x]])=*(x"2*(b + a*Sin[c + dx*Sqrt
[x]1) - ((4%I)*b*((2%b*xd~3*E~ ((2*xI)*c)*x~(3/2)) /(-1 + E~((2%I)*c)) + ((3*I)
xb*d"2%Sqrt [(a”2 - b72)*E~((2%I)*c)]*x*Log[1l + (a*xE~(I*(2%c + d*xSqrt[x])))/
(Ixb*E~(I*c) - Sqrtl[(a”2 - b™2)*E~((2*I)*c)])] - (2%I)*a~2%d"~3*E~ (I*c)*x~ (3
/2)*Log[1 + (a*E~(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) - Sqrt[(a”2 - b~2)*E"(
(2%I)*c)])] + I*b~2xd"3*E~(I*c)*x”~(3/2)*Logl[l + (a*E~(I*x(2%c + d*Sqrtl[x])))
/ (I¥b*xE~(I*c) - Sqrt[(a™2 - b 2)*E~((2*I)*c)])] + (3*I)*bxd~2xSqrt[(a”2 - b
"2)*E” ((2%I)*c)]*x*Log[1 + (a*E~(I*(2*c + d*Sqrt[x])))/(I*bxE~(I*c) + Sqrt[
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(2”2 - b™2)*E"((2%I)*c)])] + (2+I)*a~2xd"3*E~(I*c)*x~(3/2)*Logl[l + (a*E~(Ix*
(2%c + d*Sqrt[x])))/(I*bxE~(Ixc) + Sqrt[(a™2 - b 2)*E~((2xI)*c)])] - Ixb~2x
d"3*E~ (I*c)*x~(3/2)*Log[1 + (a*xE~(I*(2%c + d*Sqrt[x])))/(IxbxE~(I*c) + Sqrt
[(a”2 - b"2)*E"((2+xI)*c)1)] + 3xdx(2xbxSqrt[(a™2 - b 2)*E"((2%I)*c)] - 2%a”
2%d*E~ (I*c)*Sqrt [x] + b~2*xd*E~(Ixc)*Sqrt[x])*Sqrt[x]*PolyLogl[2, (Ixa*xE™(Ix*(
2%c + d*Sqrt[x])))/(b*E~(I*c) + IxSqrt[(a”2 - b 2)*E~((2*I)*c)])] + 3*d* (2%
b*Sqrt[(a”2 - b 2)*E~((2+I)*c)] + 2*a~2*d*E~(Ixc)*Sqrt[x] - b 2*d*E™(I*c)*S
qrt [x])*Sqrt [x] *PolyLog[2, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqr
t[(a™2 - b"2)*E~((2%I)*c)]))] + (6%I)*b*Sqrt[(a~2 - b~2)*E~((2*I)*c)]*PolyL
ogl[3, (Ixa*E~(Ix(2xc + d*Sqrt[x])))/(b*xE~(I*c) + I*Sqrtl[(a”2 - b 2)*E~((2*I
Y*xc)1)] = (12*I)*a~2*xd*E~ (I*c)*Sqrt [x]*PolyLog[3, (I*axE~(I*(2*c + d*Sqrtl[x
1))/ (b*E~ (I*c) + IxSqrtl[(a”2 - b 2)*E~((2xI)*c)])] + (6*I)*b~2*d*E~(I*c)*S
qrt [x]*PolyLog[3, (I*axE~(I*(2%c + d*Sqrt[x]1)))/(b*E~(Ixc) + I*Sqrtl(a™2 -
b~2)*E~((2%I)*c)]1)] + (6xI)*b*Sqrt[(a”2 - b"2)*E~((2*I)*c)]*PolyLog[3, -((a
*E~ (Ix(2xc + d*Sqrt[x])))/(I*xbxE~(Ixc) + Sqrt[(a™2 - b 2)*E~((2%I)*c)]))] +

(12%I)*a~2*d*E~ (I*c)*Sqrt [x] *PolyLog[3, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b
*E~(I*xc) + Sqrt[(a™2 - b™2)*E~((2%I)*c)]1))] - (6%I)*b~2xd+E~(I*c)*Sqrt [x]*P
olyLog[3, -((a*E~(I*(2%c + d*Sqrt[x])))/(I*bxE~(I*c) + Sqrt[(a™2 - b 2)*E~(
(2%I)*c)1))] + 12%a~2*E~(I*c)*PolyLogl4, (I*a*E~(Ix(2xc + d*Sqrtlx])))/(b*E
~(Ixc) + IxSqrt[(a”2 - b™2)*E~((2%I)*c)])] - 6%b~2xE~(I*c)*PolyLogl[4, (I*ax
E~(I*(2%c + d*Sqrt[x])))/(b*E~(I*c) + IxSqrt[(a~2 - b 2)*E~((2xI)*c)])] - 1
2%a"2*E” (I*c)*PolyLog[4, -((a*E~(I*(2*c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[
(2”2 - b"2)*E~((2%I)*c)]))] + 6%b~2+E~(I*c)*PolyLog[4, -((a*E~(I*(2%c + dxS
qrt[x]1)))/ (I*b*E~(Ixc) + Sqrtl[(a™2 - b 2)*E~((2xI)*c)]))])/Sqrt[(a”2 - b72)
*E~((2%I)*c)])*(b + a*Sin[c + d*Sqrt[x]]))/((a”2 - b~2)*d"4) + (4xb~2xx~(3/
2)*Csc[c]*(b*Cos[c] + a*Sin[d*Sqrt[x]11))/((a - b)*(a + b)*d)))/(2xa~2*(a +
b*Csc[c + d*Sqrt[x]]1)~2)

Maple [F] time = 0.181, size = 0, normalized size = 0.

fx (a +bcsc (c + d\&))_z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x/(atb*xcsc(c+d*x~(1/2)))"2,x)

[Out] int(x/(a+b*csc(c+d*x~(1/2)))"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*csc(c+d*x~(1/2)))"2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

X

b2 csc (d\/E + c)z +2abesc (d\/E + c) r a2

integral X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(x/(b~2*csc(d*sqrt(x) + c)~2 + 2*axbxcsc(d*sqrt(x) + c) + a~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a 5 dx
f (a + bcse (c + d\/E))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(a+bxcsc(c+d*x**(1/2)))**2,x)

[Out] Integral(x/(a + b*csc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

a 5 dx
f (b csc (d\/§+ c) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x/(at+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(x/(bxcsc(d*sqrt(x) + c) + a)~2, x)
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1

x(a+b csc(c+d\/§))2

Optimal. Leaf size=22

3.49 dx

1
X (a +bcesc (c + dﬁ))y

Unintegrable [ x

[Out] Unintegrable[1/(x*(a + bxCscl[c + dxSqrt[x]]1)~2), x]

Rubi [A] time = 0.0243545, antiderivative size = 0, normalized size of antiderivative

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, i L

integrand size
0., Rules used = {}

f ! 5 dx
x(a +besc (c + d\/E))

Verification is Not applicable to the result.
[In] Int[1/(x*(a + b*Csc[c + d*Sqrt[x]])~2),x]

[Out] Defer[Int][1/(x*(a + b*Cscl[c + d*Sqrtl[x]])~2), x]

Rubi steps

1

1
5 dx = 2
fx(a+bcsc(c+d\/§)) fx(a+bcsc(c+d\/§))

dx

Mathematica [A] time = 40.5823, size = 0, normalized size = 0.

f ! 5 dx
x(a +besc (c + d\/E))

Verification is Not applicable to the result.

[In] Integrate[1/(x*(a + b*Cscl[c + d*Sqrt[x]])~2),x]

[Out] Integrate[1/(xx(a + b*Cscl[c + d*Sqrt[x]])~2), x]

Maple [A] time = 0.161, size = 0, normalized size = 0.
1 -2
f— (a + bcsc(c +d\/§)) dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x/(a+b*csc(c+d*x~(1/2)))"2,x)
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[Out] int(1/x/(at+bxcsc(c+d*x~(1/2)))"2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1

b2x csc (d\/E + c)z + 2 abx csc (d\/E + c) r a2 '

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(1/(b~2*x*csc(d*sqrt(x) + c)~2 + 2*axb*x*csc(d*sqrt(x) + c) + a~2xx
), %)

Sympy [A] time = 0., size = 0, normalized size = 0.

f L 5 dx
x(a +besc (c + d\/E))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(at+b*csc(c+d*x*x(1/2)))**2,x)

[Out] Integral(l/(x*(a + b*csc(c + d*sqrt(x)))**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
f > dx
(b cse (d\/E + c) + a) X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x/(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(1l/((b*csc(d*sqrt(x) + c) + a)~2*x), x)
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3.50 : dx
f xz(a+b CSC<C+d\/J_C))2

Optimal. Leaf size=22

1

5, X
x2 (a +besc (c + d\/E))

Unintegrable [

[Out] Unintegrable[1/(x"2x(a + b*Cscl[c + d*Sqrt[x]]1)~2), x]

Rubi [A] time = 0.02376, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, ————— =0,
integrand size

Rules used = {}

1
5 dx
fxz (a +besc (c + d\/E))

Verification is Not applicable to the result.
[In] Int[1/(x"2*%(a + b*Csclc + d*Sqrt[x]])~2),x]

[Out] Defer[Int] [1/(x"2*(a + b*Csc[c + d*Sqrt[x]])~2), x]

Rubi steps

1

1
7 dx = 2
fxz (a +bcesc (c+d\/§)) fxz (u+bcsc (c+d\/§))

dx

Mathematica [A] time = 29.0792, size = 0, normalized size = 0.

f ! 5 dx
x2 (a +besc (c + d\/E))

Verification is Not applicable to the result.

[In] Integratel[1l/(x"2*x(a + b*Cscl[c + d*Sqrt([x]])~2),x]

[Out] Integrate[1/(x"2x(a + b*Cscl[c + d*Sqrt[x]])~2), x]

Maple [A] time = 0.181, size = 0, normalized size = 0.
1 -2
f;(u+bcsc(c+d\/§)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"2/(at+b*csc(c+d*xx~(1/2)))"2,x%)
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[Out] int(1/x"2/(a+b*csc(c+d*x~(1/2)))"2,x%)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x72/(atb*csc(c+td*x~(1/2)))"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

1

b2x2 csc (d\/E + 0)2 + 2 abx? csc (d\/E + c) + a2 '

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/x72/(atbxcsc(c+d*x~(1/2)))72,x, algorithm="fricas")

[Out] integral(1/(b~2*x"2*csc(d*sqrt(x) + c)72 + 2xa*xbxx~2*csc(d*sqrt(x) + c) + a
“2%x72), X)

Sympy [A] time = 0., size = 0, normalized size = 0.

f ! 5 dx
x2 (u +besc (c + d\/E))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**2/(atb*csc(c+d*x*x(1/2)))**2,x)

[Out] Integral(1l/(x**2*(a + b*csc(c + d*sqrt(x)))**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

f L >— dx
(b csc (d\/E + c) + u) x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x"2/(a+b*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(1/((b*csc(d*sqrt(x) + c) + a)~2*x~2), x)
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351 %2 (a +besc (c + d\/E)) dx

Optimal. Leaf size=258

8ibx¥2PolyLog (2, —ei(”d‘/z)) 8ibx¥2PolyLog (2, ei(”dﬁ)) 24bxPolyLog (3, —ei(”d‘/z)) 24bxPolyLog (3, ¢

2 - 2 - e * B

[Out] (2*%axx~(5/2))/5 - (4*b*xx~2*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((8*I)*b*xx"(
3/2)*PolyLog[2, -E~(I*(c + d*Sqrt[x]))])/d~2 - ((8*I)*b*xx~(3/2)*PolyLogl[2,
E7(I*(c + dxSqrt[x]))])/d™2 - (24*b*x*PolyLogl[3, -E~(Ix(c + d*Sqrt[x]))])/d

~3 + (24xbxx*PolyLogl[3, E~(I*(c + d*Sqrt[x]))]1)/d~3 - ((48*I)*bxSqrt[x]*Pol
yLog[4, -E~(I*(c + d*Sqrtl[x]))])/d~4 + ((48*I)*b*Sqrt[x]*PolyLogl[4, E~(I*(c

+ d*Sqrt[x]))])/d~4 + (48%bxPolyLogl[5, -E~(Ix(c + d*Sqrt[x]))])/d"56 - (48%
b*PolyLog[5, E~(I*(c + d*Sqrt[x]))])/d"5

Rubi [A] time = 0.238078, antiderivative size = 258, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 7, integrand size = 20, e o e

= 0.35, Rules used = {14, 4205, 4183, 2531, 6609, 2282, 6589}

integrand size

8ibx¥2PolyLog (2, —ei(Hd‘/z)) 8ibx¥2PolyLog (2, ei(Hd‘/z)) 24bxPolyLog (3, —ei(Hd‘/z)) 24bxPolyLog (3, ¢

2 2 e * B

Antiderivative was successfully verified.

[In] Int[x~(3/2)*(a + b*Csc[c + d*Sqrt[x]]),x]

[Out] (2*%a*xx~(5/2))/5 - (4*b*xx~2*ArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((8*I)*b*xx"(
3/2)*PolyLog[2, -E~(I*(c + d*Sqrt[x]))])/d~2 - ((8*I)*b*x~(3/2)*PolyLogl[2,
E7(Ix(c + d*Sqrt[x]))])/d~2 - (24xbxx*PolyLogl[3, -E~(I*(c + d*Sqrt[x]))])/d

"3 + (24xb*x*PolyLogl[3, E~(I*(c + d*Sqrt[x]))])/d~3 - ((48*I)*b*Sqrt[x]*Pol
yLog[4, -E~(I*(c + d*Sqrtl[x]))])/d~4 + ((48*I)*b*xSqrt[x]*PolyLogl[4, E~(I*x(c

+ d*Sqrt[x]))])/d~4 + (48%b*PolyLogl[5, -E~(Ix(c + d*Sqrt[x]))])/d"56 - (48%
b*PolyLog[5, E~(I*(c + d*Sqrt[x]))])/d"5

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4183

Int[cscl(e_.) + (£_D)*(x)I*((c_.) + (d_)*(x_))"(m_.), x_Symbol] :> Simp[(
-2x(c + d*xx) “m*¥ArcTanh[E~(I*x(e + f*xx))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, O]
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Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(n_)1*x((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)]1, x1, x] /; FreeQ[{F, a, b, c, e, £
, g, n}r, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))~(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogln + 1, d*(F~(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*PolyLogln + 1, d*(F~(c*x(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rubi steps
fx3/2 (a +besc (c + d\/%)) dx = f (ax3/2 + bx®2 csc (c + d\/E)) dx

2
= gax5/2 +b fx3/2 csc (c + d\/E) dx

2
= EMS/Z + (2b) Subst ( f x* cse(c + dx) dx, x, \/E)

1 ( jic+d ,
2 4bx2 tanh (61(C+ \/})) (Sb) Subst (f x3 IOg (1 _ el(c+dx)) dx, X, \/;) (Sk
= gax5/2 - - _ - L@
5 Abx2 tanh_l (ei(c+dﬁ)) 8ibx3/2Li2 (_ei(c+d\/9_c)) 8ibx321Li (el(c+dﬁ))
= gax5/2 - y + = = _
2 4bx? tanh™ (el(”dﬁ)) 8ibx32Li, (—ei(”d‘/’_‘)) 8ibx%?Li, (ei(“dﬁ))
= 5&.’)(5/2 d + dZ — dz
5 Abx2 tanh_l (ei(c+dﬁ)) 8ibx3/2Li2 (_ei(c+d\/§)) 8ibx3/2Li2 (el(c+dﬁ))
= gax5/2 - 3 + 7 - - _
2 4hx? tanh_l (ez(c+d\5)) 8ibx3/2Li2 (_ei(c+d\/§)) 8be3/2Li2 (ei(c+d\/E))
= Zax 2 4 ~
5 d 42 42
() ) L (¢
2

57 d 42
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Mathematica [A] time = 0.480295, size = 286, normalized size = 1.11

2 (20ibd3x3/2PolyLog (2, —ei(c+d\/})) — 20ibd®x*?PolyLog (2, ei(c+d‘/’_‘)) — 60bd?xPolyLog (3, —ei(c+d‘/§)) + 60bd*xP

Antiderivative was successfully verified.

[In] Integrate[x~(3/2)*(a + b*Csc[c + d*Sqrt[x]1]),x]

[Out] (2*(a*d~5*x~(5/2) + 5*bxd~4*x"2*Logl[l - E~(I*(c + d*Sqrt[x]))] - 5xb*d 4*x"~
2xLog[1 + E7(I*(c + d*Sqrtlx]))] + (20%I)*bxd~3*x~(3/2)*PolyLogl[2, -E~(I*(c

+ d*Sqrt[x]))] - (20%I)*b*d~3*x~(3/2)*PolyLog[2, E~(I*(c + d*Sqrt[x]))] -
60*b*xd~2*x*PolyLog[3, -E~(I*(c + d*Sqrt[x]))] + 60*b*xd~2xx*PolyLog[3, E~(Ix*

(c + dxSqrt[x]))] - (120%I)*bxd*Sqrt[x]*PolyLogl[4, -E~(I*(c + d*Sqrt([x]))]

+ (120%I)*b*d*Sqrt [x]*PolyLog[4, E~(I*(c + d*Sqrt[x]))] + 120%b*PolyLogl5,
-E"(I*(c + d*Sqrt[x]))] - 120*bxPolyLog[5, E~(I*(c + d*Sqrt[x]))]1))/(5*d~5)

Maple [F] time = 0.106, size = 0, normalized size = 0.

fxg (a + bcsc (c + d\/?)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*(a+b*csc(c+d*x~(1/2))),x)

[Out] int(x~(3/2)*(a+b*csc(c+d*xx~(1/2))),x)

Maxima [B] time = 1.50595, size = 986, normalized size = 3.82

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*(at+b*csc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] 1/5%(2*(d*sqrt(x) + c)”b*a - 10x(d*sqrt(x) + c) 4*axc + 20*%(d*sqrt(x) + c)~
3xaxc”2 - 20x(d*sqrt(x) + c) 2*axc”3 + 10*(d*sqrt(x) + c)*axc”™4 - 10xbkxc~4x*
log(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - b*(2*Ix(d*sqrt(x) + c) 4x*b -
8xI*(d*sqrt(x) + c) 3*bxc + 12xI*x(d*sqrt(x) + c) 2xb*xc”™2 - 8xIx(d*sqrt(x)
+ c)*b*xc”3)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) - 5x(2xIx(d
xsqrt(x) + c)74*b - 8%Ix(d*sqrt(x) + c) 3*bxc + 12xI*x(d*sqrt(x) + c) 2%xb*c”
2 - 8xIx(dxsqrt(x) + c)*bxc”3)*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) +
c) + 1) - Bx(-8*Ix(d*sqrt(x) + c)73*b + 24xI*(d*sqrt(x) + c) 2xb*xc - 24x*Ix
(d*sqrt(x) + c)*b*xc™2 + 8*I*xbxc~3)*dilog(-e” (Ixd*sqrt(x) + I*c)) - 5*x(8*Ix*(
dxsqrt(x) + c)73%b - 24xI*x(d*sqrt(x) + c) 2xb*c + 24*I*x(d*sqrt(x) + c)*bxc”
2 - 8xIxb*xc~3)*dilog(e” (I*d*sqrt(x) + Ixc)) - 5x((dxsqrt(x) + c)4xb - 4x*(d
xsqrt(x) + c) " 3xbxc + 6%(d*xsqrt(x) + c) 2xb*c™2 - 4x(d*sqrt(x) + c)*b*c™3)*
log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 + 2*cos(d*sqrt(x) + c) + 1)
+ b*x((d*sqrt(x) + c)~4*b - 4x(dxsqrt(x) + c)~3*b*xc + 6x(d*sqrt(x) + c)~2*b
*xc"2 - 4x(d*sqrt(x) + c)*bxc”3)*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) +
c)”2 - 2*cos(d*sqrt(x) + c) + 1) + 240x*b*polylog(5, -e~ (I*d*sqrt(x) + I*c))
- 240%bxpolylog(5, e~ (Ixd*sqrt(x) + Ixc)) - b5*(48*Ikx(d*sqrt(x) + c)*b - 48
xI*xbxc)*polylog(4, -e” (I*xd*sqrt(x) + I*c)) - 5x(-48*Ix(d*sqrt(x) + c)*xb + 4



212

8xI*b*c)*polylog(4, e~ (Ixd*sqrt(x) + I*xc)) - 120%((d*sqrt(x) + c) 2xb - 2x(

dxsqrt(x) + c)*xb*c + b*c~2)*polylog(3, -e” (Ixd*sqrt(x) + I*c)) + 120%((dx*sq

rt(x) + c)”2*%b - 2x(d*sqrt(x) + c)*b*c + b*c~2)*polylog(3, e~ (Ixd*sqrt(x) +
I*c)))/d"5

Fricas [F] time = 0., size = 0, normalized size = 0.

3 3
integral (bxE csc (d\/% + c) +axz, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*(a+bxcsc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(b*x~(3/2)*csc(d*sqrt(x) + c) + a*xx~(3/2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
3
fxi (u + besc (c + dﬁ)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*(atb*csc(c+d*x**(1/2))),x)

[Out] Integral(x**(3/2)*(a + bxcsc(c + dxsqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.
3
f (b csc (d\/E + c) + a)xz dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*(atb*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)*x~(3/2), x)
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352 [+ (a +bese (c + dﬁ)) dx

Optimal. Leaf size=144

4ib+/xPolyLog (2, —ei(C+dﬁ)) 4iby/xPolyLog (2, ei(C+dﬁ)) 4bPolyLog (3, —gi(”dﬁ)) 4bPolyLog (3/ pllerdva

2 2 B e * e

[Out] (2*%a*xx~(3/2))/3 - (4*b*xx*ArcTanh[E~(I*(c + dxSqrt[x]))])/d + ((4xI)*b*Sqrtl[
x]*PolyLog[2, -E~(I*(c + d*Sqrt[x]))])/d~2 - ((4*I)*b*Sqrt[x]*PolyLogl[2, E~

(I*(c + d*Sqrt[x]))])/d"2 - (4*xb*PolyLogl[3, -E~(I*(c + d*Sqrt[x]))])/d"3 +
(4x%b*PolyLog[3, E~(I*(c + d*Sqrt[x]))]1)/d"3

Rubi [A] time = 0.125561, antiderivative size = 144, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 20, number of rules

= 0.3, Rules used = {14, 4205, 4183, 2531, 2282, 6589}

integrand size

4ib+/xPolyLog (2, _ei(”d\/;)) 4iby/xPolyLog (2, ei(c+dﬁ)) 4bPolyLog (3, —ei(”d‘ﬁ)) 4bPolyLog (3, ei(”dﬁ

2 2 e * e

Antiderivative was successfully verified.

[In] Int[Sqrt[x]*(a + b*Csclc + d*Sqrtlx]1]),x]

[Out] (2xaxx~(3/2))/3 - (4*b*xxArcTanh[E~(I*(c + d*Sqrt[x]))])/d + ((4*I)*b*Sqrtl[
x]*PolyLog[2, -E~(I*(c + d*Sqrt[x]))])/d"2 - ((4*I)*b*Sqrt[x]*PolyLog[2, E~

(I*(c + dxSqrt[x]))])/d"2 - (4*xbxPolyLogl[3, -E~(I*(c + d*Sqrt[x]))])/d~3 +
(4%b*PolyLog[3, E~(I*(c + d*Sqrt[x]))])/d"3

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a_)
+ (b_.)x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(m_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQlpl]

Rule 4183

Int[cscl(e_.) + (£_D)*(x )1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m*ArcTanh[E~(I*(e + fx*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x)"(m - 1)*Log[l - E"(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - DxLogll + E"(Ix(e + £*x))], x], x]) /; FreeQl[{c, d, e, £}, x] && IGtQ
[m, O]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)]1, x1, x] /; FreeQ[{F, a, b, c, e, £
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, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !MatchQ[u, (w )*((a_.)*(v_)"(n_ ))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_]1 /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rubi steps

f\/E(a + bcsc(c+d\/§)) dx = f(a X+ bx/Ecsc(c+d\/§)) dx
= %axwz + bf\/}csc (c + d\/&) dx
= guxB’/z + (2b) Subst ( f x? csc(c + dx) dx, x, \/E)

4bx tanh™ ( (C+dﬁ)) (4b) Subst ( il xlog( - i(”d")) dx, x, \/x ) (4D)

— Z,432 _ _
30% y N
2 4bx tanh ™ (el(”dﬁ)) 4ib+/xLi, ( i(c+dvx) ) 4ib+/xLi, ( i(c+avyi) )

— Z 232
3ax 7 +
2 4bx tanh~ 1(ei(”dﬁ)) 4ibLi ( ievd V) ) 4ib/xLi, ( i(c+dyF) )

— T .532
3ﬂx 7 +
2 b tanh. l(e (HM)) 4iby/xLip ( C+N) 4iby/xLi ( C+N) 4b)

= —ax3? - +
3 d

Mathematica [A] time = 3.54977, size = 191, normalized size = 1.33

2 (6ibd\/§PolyLog (2, - cos (c + d\/E) —isin (c + dﬁ)) — 6ibd+/xPolyLog (2, Cos (c + dx/i) +isin (c + d\/E)) — 6P

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[x]*(a + b*Csclc + d*Sqrt[x]]),x]

[Out] (2*x(a*xd~3*x~(3/2) - 6xb*d~2*x*ArcTanh[Cos[c + d*Sqrt[x]] + IxSin[c + dxSqrt
[x]1] + (6%I)*bxd*Sqrt[x]*PolyLog[2, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt

[x]1]1] - (6xI)*b*d*Sqrt[x]*PolyLog[2, Cos[c + d*Sqrt[x]] + I*Sin[c + dxSqrt[

x]]1] - 6xb*PolyLogl[3, -Cos[c + d*Sqrt[x]] - I*Sin[c + d*Sqrt[x]]] + 6*b*Pol
yLog[3, Cos[c + d*Sqrt[x]] + I*Sin[c + d*Sqrtl[x]]1]))/(3*d~3)

Maple [F] time = 0.116, size = 0, normalized size = 0.

f(a+bcsc(c+d\/§))\/§dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(c+d*x~(1/2)))*x"(1/2),x%)

[Out] int((atb*csc(c+d*xx~(1/2)))*x~(1/2),x)

Maxima [B] time = 1.38325, size = 500, normalized size = 3.47

2 (d\/E + c)sa -6 (d\/E + c)zac +6 (d\/E + c)acz —6bc?log (cot (d\/E + c) + csc (dx/f + c)) -3 (21' (d\/E + c)zb —

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))*x~(1/2),x, algorithm="maxima"

[Out] 1/3%(2*x(d*sqrt(x) + c)”"3*a - 6%(d*sqrt(x) + c) 2*xaxc + 6*x(d*sqrt(x) + c)*ax
c"2 - 6%bxc”2xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 3*x(2xIx(d*sqrt
(x) + c)72xb - 4xIx(d*sqrt(x) + c)*b*xc)*arctan2(sin(d*sqrt(x) + c), cos(d*s
qrt(x) + c) + 1) - 3x(2*xI*x(d*sqrt(x) + c) 2%b - 4*Ix(d*sqrt(x) + c)*bx*c)*ar
ctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) + 1) - 3*(-4*Ix(d*sqrt(x) + c
)*¥b + 4*xIxb*c)*dilog(-e” (I*d*sqrt(x) + I*c)) - 3*(4*I*x(d*sqrt(x) + c)*b - 4
xI*xbxc)*dilog(e” (I*d*sqrt(x) + I*c)) - 3x((d*sqrt(x) + c)"2xb - 2x(d*sqrt(x
) + c)*xbxc)*log(cos(d*sqrt(x) + c¢)~2 + sin(d*sqrt(x) + c)~2 + 2*cos(d*sqrt(
x) + ¢c) + 1) + 3x((d*sqrt(x) + c)™2xb - 2*x(d*sqrt(x) + c)*bxc)*log(cos(d*sq
rt(x) + ¢)72 + sin(d*sqrt(x) + c)~2 - 2%cos(d*sqrt(x) + c) + 1) - 12%bxpoly
log(3, -e~(I*d*sqrt(x) + I*c)) + 12*bxpolylog(3, e~ (I*d*sqrt(x) + Ixc)))/d”
3

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (b\/E cse (d\/? + c) + av/x, x)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(c+d*x~(1/2)))*x~(1/2),x, algorithm="fricas")

[Out] integral(b*sqrt(x)*csc(d*sqrt(x) + c) + axsqrt(x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.
f\/&(u + bcsc(c+d\/§)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x**(1/2)))*x**(1/2),x%)

[Out] Integral(sqrt(x)*(a + bxcsc(c + d*sqrt(x))), x)
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Giac [F] time = 0., size = 0, normalized size = 0.
f (b csc (dx/z + c) + a)\/de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))*x~(1/2),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)*sqrt(x), x)
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a bcsc(c+d\/§)
f +

3.53 i

dx

Optimal. Leaf size=26

2btanh™ (cos (c + dﬁ))

2 —
avx y

[Out] 2xa*Sqrt[x] - (2*bxArcTanh[Cos[c + d*Sqrt[x]]1])/d

Rubi [A] time = 0.0217672, antiderivative size = 26, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 20, il

integrand size
0.15, Rules used = {14, 4205, 3770}

2btanh™ (COS (c + d\/E))
d

2a\x -

Antiderivative was successfully verified.

[In] Int[(a + b*Csclc + d*Sqrt(x]])/Sqrt(x],x]
[Out] 2*a*Sqrt[x] - (2*b*ArcTanh[Cos[c + d*Sqrt[x]]])/d

Rule 14

Int[(u_)*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 3770
Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps

u+bcsc(c+d\/§) B i+bcsc(c+d\/§) N

Il - dx_f(ﬁ — ]d
_2a\/_+bfcsc c+d\/_)

= 2a+/x + (2b) Subst ( f csc(c + dx)dx, x, \/E)

2btanh™ (cos (c + dﬁ))
d

=2a\x —
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Mathematica [A] time = 0.0925451, size = 52, normalized size = 2.

2 (a (c + dﬁ) +blog (sin (% (c + dx/i))) -blog (cos (% (c + dx/i))))
d

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cscl[c + d*Sqrt[x]])/Sqrt[x],x]

[Out] (2x(ax(c + d*Sqrt[x]) - b*Logl[Cos[(c + d*Sqrt[x])/2]] + bxLog[Sin[(c + d*Sq
rt[x])/211))/d

Maple [A] time = 0.024, size = 32, normalized size = 1.2

bln (csc (c + d\/E) + cot (c + d\/y_c))

2a\x-2
avx y

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(c+d*x~(1/2)))/x~(1/2),x%)

[Out] 2*a*xx”~(1/2)-2%b/d*1n(csc(c+d*x”(1/2))+cot(c+d*x~(1/2)))

Maxima [A] time = 0.98613, size = 42, normalized size = 1.62

2avk - 2blog (cot (d\/E +dc) + csc (dx/a_c + c))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))/x~(1/2),x, algorithm="maxima"

[Out] 2xa*sqrt(x) - 2*bxlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c))/d

Fricas [A] time = 0.514915, size = 130, normalized size = 5.

2ad+/x - blog (% cos (d\/E+ c) + %) +blog (—% cos (d\/§+ c) + %)
d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"(1/2),x, algorithm="fricas")

[Out] (2*axd*sqrt(x) - b*log(l/2*cos(d*sqrt(x) + c) + 1/2) + bxlog(-1/2*cos(d*sqr
t(x) + c) + 1/2))/d

Sympy [A] time = 3.8478, size = 58, normalized size = 2.23

—Vx (2a + 2bcsc(c)) ford=0
- B 2u(c+d\/§)—2b log (cot (c+d\/3_c)+csc (c+d\/§))
d

otherwise
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Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*csc(c+d*x**(1/2)))/x*x(1/2),%)

[Out] -Piecewise((-sqrt(x)*(2*a + 2*b*csc(c)), Eq(d, 0)), (-(2xax(c + d*sqrt(x))
- 2xbxlog(cot(c + d*sqrt(x)) + csc(c + d*sqrt(x))))/d, True))

Giac [A] time = 1.49557, size = 41, normalized size = 1.58

2 ((d\/E + c)a +blog (|tan (% d+/x + % c)|))

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x~(1/2),x, algorithm="giac")

[Out] 2x((d*sqrt(x) + c)*a + bxlog(abs(tan(1/2*d*sqrt(x) + 1/2%c))))/d
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dx

a bcsc(c+d\/§)
f +

312

3.54

Optimal. Leaf size=29

csc (e + dyx 2
bUnintegrable [%,x] 4

\/J_C

[Out] (-2*a)/Sqrt[x] + b*Unintegrable[Cscl[c + d*Sqrt([x]]1/x~(3/2), xI]

Rubi [A] time = 0.0136505, antiderivative size = 0, normalized size of antiderivative =
0., number of steps used = 0, number of rules used = 0, integrand size = 0, M =
integrand size

0., Rules used = {}

dx

fa+bcsc(c+d\/§)

132

Verification is Not applicable to the result.
[In] Int[(a + b*Csclc + dxSqrt([x]1])/x~(3/2),x]

[Out] (-2%a)/Sqrt[x] + bxDefer[Int] [Csc[c + d*Sqrt([x]]/x~(3/2), x]

Rubi steps

fa+bcsc(c+d\/§)dx:f( a bcsc(c+d\/§)de

x3/2 x3/2 +3/2

2 csc (¢ + dy/x
:__a+bedx
Vx 32

Mathematica [A] time = 6.60674, size = 0, normalized size = 0.

dx

$32

fa+bcsc(c+d\/§)

Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*Sqrt[x]])/x~(3/2),x]

[Out] Integrate[(a + b*Cscl[c + d*Sqrt[x]]1)/x"(3/2), xI]

Maple [A] time = 0.117, size = 0, normalized size = 0.

f (a + bcsc (c + d\/Z)) x_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bk*csc(c+d*x~(1/2)))/x~(3/2),%)
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[Out] int((atb*csc(c+d*xx~(1/2)))/x~(3/2),x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"(3/2),x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

by/x csc (d\/E + c) +ay/x
x
x2 ’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x"(3/2),x, algorithm="fricas")

[Out] integral((b*sqrt(x)*csc(d*sqrt(x) + c) + a*xsqrt(x))/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fa+bcsc(§c+d\/§) N
2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x**(1/2)))/x**(3/2),%)

[Out] Integral((a + b*csc(c + d*xsqrt(x)))/x**(3/2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcsc(dx/i+c)+a
%3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))/x~(3/2),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)/x~(3/2), x)
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a+b csc(c+d \/E)
355  [——r——dx

Optimal. Leaf size=31

csc (c + d\/E) ) 24

bUnintegrable( ey Y| - 337

[Out] (-2*a)/(3*x~(3/2)) + b*Unintegrable[Csc[c + d*Sqrt[x]]1/x~(5/2), x]

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, ————— =
integrand size

0., Rules used = {}

Rubi [A] time = 0.0140257, antiderivative size = 0, normalized size of antiderivative =

dx

x5/2

fa+bcsc(c+d\/§)

Verification is Not applicable to the result.
[In] Int[(a + b*Csc[c + d*Sqrt[x]])/x~(5/2),x]

[Out] (-2*a)/(3*x~(3/2)) + b*Defer[Int] [Csclc + d*Sqrt[x]]/x~(5/2), x]

Rubi steps

fa+bcsc(c+d\/§)dx:f( a bcsc(c+d\/§))dx

x5/2 x5/2 +5/2

dx

_2a +bfcsc(c+d\/§)

T 3y32 ¥5/2

Mathematica [A] time = 6.6027, size = 0, normalized size = 0.

dx

fa+bcsc(c+d\/§)

x5/2

Verification is Not applicable to the result.

[In] Integratel[(a + b*Csc[c + d*xSqrt[x]])/x~(5/2),x]

[Out] Integrate[(a + b*Csc[c + dxSqrt([x]]1)/x~(5/2), x]

Maple [A] time = 0.131, size = 0, normalized size = 0.

f(a + besc (c + dx/z)) x_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+bk*csc(c+d*x~(1/2)))/x~(5/2),%)
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[Out] int((atb*csc(c+d*xx~(1/2)))/x~(5/2),%)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x~(5/2),x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

by/x csc (d\/E + c) +ay/x
x
x3 ’

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))/x~(5/2),x, algorithm="fricas")

[Out] integral((b*sqrt(x)*csc(d*sqrt(x) + c) + a*xsqrt(x))/x~3, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

fa+bcsc(§c+d\/§) N
2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x**(1/2)))/x**x(5/2),%)

[Out] Integral((a + b*csc(c + d*sqrt(x)))/x**(5/2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

fbcsc(dx/i+c)+a
'3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))/x~(56/2),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)/x~(5/2), x)
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356  [x? (a +besc (c + d\/E))z dx

Optimal. Leaf size=421

16iabx>?PolyLog (2, —ei(”dﬁ)) 16iabx>?PolyLog (2, ei(”dﬁ)) 48abxPolyLog (3, —ei(”dﬁ)) 48abxPolyLog (

2 B 2 B B * B

[Out] ((-2*I)*b~2xx"2)/d + (2*%a"2*x7(5/2))/5 - (8*axb*x~2xArcTanh[E~(Ix(c + d*Sqr
t[x]1))1)/d - (2%b~2*xx"2xCot[c + d*Sqrt[x]])/d + (8xb~2*x~(3/2)*Logl[l - E~((
2xI)*(c + d*Sqrt[x]))]1)/d"2 + ((16%I)*axb*xx~(3/2)*PolyLog[2, -E~(Ix(c + dx*S
qrt[x]1))1)/d°2 - ((16*I)*a*xbxx”(3/2)*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d 2
- ((12#I)*b~2*x*PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))])/d~3 - (48%axb*x*Pol
yLog[3, -E~(I*(c + d*Sqrt[x]))])/d~3 + (48*axb*x*PolyLog[3, E~(I*(c + d*Sqr
t[x]))]1)/d"3 + (12xb~2*Sqrt [x]*PolyLogl[3, E~((2*I)*(c + dxSqrt[x]))])/d~4 -

((96%I)*axb*Sqrt [x]*PolyLogl[4, -E~(Ix(c + d*Sqrt[x]))])/d~4 + ((96%I)*axbx
Sqrt [x]*PolyLog[4, E~(I*(c + d*Sqrt[x]))])/d"4 + ((6*%I)*b~2xPolyLog[4, E~((
2xI)*(c + d*Sqrt[x]))]1)/d"5 + (96*a*xbxPolylLog[5, -E~(I*(c + d*Sqrt[x]))]1)/d
~5 - (96*axb*PolyLog[5, E~(I*(c + d*Sqrt[x]))])/d"5

Rubi [A] time = 0.537797, antiderivative size = 421, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 10, integrand size = 22, /e e e
integrand size

= 0.454, Rules used = {4205, 4190, 4183, 2531, 6609, 2282, 6589, 4184, 3717, 2190}

16iabx¥?PolyLog (2, —ei(”dﬁ)) 16iabx¥?PolyLog (2, ei(”dﬁ)) 48abxPolyLog (3, —ei(”dﬁ)) 48abxPolyLog (

2 2 B * B

Antiderivative was successfully verified.

[In] Int[x~(3/2)*(a + b*Csclc + d*Sqrtl[x]])~2,x]

[Out] ((-2*I)*b~2xx"2)/d + (2*%a"2*x7(5/2))/5 - (8*axb*x"2xArcTanh[E~(I*x(c + d*Sqr
t[x]))]1)/d - (2xb~2*xx~2*Cot[c + d*Sqrt[x]])/d + (8%b~2xx~(3/2)*Logl[l - E~((
2xI)*(c + d*Sqrt[x]))])/d~2 + ((16%I)*axb*x~(3/2)*PolyLog[2, -E~(I*(c + d*S
qrt[x]))]1)/d~2 - ((16%I)*a*xb*xx~(3/2)*PolyLog[2, E~(Ix(c + d*Sqrt[x]))])/d~2
- ((12*I)*b~2*xx*PolyLog[2, E~((2*xI)*(c + d*Sqrt[x]))])/d~3 - (48*xaxb*x*Pol
yLogl[3, -E~(I*(c + d*Sqrt[x]))])/d"3 + (48*axbxx*PolyLogl[3, E~(I*(c + d*Sqr
t[x]))]1)/d"3 + (12xb~2*xSqrt [x]*PolyLog[3, E~((2*I)*(c + d*Sqrt[x]))])/d"4 -
((96*I)*axb*Sqrt [x]*PolyLogl[4, -E~(Ix(c + d*xSqrtlx]))])/d~4 + ((96%I)*axbx
Sqrt [x]*PolyLog[4, E~(I*(c + d*Sqrtl[x]))])/d~4 + ((6%I)*b~2xPolyLogl4, E~((
2xI)*(c + d*Sqrt[x]))]1)/d"5 + (96*a*b*PolyLogl[5, -E~(I*(c + dxSqrt[x]))])/d
~5 - (96xaxb*PolyLog[5, E~(Ix(c + d*Sqrt[x]))])/d"5

Rule 4205

Int[((a_.) + Cscl[(c_.) + (d_)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (f_.)*(x_)J*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && IGtQ[m, 0] && IGtQ[n, O]
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Rule 4183

Int[cscl(e_.) + (f_.)*(x )]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*x) "mxArcTanh[E~(Ix(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + d
*x)~(m - 1)*Logll - E~(I*x(e + £*x))1, x], x] + Dist[(d*m)/f, Int[(c + dxx)~
(m - D*Logl[l + E"(Ix(e + £*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 2531

Int[Logll + (e )*((F)~((c_)*((a_.) + (b_)*x. NN (@ )I1*((f_.) + (g .)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))"n)])/ (bxcxnxLog[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (£f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F))~((c_.)*((a_.) + (b_.
)*(x ))))"(p_.)], x_Symbol] :> Simp[((e + f*x) m*PolyLogl[n + 1, d*(F"(c*(a
+ b*x)))"pl)/ (bxcxp*xLog[F]1), x] - Dist[(f*m)/(b*c*p*Logl[F]), Int[(e + f*x)~
(m - 1)*Polylog[n + 1, d*(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQu, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, pty, x] && EqQ[bxd, axe]

Rule 4184

Int[csc[(e_.) + (f_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*x], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2xI, Int[((c + d*x)~
m*E~ (2xI*k*Pi)*E~(2%xI* (e + f*xx)))/(1 + E~(2*%Ixk*Pi)*E~(2*Ix(e + f*x))), x],
x] /; FreeQl[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(((F)"((g_)*((e_.) + (£_.)xx_)N)"(m_)*((c_.) + (d_)*(x_))"(m_.))/
((a_) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1 + (b*x(F~(g*(e + f*x)))"n)/al)/(bxf*gtn*Log[F]), x] - Di
st [(d*m) / (b*fxgxnxLog[F]1), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] & IGtQ[m, 0]
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Rubi steps

fx3/2 (a +bese (c + dﬁ))z dx = 2 Subst (fx4(a + besc(c + dx))? dx, x, \/E)
=2 Subst ( f (a2x4 + 2abx* csc(c + dx) + bPx* esc?(c + dx)) dx, x, \/E)

2
= §a2x5/2 + (4ab) Subst (f x* csc(c + dx) dx, x, \/E) + (sz) Subst (f x* csc?(c + dx

_ %a2x5/2 ) 8abx? tanh ™" (ei(6+dﬁ)) . 22x2 cot (C + d\/§) ) (16ab) Subst (fx3 log |
5 d 7

_ _Zib;xz N §a2x5/2 ) 8abx? tanh;1 (ei(c+dﬁ)) i 2h242 Cotd(c + d\/E) 16iabx3/2Li;

N 2ib;x2 2 8abx? tanh; (g(wdﬁ)) 2ot d(c +dyr) 8PP 1Og(
5

:—2%?2+§fﬁﬁ_8%%mmﬁ;G¢Wﬁw_ZW%a{y+de 80232 log

_ _2ib2x2 . %a2x5/2 ) 8abx? tanh ™! (el(C+dﬁ)) i 25222 cot (C + d\/E) 86232 log

d 5 d 7

_ Zibdzxz . %a2x5/2 ) 8abx? tanh;z1 (el(C+dﬁ)) ) 202x2 cot d(c n d\/_) 8b2x¥2 log
5

_”2%?z+§¥ﬁﬁ_8wﬁnmﬁ:&¢MWU_zyﬁa{y+dV— W3ﬁbg(

Mathematica [A] time = 8.35741, size = 749, normalized size = 1.78

4bsin® (c + dﬁ) (a +bcsc (c + dﬁ))Z (—Zidzx (Zad\/i - 3b) PolyLog (2, —e_i(”d\/;)) + 2id%x (Zad\ﬁ + 3b) PolyLog

Antiderivative was successfully verified.

[In] Integratel[x~(3/2)*(a + b*Csclc + d*Sqrtl[x]])~2,x]

[Out] (2*a~2*x~(5/2)*(a + bxCsc[c + d*Sqrt[x]])~2+Sin[c + d*Sqrt[x]]172)/(5%(b + a

*Sin[c + d*Sqrt[x]])~2) + (4*b*x(a + b*Csclc + d*Sqrt[x]]) 2x(((-I)*bxd~4*x"~
2)/(-1 + ET((2%I)*c)) + 2*%b*d~3xx"(3/2)*Log[1l - E~((-I)*(c + d*Sqrt[x]))] +
axd~4xx"2*Log[1 - E"((-I)*(c + dxSqrt[x]))] + 2xbxd~3*x~(3/2)*Logl[l + E~((
-I)*(c + dxSqrt[x]))] - a*xd™4xx"2xLogl[l + E~((-I)*(c + d*Sqrt[x]))] - (2xI)
*xd" 2% (-3*%b + 2*axd*Sqrt[x])*x*PolylLogl[2, -E~((-I)*(c + d*Sqrt[x]))] + (2xI)
*d"2%(3xb + 2*axdxSqrt[x])*x*PolyLog[2, E~((-I)*(c + d*Sqrtl[x]))] + 12xb*dx
Sqrt [x]*PolyLog[3, -E~((-I)*(c + d*Sqrt[x]))] - 12*axd~2*x*PolyLog[3, -E~((
-I)*(c + dxSqrt[x]))] + 12xb*d*Sqrt[x]*PolyLogl[3, E~((-I)*(c + d*Sqrt[x]))]
+ 12xa*xd”~2xx*PolyLog[3, E~((-I)*(c + d*Sqrt[x]))] - (12%I)*b*PolyLog[4, -E
“((-I)*(c + dxSqrt[x]))] + (24%I)*axd*Sqrt[x]*PolyLogl[4, -E~((-I)*(c + dxSq
rt[x]))] - (12%xI)xb*PolyLog[4, E~((-I)*(c + d*Sqrt[x]))] - (24*I)*axd*Sqrt[
x]*PolyLog[4, E~((-I)*(c + d*Sqrt[x]))] + 24xa*PolyLog[5, -E~((-I)*(c + dx*S
qrt[x]))] - 24xaxPolyLog[5, E~((-I)*(c + d*Sqrt[x]))])*Sin[c + d*Sqrt[x]]~2
)/(@75%(b + a*Sinf[c + d*Sqrt[x]])~2) + (b™2*x"2*Csc[c/2]*Csclc/2 + (d*Sqrtl
x])/2]*%(a + b*Csclc + d*Sqrt[x]])~2*xSin[c + d*Sqrt[x]]~2*Sin[(d*Sqrt[x])/2]
)/(@*(b + axSin[c + d*Sqrt([x]]1)~2) + (b™2xx"2*(a + b*Csc[c + d*Sqrt[x]]) "2
Sec[c/2]*Sec[c/2 + (d*Sqrt[x])/2]*Sin[c + d*Sqrt[x]]~2*Sin[(d*Sqrt([x])/2]1)/
(d*(b + axSin[c + dxSqrt[x]])~2)
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Maple [F] time = 0.195, size = 0, normalized size = 0.

fxg (a + bcsc (c + dﬁ))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)*(at+b*xcsc(c+d*x~(1/2)))"2,x%)

[Out] int(x~(3/2)*(a+b*csc(c+d*xx~(1/2)))"2,%)

Maxima [B] time = 1.85799, size = 3800, normalized size = 9.03

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*(atbxcsc(c+d*x~(1/2)))"2,x, algorithm="maxima"

[Out] 2/5*%((d*sqrt(x) + c)~5*a”2 - bx(d*sqrt(x) + c)~4*a"2xc + 10*(d*xsqrt(x) + c)
“3%a”2%c”2 - 10k (d*sqrt(x) + c)72xa”2xc”3 + bk (d*sqrt(x) + c)*a”2%c”4 - 10%
axbxc”4xlog(cot (d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 5x(2%b72xc™4 - (2x(d
xsqrt(x) + c)“4*axb + 4xb72xc”3 - 4*(2*axb*c + b~2)*(d*sqrt(x) + c)”3 + 12%
(axb*c™2 + b7 2xc)*(d*sqrt(x) + c)72 - 4x(2xaxbxc™3 + 3xb~2%c~2)*(d*sqrt (x)
+ ¢c) - 2x((dxsqrt(x) + c) 4xa*xb + 2%b72*c~3 - 2x(2*axb*c + b~2)*(d*sqrt(x)
+ ¢c)73 + 6%(axb*c”2 + b~2*c)*(d*sqrt(x) + c)72 - 2x(2xa*xbxc™3 + 3*b72%c”2)*
(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2xc) - (2*%Ix(d*sqrt(x) + c) 4*axb + 4xIx
b~2%c”3 + (-8*Ikxaxbkxc - 4*xIxb~2)*(d*sqrt(x) + c)~3 + (12*I*xaxb*c™2 + 12*xIxb
“2xc)*(d*sqrt(x) + c)72 + (-8xIxa*xb*c™3 - 12xIxb~2*c”2)*(d*sqrt(x) + c))*si
n(2xd*sqrt(x) + 2%c))*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) + 1) +
4x(b~2*c"3*cos (2*¢d*sqrt(x) + 2%c) + Ixb~2%xc”3*sin(2xd*sqrt(x) + 2%c) - b~2
xc~3)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) + c) - 1) - (2x(d*sqrt(x) +
c) “4xaxb - 4x(2%axbxc - b~2)*(d*sqrt(x) + c)~3 + 12%(a*b*c”2 - b~2*c)*(d*s
qrt(x) + c)72 - 4x(2xaxb*c”3 - 3xb"2*c”2)*(d*sqrt(x) + c) - 2*((d*sqrt(x) +
c) “4xaxb - 2% (2%axbxc - b~2)*(d*sqrt(x) + c)”3 + 6%x(axb*c™2 - b72*c)*(d*sq
rt(x) + c)72 - 2% (2*axb*xc”3 - 3*b72*c"2) *(d*sqrt(x) + c))*cos(2xd*sqrt(x) +
2xc) - (2*Ix(d*sqrt(x) + c) 4*axb + (-8*Ikxaxbkc + 4*xIxb~2)*(d*sqrt(x) + c)
73 + (12*Ixaxb*xc™2 - 12xI*b7~2xc)*(d*sqrt(x) + c)~2 + (-8xI*axbxc”3 + 12*I*b
“2%c”2)*x(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*arctan2(sin(d*sqrt(x) + c)
, —cos(d*sqrt(x) + c) + 1) + 2*%((d*sqrt(x) + c) 4*b~2 - 4x(d*sqrt(x) + c)~3
*b~2%c + 6x(d*sqrt(x) + c) 2%b"2xc”2 - 4*x(d*sqrt(x) + c)*b~2*c”3)*cos(2xd*s
qrt(x) + 2xc) + (8x(d*sqrt(x) + c)~3*a*xb - 8kaxb*c™3 - 12xb~2*c™2 - 12%(2*a
xb*xc + b72)*(d*sqrt(x) + c)”2 + 24*x(axbxc™2 + b™2xc)*(d*sqrt(x) + c) - 4x(2
*x(dxsqrt(x) + c) 3*axb - 2*a*xbxc™3 - 3*b"2%c”2 - 3k (2*axbxc + b~2)*(d*sqrt(
X) + ¢c)72 + 6x(axbxc”2 + b72xc)*(d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2*c) + (
-8%I*(d*sqrt(x) + c)~3*axb + 8xIkxa*xbxc”™3 + 12%I*b~2xc”2 + (24xI*xaxbxc + 12%
I#b"2)*x(d*xsqrt(x) + c)72 + (-24*I*xaxb*c™2 - 24*%I*b~2xc)*(d*sqrt(x) + c))*si
n(2*xd*sqrt(x) + 2*c))*dilog(-e~ (I*d*sqrt(x) + Ixc)) - (8*(d*sqrt(x) + c) 3%
axb — 8*xaxbkxc”3 + 12%xb72%c”2 - 12x(2xa*bxc - b~2)*(d*sqrt(x) + c)~2 + 24x(a
*bxc”2 - b72xc)*(d*sqrt(x) + c) - 4x(2*x(d*sqrt(x) + c)~3*a*xb - 2xaxb*c”3 +
3xb72%c”2 - 3% (2xaxb*c - b~2)*(d*xsqrt(x) + c)”2 + 6%(a*xb*c”2 - b72xc)*(d*sq
rt(x) + c))*xcos(2xd*sqrt(x) + 2*xc) - (8*Ikx(d*sqrt(x) + c) 3*a*xb - 8xIxaxb*c
73 + 12%xI*b72xc”2 + (-24*xIxaxbxc + 12xI*b~2)*(d*sqrt(x) + c)72 + (24*Ixaxbx
c"2 - 24xIxb~2*c)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2*c))*dilog(e” (I*d*sqr
t(x) + Ixc)) + (I*x(d*sqrt(x) + c) 4xaxb + 2xIxb~2*c”3 + (-4*I*xaxbxc - 2*I*b
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~2)*(dxsqrt(x) + c)73 + (6xI*axbxc™2 + 6%Ixb~2xc)*(d*sqrt(x) + c)72 + (-4x*I
xaxbxc™3 - 6xI*b~2*%c"2)*x(d*sqrt(x) + c) + (-Ix(d*sqrt(x) + c) 4*xaxb - 2*I*b
“2%c”3 + (4xIxaxbxc + 2xI*b"2)*(d*sqrt(x) + c)73 + (-6*%Ixa*xb*xc”2 - 6*xIxb~2x
c)*(d*sqrt(x) + c)72 + (4xIkaxb*c”™3 + 6xI*xb~2xc”2)*(d*sqrt(x) + c))*cos(2*d
*xsqrt(x) + 2xc) + ((d*sqrt(x) + c) 4xa*xb + 2xb~2%c”3 - 2x(2*xaxbxc + b72)*(d
xsqrt(x) + c)73 + 6%(a*xb*c™2 + b~2*xc)*(d*sqrt(x) + c)72 - 2% (2%a*xbxc™3 + 3x
b~2%c”2) *(d*sqrt(x) + c))*sin(2*xd*sqrt(x) + 2xc))*log(cos(d*sqrt(x) + c)~2
+ sin(d*sqrt(x) + c)72 + 2%cos(d*sqrt(x) + c) + 1) + (-Ix(d*sqrt(x) + c) 4%
axb + 2xI*b~2xc”3 + (4xIkxaxb*c - 2%Ixb~2)*(d*sqrt(x) + c)73 + (-6%I*axb*c”2
+ 6xI*b~2%c)*(d*sqrt(x) + c)72 + (4xIxa*xb*c™3 - 6*xI*b"2xc”2)*(d*sqrt(x) +
c) + (Ix(dxsqrt(x) + c) 4xa*xb - 2%xIxb"2xc”3 + (-4xIxaxbxc + 2%I*b~2)*(d*sqr
t(x) + c)73 + (6%Ixaxb*xc™2 - 6xI*xb~2*c)*(d*sqrt(x) + c)72 + (—4xI*xa*xbxc”3 +
6xI*xb~2xc”2) * (d*sqrt(x) + c))*cos(2*d*sqrt(x) + 2%c) - ((d*sqrt(x) + c) 4x
axb - 2xb72%c”3 - 2x(2%axbxc - b~2)*(d*sqrt(x) + c)”3 + 6*x(axbxc”2 - b"2xc)
*x(dxsqrt(x) + c)72 - 2% (2%axb*xc”3 - 3*b~2*c"2)x(d*sqrt(x) + c))*sin(2xd*sqr
t(x) + 2xc))*log(cos(d*sqrt(x) + c)~2 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt
(x) + c) + 1) + (48xIkaxb*cos(2*d*sqrt(x) + 2%c) - 48*axb*sin(2xd*sqrt(x) +
2xc) - 48*Ixaxb)*polylog(5, -e” (Ixd*sqrt(x) + Ixc)) + (-48*Ixaxbkcos(2*xd*s
qrt(x) + 2%c) + 48*axb*sin(2*xdxsqrt(x) + 2%c) + 48xIxaxb)*polylog(5, e~ (Ixd
xsqrt(x) + I*xc)) - (48%(d*sqrt(x) + c)*axb - 48%axb*c - 24*b72 - 24*(2*x(d*s
qrt(x) + c)*axb - 2*axbxc - b~2)*cos(2xd*sqrt(x) + 2xc) - (48*I*(d*sqrt(x)
+ c)xaxb - 48xIkaxb*c - 24*I*b~2)*sin(2*d*sqrt(x) + 2xc))*polylog(4, -e~ (Ix
dxsqrt(x) + Ixc)) + (48x(d*sqrt(x) + c)*axb - 48*axb*xc + 24%b72 - 24x*(2*(dx*
sqrt(x) + c)*axb - 2%axbkxc + b72)*cos(2*d*sqrt(x) + 2xc) + (-48*Ix(d*sqrt(x
) + c)xaxb + 48xI*axb*c - 24*I*b~2)*sin(2*d*sqrt(x) + 2*c))*polylog(4, e~ (I
xd*xsqrt(x) + Ixc)) + (24*xIx(d*sqrt(x) + c) 2%axb + 24xIxaxb*xc™2 + 24*Ixb~2x
c + (-48*Ixaxb*c - 24*Ixb~2)*(d*sqrt(x) + c) + (-24xIx(d*sqrt(x) + c) 2xa*b
- 24xIxaxbxc™2 - 24*xI*b"2%c + (48*Ixaxbxc + 24*I*b~2)*(d*sqrt(x) + c))*cos
(2%d*sqrt(x) + 2xc) + 24*x((d*sqrt(x) + c) 2*%axb + a*xb*c™2 + b~2%c - (2*axbx
c + b72)*(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2xc))*polylog(3, -e~ (I*dxsqrt(x
) + Ikc)) + (-24xIx(d*sqrt(x) + c) 2xaxb - 24*Ikxaxbxc™2 + 24*xI*b~2xc + (48%
Ixaxbxc - 24*Ixb~2)*(d*sqrt(x) + c) + (24*xIx(d*sqrt(x) + c) 2*%a*xb + 24xIx*xax
bxc™2 - 24%I*b"2%c + (-48*I*xaxbkxc + 24xIxb~2)*(d*sqrt(x) + c))*cos(2xd*sqrt
(x) + 2xc) - 24x((d*sqrt(x) + c)"2*axb + axb*c™2 - b~2*c - (2%a*xbxc - b~2)*
(d*sqrt(x) + c))*sin(2*d*sqrt(x) + 2xc))*polylog(3, e~ (Ixd*sqrt(x) + I*c))
+ (2%Ix(d*sqrt(x) + c) 4*b”2 - 8xIx(dxsqrt(x) + c) ~3*b"2xc + 12*I*(d*sqrt(x
) + c)72+%b72xc”2 - 8*xIk(d*sqrt(x) + c)*b~2*c~3)*sin(2xd*sqrt(x) + 2x*c))/(-I
xcos(2xd*sqrt (x) + 2*c) + sin(2%d*sqrt(x) + 2xc) + I))/d"5

Fricas [F] time = 0., size = 0, normalized size = 0.

3 3 3
integral (bzxE csc (d\ﬂ + c)z +2abx? csc (d\/E + c) +a%x2, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(b~2*x~(3/2)*csc(d*sqrt(x) + c)~2 + 2*axb*x”~(3/2)*csc(d*sqrt(x) + ¢
) + a”2%x7(3/2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxg (a + bcsc (c + d\/E))z dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)*(atb*csc(ctd*x**(1/2)))**2,x)

[Out] Integral(x**(3/2)*(a + bxcsc(c + dxsqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.
2 3
f(b csc (d\/§ + c) + a) x2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)*(atb*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2*x~(3/2), x)
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357  [yx(a+bosc(c+dyx)) dx

Optimal. Leaf size=241

8iab+/xPolyLog (2, —ei(”d‘/;)) 8iab/xPolyLog (2, ei(”d‘/})) 8abPolyLog (3, —ei("u’dﬁ)) 8abPolyLog (3, e

2 2 - B * B

[Out] ((-2*I)*b~2xx)/d + (2%xa~2*x~(3/2))/3 - (8xa*xb*xx*ArcTanh[E~(I*(c + d*Sqrt [x]
))1)/d - (2%b~2*x*Cot[c + d*Sqrt[x]])/d + (4xb~2xSqrt[x]*Logll - E~((2*I)*(

c + dxSqrt[x]))])/d"2 + ((8*I)*axbxSqrt[x]*PolyLogl[2, -E~(I*(c + d*Sqrt[x])
)1)/d"2 - ((8*%I)*axb*Sqrt[x]*PolyLog[2, E~(Ix(c + d*Sqrtl[x]))])/d~2 - ((2*I
)*b~2%PolyLog[2, E~((2*I)*(c + dxSqrt[x]))])/d~3 - (8*axb*PolyLogl[3, -E~(I*

(c + dxSqrt[x]))])/d"3 + (8*axb*PolyLog[3, E~(I*(c + d*Sqrt[x]))])/d"3

Rubi [A] time = 0.325918, antiderivative size = 241, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 11, integrand size = 22, e o e
integrand size

= 0.5, Rules used = {4205, 4190, 4183, 2531, 2282, 6589, 4184, 3717, 2190, 2279, 2391}

8iaby/xPolyLog (2, —ei(”dﬁ)) 8iab+/xPolyLog (2, ei(”dﬁ)) 8abPolyLog (3, —ei(”dﬁ)) 8abPolyLog (3, e

2 2 B * B

Antiderivative was successfully verified.

[In] Int[Sqrt[x]*(a + b*Csclc + d*Sqrtl[x]])~2,x]

[Out] ((-2*I)*b~2xx)/d + (2%xa”2*x~(3/2))/3 - (8xa*b*xx*ArcTanh[E~(I*(c + d*Sqrt[x]
))1)/d - (2%b~"2*x*Cot[c + d*Sqrt[x]])/d + (4xb~2xSqrt[x]*Logll - E~((2*I)*(

c + dxSqrt[x]))]1)/d~2 + ((8*I)*axb*Sqrt[x]*PolyLogl[2, -E~(I*(c + d*Sqrt([x])
)1)/d"2 - ((8*I)*a*xb*xSqrt[x]*PolyLog[2, E~(I*(c + d*Sqrt[x]))])/d~2 - ((2%I
)*b~2*%PolyLog[2, E~((2*I)*(c + d*Sqrt[x]))]1)/d"3 - (8*a*b*PolyLogl[3, -E~(I*

(c + d*Sqrt([x]))]1)/d"3 + (8*a*bxPolyLog[3, E~(I*(c + d*Sqrt([x]))])/d"3

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x_D)" (@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + fx*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2531
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Int[Logll + (e_)*((F)~((c_)*((a_.) + (b_)*x_)IND"(m_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(c*(a + b*x
)))"n)1)/ (b*cxn*Log[F1), x] + Dist[(g+m)/(b*c*n*Log[F1), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}r, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onO0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.01/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(e*p), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
1 > Simp[(I*(c + d*x)"(m + 1))/(d*(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% Ixk*xPi) *E~ (2%Ix(e + f*x)))/(1 + E~(2%IxkxPi)*E~(2%Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, £}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(((FO)~((g_)*((e_.) + (£_)*x)I) " (m_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*Log[1l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*fxgxnxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + f*xx)
))°n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)]1, x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_ )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcxd, 1]

Rubi steps
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f\/E (a +besc (c + dx/z))z dx = 2 Subst (f x%(a + besc(c + dx))? dx, x, \/5)

=2 Subst ( f (azxz + 2abx? csc(c + dx) + b?x? csc?(c + dx)) dx, x, \/E)

2
= §a2x3/2 + (4ab) Subst ( f x? csc(c + dx) dx, x, \/E) + (2b2) Subst ( f x% csc?(c + dx)

8abx tanh ™! (ei(ﬁdﬁ)) 2b%x cot (c + d\/E) (8ab) Subst ( f xlog (1 —

25
= g0t y y .
22y 2 8abxtanh ™’ (ei(”d\/;)) 2% cot (c 4 d\/E) 8iab+/xLi, (—ei(
_ 2.3/2
= - 7 + 55[ xX7e = 7 — J + 7
1 ( i(c+d
 2ibx 22 8abx tanh (el(c+ ‘/})) 2% cot (c + d\/;) X 4b%+/[x1og (1 —
- d 37 d d 72
=1 i(c+dvx
2 2, 8abx tanh (e( * ‘/_)) 202y cot (c+d\/§) . 4b%+/[x1og (1 -
d 311 * d d 42
-1 d
2 2, 8abx tanh (el(CJr ‘/;)) 22y cot (c + d\/E) . 4b%+/x log (1 -
d 37" d d 2

Mathematica [B] time = 3.80401, size = 681, normalized size = 2.83

12ib (-1 + ¢2¢) (b - 2ady%) PolyLog (2, _e-l’(”dﬁ)) +12ib (-1 + ¢%¢) (2ad/x + b) PolyLog (2, e—i(“dﬁ)) — 240be*F

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]*(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] ((-12*I)*b"2*%d"2*x - 2*%a”~2*%d"3*x”~(3/2) + 2*%a”~2xd " 3*E~((2*xI)*c)*x~(3/2) - 12

*xb~2xd*Sqrt [x] *Log[1l - E7((-I)*(c + d*Sqrtlx]))] + 12xb~2*xd*E~ ((2*I)*c)*Sqr
t[x]*Log[l - ET((-I)*(c + d*Sqrt[x]))] - 12%axbxd~2*x*Log[l - E~((-I)*(c +
dxSqrt [x]))] + 12%a*xbxd™2xE~((2*I)*c)*x*Log[l - E~((-I)*(c + dxSqrt[x]))] -
12xb~2*xd*Sqrt [x] *Log[1 + E~((-I)*(c + d*Sqrtlx]))] + 12xb~2*xd*E~((2*I)*c)*
Sqrt [x]*Log[1 + ET((-I)*(c + dxSqrt[x]))] + 12%a*xbxd~2*x*Log[l + E~((-I)*(c
+ d*Sqrt[x]))] - 12*axbxd™2*E~ ((2*I)*c)*x*Log[l + E~((-I)*(c + d*xSqrt([x]))
1 + (12%I)*b*x (-1 + E~((2%xI)*c))*(b - 2*axd*Sqrt[x])*PolyLog[2, -E~((-I)*(c
+ dxSqrt[x]))] + (12xI)*bx(-1 + E~((2%I)*c))*(b + 2*a*xd*Sqrt[x])*PolyLogl2,
ET((-I)*(c + d*Sqrt[x]))] + 24xaxb*PolyLogl[3, -E~((-I)*(c + d*Sqrt[x]))] -
24xaxb*E™ ((2*I)*c)*PolyLog[3, -E~((-I)*(c + d*Sqrt[x]))] - 24*axb*PolyLogl
3, ET((-I)*(c + dxSqrt[x]))] + 24xa*bxE~((2*I)*c)*PolyLogl[3, E~((-I)*(c + d
xSqrt[x]))] - 3*b72xd"2*x*Csc[c/2]*Csc[(c + d*Sqrt[x])/2]*Sin[(d*Sqrt[x])/2
1 + 3*%b72*%d"2+E” ((2*I)*c)*xxCsc[c/2]*Csc[(c + d*Sqrt[x])/2]*Sin[(d*Sqrt [x])
/2] - 3xb~2*d"2*xx*Sec[c/2]*Sec[(c + d*Sqrt[x])/2]*Sin[(d*Sqrt[x])/2] + 3*b~
2%d"2+E" ((2*I)*c) *x*Sec[c/2]*Sec[(c + d*Sqrt[x])/2]*Sin[(d*Sqrt[x])/2])/(3*
d~3x(-1 + E~((2%I)*c)))

Maple [F] time = 0.197, size = 0, normalized size = 0.

f(a + bcsc (c + dﬁ))z Vxdx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((atb*csc(c+d*xx~(1/2))) " 2%x~(1/2),x)

[Out] int((a+b*csc(c+d*x~(1/2))) " 2xx~(1/2) ,%)

Maxima [B] time = 1.44613, size = 1648, normalized size = 6.84

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2))) 2*x~(1/2),x, algorithm="maxima"

[Out] 2/3*%((d*sqrt(x) + c)~3*a”2 - 3x(d*sqrt(x) + c)~2*a"2xc + 3*x(dxsqrt(x) + c)*
a"2xc”2 - 6*axb*c”2xlog(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c)) - 3*(2%b72
xc"2 - (2% (d*sqrt(x) + c) 2*xaxb + 2%b"2%c - 2*(2*axb*xc + b~2)*(d*sqrt(x) +
c) - 2x((d*sqrt(x) + c)"2%a*xb + b~2xc - (2xa*xb*c + b~2)*(d*sqrt(x) + c))*co
s(2*d*xsqrt (x) + 2*%c) - (2%Ix(d*sqrt(x) + c) 2%axb + 2%xI*b"2*c + (-4xI*xaxb*c
- 2%I*b72) *(d*sqrt(x) + c))*sin(2*xd*sqrt(x) + 2xc))*arctan2(sin(d*sqrt(x)
+ c), cos(dxsqrt(x) + c) + 1) + 2x(b~2*cxcos(2*d*sqrt(x) + 2xc) + I*b~2%cx*s
in(2*d*sqrt(x) + 2%c) - b~2*c)*arctan2(sin(d*sqrt(x) + c), cos(d*sqrt(x) +
c) - 1) - (2x(d*sqrt(x) + c) 2*axb - 2x(2%a*xbxc - b~2)*(d*sqrt(x) + c) - 2%
((d*sqrt(x) + c) 2*axb - (2*axbxc - b~2)*(d*sqrt(x) + c))*cos(2*xd*sqrt(x) +
2xc) - (2*Ix(d*sqrt(x) + c) 2*axb + (-4*Ixaxb*xc + 2xI*b~2)*(d*sqrt(x) + c)
)*sin(2*%d*sqrt(x) + 2%c))*arctan2(sin(d*sqrt(x) + c), -cos(d*sqrt(x) + c) +
1) + 2x((d*sqrt(x) + c)~2*b~2 - 2*(d*sqrt(x) + c)*b~2x*c)*cos(2*d*sqrt(x) +
2xc) + (4x(d*sqrt(x) + c)*axb - 4xaxbxc - 2xb~2 - 2% (2x(d*sqrt(x) + c)*axb
- 2%axbxc - b~2)*cos(2*d*sqrt(x) + 2%c) + (-4*xIx(d*sqrt(x) + c)xaxb + 4*Ix
axb*xc + 2*I*b~2)*sin(2*d*sqrt(x) + 2*c))*dilog(-e” (I*d*sqrt(x) + Ixc)) - (4
x(d*sqrt(x) + c)*axb - 4xaxbkxc + 2¥xb~2 - 2% (2% (d*sqrt(x) + c)*axb - 2xa*b*c
+ b72)*cos(2xd*sqrt(x) + 2%c) - (4xI*x(d*sqrt(x) + c)*axb - 4xIkaxb*xc + 2*I
*b~2) *sin (2*d*sqrt(x) + 2%c))*dilog(e” (I*d*sqrt(x) + I*c)) + (I*x(d*sqrt(x)
+ c)"2%axb + Ixb~2xc + (-2*I*xaxb*c - I*b~2)*(d*sqrt(x) + c) + (-I*x(d*sqrt(x
) + c)"2*axb - I*b~2*c + (2xIxaxbxc + I*b~2)*(d*sqrt(x) + c))*cos(2xd*sqrt(
x) + 2%c) + ((d*sqrt(x) + c)72*axb + b72*%c - (2%axb*c + b~2)*(d*sqrt(x) + c
))*sin(2*d*sqrt(x) + 2xc))*log(cos(d*sqrt(x) + c)”2 + sin(d*sqrt(x) + c)72
+ 2%cos(d*sqrt(x) + c) + 1) + (-Ix(d*sqrt(x) + c) 2*axb + I*b~2xc + (2xIxax
bxc - I*b"2)*(d*sqrt(x) + c) + (I*x(d*sqrt(x) + c) 2xaxb - I*b~2%c + (-2xIxa
xbxc + I*b~2)*(d*sqrt(x) + c))*cos(2xd*sqrt(x) + 2%c) - ((d*sqrt(x) + c)~2%
axb - b72xc - (2%a*xbxc - b~2)*(d*sqrt(x) + c))*sin(2xd*sqrt(x) + 2*c))*log(
cos(d*sqrt(x) + c)72 + sin(d*sqrt(x) + c)~2 - 2*cos(d*sqrt(x) + c) + 1) + (
—4*I*xaxb*cos (2xd*sqrt(x) + 2%c) + 4*axb*xsin(2*d*sqrt(x) + 2xc) + 4xIxaxb)*p
olylog(3, -e~(Ixdxsqrt(x) + Ixc)) + (4*Ikxaxbxcos(2*xd*sqrt(x) + 2xc) - 4xaxb
xsin(2*d*sqrt(x) + 2xc) - 4xIxaxb)*polylog(3, e (Ixd*sqrt(x) + I*c)) + (2*I
x(d*sqrt(x) + c)72+%b72 - 4xI*(d*sqrt(x) + c)*b~2*c)*sin(2*xd*sqrt(x) + 2%c))
/(~Ixcos(2xd*sqrt(x) + 2%c) + sin(2*d*sqrt(x) + 2xc) + I))/d"3

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (bZ\/E csc (d\/E + c)2 + 2 aby/x csc (d\/E + c) + ax, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))"2*x~(1/2),x, algorithm="fricas")
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[Out] integral(b~2*sqrt(x)*csc(d*sqrt(x) + c)~2 + 2*axb*sqrt(x)*csc(d*sqrt(x) + c
) + a”2*sqrt(x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f\/;(a +bcsc (c + dﬁ))z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x**(1/2)))**2xx**x(1/2),%)

[Out] Integral(sqrt(x)*(a + b*csc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (b csc (d\/& + c) + a)zx/;dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2))) 2*x~(1/2),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a) 2*sqrt(x), x)
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3.58 dx

(a+b csc(c+d\/§))2
==

Optimal. Leaf size=47

4abtanh™ (cos (c + d\/E)) 212 cot (c + d\/§)
d B d

20%+/x —

[Out] 2xa~2*Sqrt[x] - (4xaxbxArcTanh[Cos[c + d*Sqrt[x]]])/d - (2xb~2*xCot[c + d*Sq
rt[x]1)/d

Rubi [A] time = 0.0529628, antiderivative size = 47, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 22, e .

0.227, Rules used = {4205, 3773, 3770, 3767, 8}

integrand size

4abtanh™ (COS (c + d\/E)) 202 cot (c + d\/§)
d B d

20%+/x —

Antiderivative was successfully verified.

[In] Int[(a + bxCscl[c + dxSqrt[x]])~2/Sqrt[x],x]

[Out] 2*a~2*xSqrt[x] - (4xaxbxArcTanh[Cos[c + d*Sqrt[x]]])/d - (2xb~2*xCot[c + d*Sq
rt[x]]1)/d

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)]*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 3773

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))~2, x_Symbol] :> Simp[a™2*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b~2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, c, d}, xI]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_ )] (n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cot[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
Int[a_, x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

Rubi steps
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2
f (11 + bcesc (C + d\/})) dx = 2 Subst (f(a + besc(c + dx))? dx, x, \/;)

N7
— 2a2+/% + (4ab) Subst ( f cse(c + dx) dx, x, ﬁ) + (20%) Subst ( f csc2(c + dx) dx, x, VX

4abtanh ™ (cos (c + d\/E)) (2b2) Subst (fl dx, x, cot (c + d\/E))

= 202+/x - : B :
- ey S (ool dR))_ 2 eor e )

Mathematica [A] time = 0.443218, size = 93, normalized size = 1.98

2a (ac + ad~/x + 2blog (sin (% (c + dﬁ))) - 2blog (cos (% (c + dﬁ)))) +b% tan (% (c -+ d\/E)) + b? (— cot (% (c +d,
d

Antiderivative was successfully verified.

[In] Integratel[(a + b*Cscl[c + d*xSqrt[x]])~2/Sqrt[x],x]

[Out] (-(b~2%Cot[(c + d*Sqrt[x])/2]) + 2*xax(axc + a*xd*Sqrt[x] - 2*bxLog[Cos[(c +
dxSqrt[x])/2]] + 2*xbxLog[Sin[(c + d*Sqrt[x])/2]]) + b 2*Tan[(c + d*Sqrt[x])
/21)/d

Maple [A] time = 0.039, size = 62, normalized size = 1.3

)2 x+4abln(csc(c+d\/fl)—cot(c+d\/§)) _szcot(;+d\/§) +2%

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*csc(c+d*x~(1/2)))"2/x"(1/2),x)

[Out] 2*a~2*xx~(1/2)+4/d*axb*1n(csc(c+d*x”(1/2))-cot (c+d*x~(1/2)))-2*%b"2*cot (c+d*x
~(1/2))/d+2/d*a"~2x*c

Maxima [A] time = 0.986282, size = 70, normalized size = 1.49

4ablog (cot (d\/E + c) +csc (d\/} + c)) 212
2 /v _ _
2a*\x d dtan(d\/§+c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*x~(1/2)))"2/x7(1/2),x, algorithm="maxima"

[Out] 2*a~2*sqrt(x) - 4*a*b*log(cot(d*sqrt(x) + c) + csc(d*sqrt(x) + c))/d - 2*b~
2/ (d*tan(d*sqrt(x) + c¢))
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Fricas [B] time = 0.524572, size = 277, normalized size = 5.89

2 (azd\/;Sin (dx/a—c + c) —ablog (% oS (d\/a_c + c) + %) sin (dx/a—c + c) + ablog (—% oS (dx/a_c + c) + %) sin (d\/E + c)
d sin (d\/E+ c)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))"2/x7(1/2),x, algorithm="fricas")

[Out] 2x(a”2*d*sqrt(x)*sin(d*sqrt(x) + c) - a*bxlog(l/2*cos(d*sqrt(x) + c) + 1/2)
xsin(d*sqrt(x) + c) + axb*xlog(-1/2*cos(d*sqrt(x) + c) + 1/2)*sin(d*sqrt(x)
+ ¢c) - b72xcos(d*sqrt(x) + c))/(d*sin(d*sqrt(x) + c))

Sympy [A] time = 7.74232, size = 90, normalized size = 1.91

—\/x (2{12 + 4ab csc (c) + 2b% csc? (c)) ford =0
- 3 2u2(c+d\/§)—4ub log (cot (c+d\/3_;)+csc (c+d\/§))—2b2 cot (c+d\/3_c) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+dxx**(1/2)))**2/x*x(1/2) ,%)

[Out] -Piecewise((-sqrt(x)*(2*a**2 + 4xaxbxcsc(c) + 2*b*x*x2xcsc(c)**2), Eq(d, 0)),
(- (2*%ax*2x(c + dxsqrt(x)) - 4xaxbxlog(cot(c + d*sqrt(x)) + csc(c + dxsqrt(
x))) - 2xb*x2*cot(c + d*sqrt(x)))/d, True))

Giac [B] time = 1.5199, size = 112, normalized size = 2.38

4ab tan(% d«/;+% c)+b2

tan(% d\/§+% c)

2 (d\ﬁ + c)a2 +4ablog (|tan (% d/x + %c)|) +b% tan (% d+/x + % c) -

d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*csc(c+d*x~(1/2)))"2/x7(1/2),x, algorithm="giac")

[Out] (2x(d*sqrt(x) + c)*a”2 + 4*axbxlog(abs(tan(1l/2*d*sqrt(x) + 1/2%c))) + b~2xt
an(1/2*d*sqrt(x) + 1/2%c) - (4*xaxb*xtan(l/2xd*sqrt(x) + 1/2%c) + b~2)/tan(1/
2*d*sqrt(x) + 1/2xc))/d
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3.59

Optimal. Leaf size=24

f (a+b csc(c+d\/§))2 dx

32

rienear))

Unintegrable [ a7

[Out] Unintegrable[(a + b*Cscl[c + d*Sqrt[x]])~2/x7(3/2), x]

Rubi [A] time = 0.0219467, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}

dx

f (a + bcse (c + d\/;))z

32

Verification is Not applicable to the result.
[In] Int[(a + b*Csc[c + d*Sqrt[x]]1)~2/x~(3/2),x]

[Out] Defer[Int] [(a + b*Csclc + d*Sqrt[x]])~2/x~(3/2), x]

Rubi steps

f (a +besc (c + d\/E))z e f (u +besc (c + d\ﬁ))z B

$32 $32

Mathematica [A] time = 21.1126, size = 0, normalized size = 0.

X

f (a +besc (c + dx/i))z ;

32

Verification is Not applicable to the result.

[In] Integratel[(a + b*Cscl[c + d*Sqrt[x]])~2/x"(3/2),x]

[Out] Integrate[(a + b*Csc[c + d*Sqrt([x]])~2/x7(3/2), x]

Maple [A] time = 0.19, size = 0, normalized size = 0.

f (a + bcsc (c + d\/&))z x_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(c+d*x~(1/2)))"2/x"(3/2),x%)

[Out] int((atb*csc(c+d*x~(1/2)))"2/x~(3/2),%)
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Maxima [A] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))"2/x"(3/2),x, algorithm="maxima")

[Out] -(4*b~2*sin(2*d*sqrt(x) + 2xc) - ((d*integrate(2*(axb*d*sqrt(x)*sin(d*sqrt(
X) + c¢) + b™2*sin(d*sqrt(x) + c¢))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x
) + ¢c)72 + 2xd*cos(d*sqrt(x) + c) + d)*x72), x) + dxintegrate(2*(axbxd*sqrt
(x)*sin(d*sqrt(x) + c) - b™2*sin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)72 +
dxsin(d*sqrt(x) + c)~2 - 2*d*xcos(d*sqrt(x) + c) + d)*x"2), x))*cos(2*xd*sqr
t(x) + 2xc)”2 + (dxintegrate (2% (a*xb*xd*sqrt(x)*sin(d*sqrt(x) + c) + b7 2xsin(
dxsqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)~2 + 2xd*cos
(d*sqrt(x) + c) + d)*x"2), x) + dxintegrate(2*(a*b*xd*sqrt(x)*sin(d*sqrt(x)
+ ¢) - b 2xsin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) +
c)"2 - 2*dxcos(d*sqrt(x) + c) + d)*x72), x))*sin(2*d*sqrt(x) + 2%c)~2 - 2%
(d*integrate (2% (axbxd*sqrt (x)*sin(d*sqrt(x) + c) + b~ 2*sin(d*sqrt(x) + c¢))/
((dxcos(d*sqrt(x) + c)~2 + d*sin(d*sqrt(x) + c)”2 + 2xd*cos(d*sqrt(x) + c)
+ d)*x72), x) + dxintegrate(2*(axb*d*sqrt(x)*sin(d*sqrt(x) + c) - b~ 2xsin(d
*sqrt(x) + c¢))/((d*cos(d*sqrt(x) + c)~2 + dxsin(d*sqrt(x) + c)72 - 2*d*cos(
dxsqrt(x) + c) + d)*x72), x))*cos(2*d*sqrt(x) + 2%c) + dxintegrate(2*(a*bxd
xsqrt (x)*sin(d*sqrt(x) + c) + b™2xsin(d*sqrt(x) + c))/((d*cos(d*sqrt(x) + c
)72 + dxsin(d*sqrt(x) + c)”2 + 2xd*cos(d*sqrt(x) + c) + d)*x72), x) + dxint
egrate (2* (a*bxd*sqrt (x)*sin(d*sqrt(x) + c) - b~ 2*sin(d*sqrt(x) + c))/((dxco
s(d*sqrt(x) + c)”2 + dxsin(d*sqrt(x) + c)72 - 2*xd*cos(d*sqrt(x) + c) + d)*x
72), x))*x + 2x(a"2*d*cos(2xd*sqrt(x) + 2%c)”2 + a"2*d*sin(2xd*sqrt(x) + 2%
c)"2 - 2%a”2xd*cos(2xd*sqrt(x) + 2%c) + a~2*xd)*sqrt(x))/((dxcos(2*d*sqrt (x)
+ 2%c)72 + dxsin(2xd*sqrt(x) + 2%c)”2 - 2xd*cos(2*d*sqrt(x) + 2%c) + d)*x)

Fricas [A] time = 0., size = 0, normalized size = 0.

b2+/x csc (d\/E + 0)2 +2aby/x csc (d\/E + c) +a\x
> ,X

X

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*csc(c+d*xx~(1/2)))"2/x7(3/2),x, algorithm="fricas")

[Out] integral((b~2*sqrt(x)*csc(d*sqrt(x) + c)~2 + 2*axbxsqrt(x)*csc(d*sqrt(x) +
c) + a"2*sqrt(x))/x"2, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

3 X

x2

f (a +besc (c + d«/&))2 ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+bxcsc(c+d*x**(1/2)))**2/x%*(3/2),x)
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[Out] Integral((a + b*csc(c + d*sqrt(x)))**2/x**(3/2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

3
X2

f (b csc (d\/E + c) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))"2/x~(3/2),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2/x~(3/2), x)
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3.60

Optimal. Leaf size=24

f (a+b csc(c+d\/§))2 dx

512

i e

Unintegrable [ P

[Out] Unintegrable[(a + b*Cscl[c + d*Sqrt[x]])~2/x7(5/2), x]

Rubi [A] time = 0.0221648, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, - -
integrand size

0., Rules used = {}

dx

f (a + bcse (c + d\/;))z

52

Verification is Not applicable to the result.
[In] Int[(a + b*Csc[c + d*Sqrt[x]]1)~2/x~(5/2),x]

[Out] Defer[Int] [(a + b*Csclc + d*Sqrtl[x]])~2/x~(5/2), x]

Rubi steps

152 152

f (a +besc (c + d\/E))z e f (u +besc (c + d\ﬁ))z B

Mathematica [A] time = 22.4942, size = 0, normalized size = 0.

X

f (a +besc (c + dx/i))z ;

512

Verification is Not applicable to the result.

[In] Integratel[(a + b*Csc[c + d*xSqrt[x]])~2/x"(5/2),x]

[Out] Integrate[(a + b*Csc[c + d*Sqrt([x]])~2/x~(5/2), x]

Maple [A] time = 0.201, size = 0, normalized size = 0.

f (a + bcsc (c + d\/&))z x_g dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*csc(c+d*x~(1/2)))"2/x"(5/2),x%)

[Out] int((atb*csc(c+d*x~(1/2)))"2/x~(5/2),%)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+td*x~(1/2)))~2/x7(5/2),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

b?+/x csc (d\/E + c)z +2aby/x csc (d\/E + c) +a\x
5 , X

X

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*csc(c+d*x~(1/2)))"2/x7(5/2),x, algorithm="fricas")

[Out] integral((b~2*sqrt(x)*csc(d*sqrt(x) + c)~2 + 2*axb*sqrt(x)*csc(d*sqrt(x) +
c) + a"2*sqrt(x))/x"3, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

+dyR))

dx

f(a+bcsc(

C
5
X2

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*csc(c+d*x**(1/2)))**2/x**(5/2) ,x)

[Out] Integral((a + bxcsc(c + dxsqrt(x)))**2/x*x(5/2), x)

Giac [A] time = 0., size = 0, normalized size = 0.
2

dx

5
X2

f (b cse (d\/§+ c) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*csc(c+d*x~(1/2)))"2/x7(5/2),x, algorithm="giac")

[Out] integrate((b*csc(d*sqrt(x) + c) + a)~2/x"(5/2), x)
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CSC3 X
361 | % dx
Optimal. Leaf size=24
—tanh™! (cos (\E)) —cot (\/E) csc (\/E)

[Out] -ArcTanh[Cos[Sqrt[x]]] - Cot[Sqrt[x]]*Csc[Sqrt[x]]

Rubi [A] time = 0.0213424, antiderivative size = 24, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 14, oe e =

0.214, Rules used = {4205, 3768, 3770}

—tanh™! (COS (\E)) —cot (\/E) csc (\/E)

integrand size

Antiderivative was successfully verified.

[In] Int[Csc[Sqrt([x]]~3/Sqrt[x],x]
[Out] -ArcTanh[Cos[Sqrt[x]]] - Cot[Sqrt[x]]*Csc[Sqrt[x]]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 3768

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.))"(n_), x_Symbol] :> -Simp[(b*Cos[c + d*x
I*x(bxCsclc + d*x])"(n - 1))/(@*(n - 1)), x] + Dist[(b™2*(n - 2))/(n - 1), I
nt[(b*Csclc + d*x])"(n - 2), x], x] /; FreeQ[{b, c, d}, x] && GtQ[n, 1] &&
IntegerQ[2+*n]

Rule 3770

Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]

Rubi steps

f csc? (\/§)

7 dx = 2 Subst (f esc3(x) dx, x, \/E)

= —cot (\/E) csc (\/E) + Subst (f csc(x) dx, x, \/E)
= —tanh™ (cos (\/Z)) - cot (\/E) csc (\/§)

Mathematica [B] time = 0.0386761, size = 57, normalized size = 2.38

Y Y O |

4 2 4
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Antiderivative was successfully verified.
[In] Integratel[Csc[Sqrt[x]]~3/Sqrt[x],x]

[Out] -Csc[Sqrtl[x]/2]1°2/4 - LoglCos[Sqrt([x]/2]] + Log[Sin[Sqrt[x]/2]] + Sec[Sqrtl[
x]1/2]172/4

Maple [A] time = 0.023, size = 24, normalized size = 1.

—cot (\ﬂ) csc (\/E) +In (csc (\/E) - cot (\/E))

Verification of antiderivative is not currently implemented for this CAS.

[In] int(csc(x~(1/2))"3/x~(1/2),%)

[Out] -cot(x~(1/2))*csc(x~(1/2))+1In(csc(x~(1/2))-cot(x~(1/2)))

Maxima [A] time = 0.988923, size = 46, normalized size = 1.92

COZ(ES\/(_—X)\/E)_l - % log (cos (\/E) + 1) + % log (cos (\/E) - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x~(1/2))73/x7(1/2),x, algorithm="maxima"

[Out] cos(sqrt(x))/(cos(sqrt(x))~2 - 1) - 1/2*log(cos(sqrt(x)) + 1) + 1/2xlog(cos
(sqrt(x)) - 1)

Fricas [B] time = 0.488625, size = 198, normalized size = 8.25
(cos (\/})2 - 1) log (% cos (\/E) + %) - (COS (\/E)Z - 1) log (—% cos (\/E) + %) -2 cos (\/E)
2 (COS (\/E)z - 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x~(1/2))73/x7(1/2),x, algorithm="fricas")

[Out] -1/2%((cos(sqrt(x))~2 - 1)*log(1l/2xcos(sqrt(x)) + 1/2) - (cos(sqrt(x))~2 -
1 *xlog(-1/2*cos(sqrt(x)) + 1/2) - 2xcos(sqrt(x)))/(cos(sqrt(x))~2 - 1)

Sympy [F] time = 0., size = 0, normalized size = 0.
cscd (v/x
fﬂ i
NE

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(csc(x**(1/2))#**3/x**(1/2),x)

[Out] Integral(csc(sqrt(x))**3/sqrt(x), x)

Giac [B] time = 1.31325, size = 95, normalized size = 3.96

2 (cos(\/a_c)—l)
( cos(YI)+1 1)(COS (\/E) * 1) cos (\/E) -1 1

+ = log

4 (COS (\/E) - 1) ! (COS (\/E) + 1) 2

cos (\/E) -1
coS (\/§) +1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(csc(x~(1/2))73/x7(1/2),x, algorithm="giac")

[Out] -1/4%(2*(cos(sqrt(x)) - 1)/(cos(sqrt(x)) + 1) - 1)*(cos(sqrt(x)) + 1)/(cos(
sqrt(x)) - 1) - 1/4x(cos(sqrt(x)) - 1)/(cos(sqrt(x)) + 1) + 1/2xlog(-(cos(s
qrt(x)) - 1)/(cos(sqrt(x)) + 1))
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3/2

3.62 f a+b csc(c+d\/§) ax

Optimal. Leaf size=675

i c+d\&) c+d-

iaei ”d\/;) iaei ”d\/;) iaez(
b-Vb2-a? Vb2-a2+b N b-Vb2—a?
ad?\b? — a2 ad?\b? — a2 ad3Vb? — a? ad3Vb? — a2

iuei(
b2_ 112

8bx¥2PolyLog (2, ) 8bx¥2PolyLog (2, ) 24ibxPolyLog (3, ) 24ibxPolyLog (3,

[Out] (2xx~(5/2))/(56xa) + ((2*I)*b*x"2*Logl[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b - S
grt[-a”2 + b~2])]1)/(a*Sqrt[-a"2 + b~2]*d) - ((2*I)*b*x"2*Log[1l - (I¥xa*xE~(Ix*
(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*xSqrt[-a”2 + b72]*d) + (8*b*x~
(3/2)*PolyLog[2, (Ixa*E~(Ix(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b~2])])/(a*xSq
rt[-a”2 + b72]*d"2) - (8*b*x~(3/2)*PolyLogl[2, (I*a*E~(I*(c + d*Sqrtl[x])))/(
b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d~2) + ((24*I)*b*x*PolyLogl3, (
I*xa*xE~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"3
) — ((24%I)*b*x*PolyLogl[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~"2 + b~2
1)1)/(axSqrt[-a™2 + b72]1*d"3) - (48*bxSqrt[x]*PolyLog[4, (I*a*E~(Ix(c + dxS
qrt[x])))/(b - Sqrt[-a"2 + b~2])])/(axSqrt[-a~2 + b~2]*d"4) + (48*bxSqrt[x]
*PolyLog[4, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a
"2 + b72]*d"4) - ((48%I)+*b*PolyLogl[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt
[-a”2 + b72])])/(axSqrt[-a~2 + b~2]*d"5) + ((48+I)*b*PolyLogl[5, (I*a*E™(I*(
c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d~5)

Rubi [A] time = 1.11635, antiderivative size = 675, normalized size of antiderivative =

: : ber of rul
1., number of steps used = 17, number of rules used = 9, integrand size = 22, o >

= 0.409, Rules used = {4205, 4191, 3323, 2264, 2190, 2531, 6609, 2282, 6589}

integrand size

- i(c+dvx i(c+d-

. i(c+d\/7c) . i(c+d\/7c) x)
= i ) 24ibxPolyLog (3, =z ) 24ibxPolyLog (3,

iae
b2—a2

b—V2—a2 N . b—V2—a2
ad?>Vb? — a2 ad?>Vb? — a2 ad3Vb? — a2 ad3Vb? — a2

8bx¥?PolyLog (2, ) 8bx¥2PolyLog (2,

Antiderivative was successfully verified.

[In] Int[x~(3/2)/(a + b*Csclc + d*Sqrt[x]]1),x]

[Out] (2xx~(5/2))/(6%a) + ((2*I)*bxx~2*xLogl[l - (I*a*xE~(I*(c + d*Sqrt[x])))/(b - S
grt[-a”2 + b~"2])])/(axSqrt[-a~2 + b~2]*d) - ((2*I)*b*x"2xLog[1l - (I*axE~(Ix*
(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d) + (8*b*x~
(3/2)*PolyLog[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a*Sq
rt[-a”2 + b72]*d"2) - (8*b*x~(3/2)*PolyLogl[2, (I*a*E~(I*(c + d*Sqrtl[x])))/(
b + Sqrt[-a”2 + b72])])/(a*xSqrt[-a~2 + b~2]*d"2) + ((24*I)*bxx*PolyLogl[3, (
Ixa*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a*Sqrt[-a”2 + b~2]*d"3
) - ((24%I)*b*x*PolyLog[3, (I*xa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2
1)1)/(axSqrt[-a”2 + b~2]*d~3) - (48xbxSqrt[x]*PolyLogl[4, (I*a*E~(I*(c + d*S
qrt[x]1)))/(b - Sqrt[-a~2 + b~2])])/(axSqrt[-a”2 + b~2]*xd~4) + (48%b*Sqrt[x]
*PolyLog[4, (I*a*xE~(I*(c + d*Sqrtl[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a
T2 + b"2]*d"4) - ((48%I)*b*PolyLogl[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt
[-a"2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"5) + ((48*I)*b*PolyLogl[5, (I*a*xE~(I*(
c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"5)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x )" (m )I*(_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
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1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_)*(x_)1x(b_.) + (a_)) " (n_.)*((c_.) + (d_)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*xx) " m*E"(Ix(e + f*x)))/(Ixb + 2*%a*xE~(I*(e + f*x
)) - I*b*E~(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a”2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int [((F)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF~u)/(b - q + 2%c*F~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m*F u) /(b + q + 2%cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(@m_)*x((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (bx(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2531

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x_))))"(n_D1*x((f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + bx*x
)))7n)1)/(bxc*n*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + gxx)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}y, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (f_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_.)*((a_.) + (b_.
)% (x ))))~(p_.)], x_Symbol]l :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(cx(a
+ b*x)))"pl)/(b*c*xp*Logl[F]), x] - Dist[(f*m)/(bxc*pxLogl[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~"pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*x(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589
Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_8
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ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d

, €, n, pt, x] & EqQ[b*d, axe]
Rubi steps

3/2 4

X

f - dx =2 Subst (f
a+bcsc(c+d\/§) a+ bese(c + dx)

x* bx*

dx, x, \/Q)

ZZ&m“(f(Z_a@+aamc+m»)i“nva

x4
2x5/2 (2b) Subst (f m dx, X, \/E)

5a a
ei(c+dx)x4
~ y52  (4b) Subst (f T Db ) i) dx, x, ‘/;)
Y a
i(c+dx) 4 i(c+dx) 4
4ib) Subst S, R) (i) Subst .
_ 2 B)Bubs ) e x| i) Subst ([ e
5a V-a% + b? V-a? + b?
b log(1- ) pagog (1o ) 3
e W e W e (=101~
5a av-a? + b%d av-a? + b%d av-a? +
. i(c+d\/§) . i(c+d\/§) . i(c+d\/§)
. 2 _ ae . 2 _ lae 3/2 . lae
) 0512 2ibx“log (1 PV 2ibx“log (1 P ) 8bx”*Li, T 8t
5a av—-a? + b%d av—-a? + b%d av-a? + b?d?
. i(c+dvi) i(c+dy) - i(c+dy)
. 2 _ lae . 2 _ ae 3/2 . ae
) 052 ) 2ibx“log (1 ey 2ibx=log (1 v ) 8bx*Li, e 8L
5a avV—a? + b%d av—a? + b%d av—a? + b%d?
. i(c+d«/§) . i(c+d\/§) . i(c+d\/§)
. 2 _ lae . 2 _ lae 3/2 . lae
) 0512 ) 2ibx~log (1 TR 2ibx~log (1 e ) 8bx<Li, T 8L
5a av—-a? + b%d av—-a? + b%d av—-a? + b?d?
. i(c+d\/§) . i(c+d\/§) . i(c+d\/§)
. 2 _ ae . 2 _ lae 3/2 . lae
) 0512 2ibx“ log (1 - m) 2ibx“ log (1 N m) 8bx le(b_ m) 8t
5a av—-a? + b%d av—-a? + b%d av-a? + b?d?
. i(c+dvk) . i(c+dvi) - i(c+dy)
. 2 _ ae . 2 _ lae 3/2 . ae
) 052 2ibx* log (1 b_m) 2ibx* log (1 —b+m) ) 8bx le(b_m) 8L
5a av-a? + b*d av—-a? + b?d av—a? + b?d?

Mathematica [A]

(.
ae

—4id3x3/ 2PolyLog[Z,

5beic[
2csc (c + d\/E) (a sin (c + d\/E) + b) 52

2c+d \/;)

time = 1.98173, size = 757, normalized size = 1.12

}+4id3x3/ 2PolyLog[Z,—

4o (2c+VR)

A /eZiC (uz—b2)+ibeic

]+12d2xP01y]

Antiderivative was successfully verified.

[In] Integrate[x~(3/2)/(a + bxCsclc + dxSqrt[x]]),x]

[Out] (2*Csclc + d*Sqrt[x]]1*(x~(5/2) - (5%b*E~(I*c)*(d"4*x"2xLogl[l + (a*E~(Ix*(2xc
+ d*Sqrt[x])))/(I*b*E~(Ixc) - Sqrt[(a”2 - b™2)*E~((2*I)*c)])] - d~4*x"2x*Lo
gll + (a*xE~(I*(2%c + d*xSqrt[x])))/(I*b*xE~(I*c) + Sqrt[(a”™2 - b™2)*E~((2*I)*
c)1)] - (4*I)*d"3xx"(3/2)*PolyLog[2, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*E™(I*
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c) + I*Sqrt[(a~2 - b 2)*E~((2%I)*c)])] + (4xI)*d~3*x~(3/2)*PolyLogl[2, -((ax
E~(I*(2*c + dxSqrt[x])))/(I*#b*E~(I*c) + Sqrt[(a”2 - b 2)*E~((2%I)*c)]))] +
12xd~2*xx*PolyLog[3, (I*a*E~(I*(2xc + dxSqrt[x])))/(b*E~(I*c) + IxSqrt[(a”2
- b 2)*E~((2%¢I)*c)])] - 12%d~2xxxPolyLog[3, -((a*E~(I*(2xc + d*Sqrt[x])))/(
I#b*E~(I*c) + Sqrt[(a”2 - b™2)*E~((2*I)*c)]1))] + (24*I)*d*Sqrt[x]*PolyLog[4
, (Ixa*E~(Ix(2xc + d*Sqrt[x])))/(b*xE~(I*c) + I*Sqrt[(a”2 - b~2)*E~((2*I)*c)
D1 - (24*I)*d*Sqrt [x]*PolyLog[4, -((axE~(I*(2*c + d*Sqrt[x])))/(I*bxE~(Ixc
) + Sqrtl[(a”™2 - b™2)*E~((2%xI)*c)]))] - 24*PolyLogl5, (Ixa*E~(I*(2xc + dx*Sqr
t[x]1)))/(b*E~(I*c) + IxSqrtl[(a”2 - b~ 2)*E~((2*%I)*c)]1)] + 24*PolyLog[5, -((a
*E~ (I*(2%c + d*Sqrt[x])))/(I*¥bxE~(I*c) + Sqrtl[(a~2 - b 2)*E~((2xI)*c)]))]))
/(d°5%Sqrt[(a”2 - b"2)*E~((2%I)*c)]))*(b + a*xSin[c + d*Sqrt[x]]))/(5*ax(a +
bxCsc[c + d*Sqrt[x]]))

Maple [F] time = 0.119, size = 0, normalized size = 0.

fxg (a + besc (c + dﬁ))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)/(a+b*csc(c+d*xx~(1/2))),x)

[Out] int(x~(3/2)/(at+b*csc(c+d*x~(1/2))),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)/(a+bxcsc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral o
integra X
& bcsc(dx/z+c)+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)/(at+bxcsc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(x~(3/2)/(bxcsc(d*sqrt(x) + c) + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

N w

X
fa+bcsc(c+d\/§) *
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)/(atb*csc(c+d*x**(1/2))),x)

[Out] Integral(x**(3/2)/(a + bxcsc(c + dxsqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

3

x2 p
fbcsc(d\/}+c)+a *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)/(atbxcsc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(x~(3/2)/(b*csc(d*sqrt(x) + c) + a), x)
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Jx
3.63 f a+b Csc(c+d\/§) ax

Optimal. Leaf size=407

4b+/xPolyLog (2 il 1) 4b+/xPolyLog (2 N polyLog (3, ™) sibpolyLog 3, )
) AN YHOR\ > Vs . YRR\ Ve Yo'\ VA
ad?Nb? — a2 ad?\b? — a2 ad3Vb? — a2 ad3Vb? — a2

[Out] (2*x~(3/2))/(3*a) + ((2*I)*b*x*Log[l - (I*a*E~(Ix(c + d*Sqrt[x])))/(b - Sqr
t[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d) - ((2*%I)*bxx*Log[l - (I*a*E~(Ix(c +
d*xSqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(axSqrt[-a”2 + b~2]*d) + (4*xbxSqrt[x
1*PolyLog[2, (I*axE~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a~2 + b~2])])/(a*Sqrt[-

a”2 + b72]*d"2) - (4*xb*Sqrt[x]*PolyLogl[2, (I*a*E~(I*(c + d*Sqrtl[x])))/(b +
Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"2) + ((4*I)*b*PolyLogl[3, (I*a*xE~(

Ix(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a*Sqrt[-a”2 + b~2]*d~3) - ((4
*I1)*bxPolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sq
rt[-a”2 + b~2]1*d"3)

Rubi [A] time = 0.865294, antiderivative size = 407, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 8, integrand size = 22, number of rules

= 0.364, Rules used = {4205, 4191, 3323, 2264, 2190, 2531, 2282, 6589}

integrand size

. (c+d\/§) Z.aei(c+ai\/§) ] mei(c+d\/§) ) iaei(c+d\/§c) \
4b\/§POlyLOg 2, m 4b\/§POlyLOg 2, m 4leOlyLOg 3, m 4leOlyLOg 3, m)
— + —
ad?Vb? — a? ad?Vb? — a? ad3Vb? — a? ad3Vb? — a?

Antiderivative was successfully verified.

[In] Int([Sqrt[x]/(a + b*Cscl[c + d*Sqrt[x]]),x]

[Out] (2*x~(3/2))/(3%a) + ((2*I)*b*x*Log[l - (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqr
t[-a”2 + b~2])])/(a*xSqrt[-a"2 + b~2]*d) - ((2xI)*bxx*xLogl[l - (I*a*xE~(Ix(c +
d*xSqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(axSqrt[-a”2 + b~2]xd) + (4*xbxSqrt[x
1*¥PolyLog[2, (I*a*E~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a~2 + b~2])]1)/(a*Sqrt[-

a”2 + b72]*xd"2) - (4xb*Sqrt[x]*PolyLogl[2, (I*axE~(I*(c + d*Sqrt[x])))/(b +
Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"2) + ((4*I)*b*PolyLogl[3, (I*a*xE~(

Ix(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a*Sqrt[-a”2 + b~2]*d~3) - ((4
*I1)*b*xPolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a*Sq
rt[-a”2 + b72]*d"3)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_.)*(x_)]*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

Rule 3323
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Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E~(I*(e + f£*x)))/(I*b + 2*xa*xE~(Ix(e + f*x
)) - Ixb*xE~(2xIx(e + fx*x))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int [C(F_)~(u)*((£f_.) + (g_)*&x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkF u)/(b - q + 2*xc*F"u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, ¢, f, g}, x] && EqQlv,
2*xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F_)~((g_)*x((e_.) + (£_0*(x_))))"(n_)*((c_.) + (d_D*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*Log[l + (bx(F~(gx(e + f*x)))~"n)/al)/(bxf*xgxnxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_.)*(x_))))"(n_)1*((£f_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*xcxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, nr, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
onOfExponentialQu, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)x((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, e, n, pty, x] && EqQ[bxd, axe]

Rubi steps
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dx = 2 Subst dx, x,
fa+bcsc(c+d\/§) * s fa+bcsc(c+dx) %%,V
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3a a
ei(c+dx)x2
~ 232 _ (4D) Subst (f i1t 2be ) eI ) dx, x, ‘/E)
~ 3a a
i(c+dx) 2 i(c+dx) 42
4ib) Subst AL S— ) 4'bSbt(#
_ 207 (h)Subs | Ve Mo N i) Subst ([ e
3a V—-a? + b? V-a? + b?
ibxl iaei(ﬁd\/}) byl iuei(ﬁd‘/i) .
pon 2belos(l= T | aibwlog|1- T ity Subst ([ xlog (1-
= + _ _ |
3a av-a? + b2d av—-a? + b%d av—-a? -
. i(c+dvi) . i(c+dvx) . i(c+dvi)
. e . ae o e
B 2x3/2 2ibx 10g (1 - m) 2ibx lOg (1 - m) N 4b\/§L12 (m)
3a av-a? + b%d av-a? + b%d aV—a? + b2d?
. i(c+d\ﬂ) . i(c+d\ﬁ) . i(c+d\ﬂ)
. e . ae . lae
| pn 2ibxlog (1 - bm) 2ibxlog (1 - wm) ) 40V, (bw)
3a av—a? + b%d av—a? + b%d av—a? + b%d?
. i(c+dvi) . i(c+dvx) . i(c+dvx)
. lae . lae . ae
| gn 2ibxlog (1 - b_m) 2ibxlog (1 - zm/m) . 4bVaLiz (wm)
3a av-a? + b2d av—-a? + b%d av—-a? + b?d?
Mathematica [A] time = 10.8972, size = 512, normalized size = 1.26
3he3ic(uz—bZ)[—zidﬁPolyLog[z M]+2id\/§PolyLog[2 et ]+21
" i 2 (224 peic " [Ric( 212\ ¢ el
ZCsc(c+d\/§)(asin(c+d\/§)+b) x32 + () ()
[7
3a (u + bcsc(c+d\/§

Warning: Unable to verify antiderivative.

[In] Integrate[Sqrt[x]/(a + b*Csc[c + d*Sqrt[x]1]),x]

[Out] (2xCsclc + d*Sqrt[x]]1*(x~(3/2) + (3*b*x(a”2 - b~2)*E~((3*I)*c)*(d"2*x*Log[1
+ (axE7(I*(2xc + d*Sqrt[x])))/(Ixb*E~(I*c) - Sqrt[(a™2 - b72)*E~((2xI)*c)])
] - d72xx*Log[1 + (a*E~(I*(2*c + d*xSqrt[x])))/(I*b*xE~(I*c) + Sqrt[(a™2 - b~
2)*E7((2*%I)*c)])] - (2+I)*d*Sqrt[x]*PolyLog[2, (Ixa*E~(I*(2xc + dxSqrt[x]))
)/ (bxE~(Ixc) + IxSqrtl[(a”2 - b"2)*E~((2%I)*c)])] + (2xI)*d*Sqrt[x]*PolyLogl
2, —((a*xE~(I*x(2xc + d*Sqrt[x])))/(I*b*xE~(I*c) + Sqrt[(a”2 - b~2)*E~((2*I)*c
)1))]1 + 2%PolyLog[3, (I*a*E~(I*(2*c + dxSqrt[x])))/(b*E~(I*c) + I*Sqrt[(a~2
- b"2)*E~((2%I)*c)])] - 2#PolyLogl[3, -((a*E~(I*(2%c + d*Sqrt[x])))/(IxbxE™~
(Ixc) + Sqrt[(a™2 - b 2)*E~((2%I)*c)]1))1))/(d"3xSqrt[(-a”2 + b~2)*E~ ((2%I)*
c)]1*Sqrt[-((a”2 - b™2)"2+E~((4*I)*c))]))*(b + a*Sin[c + d*Sqrt[x]]))/(3xax*(

a + bxCscl[c + d*Sqrt[x]]))




Maple [F] time = 0.112, size = 0, normalized size = 0.

f Vx (a + bcsc (c + d\/Z))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)/(a+b*csc(c+d*x~(1/2))),x)

[Out] int(x~(1/2)/(atbxcsc(c+d*x~(1/2))),x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)/(at+bxcsc(c+d*x~(1/2))),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

N

bcsc(d\/E+c) v

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)/(a+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(sqrt(x)/(bxcsc(d*sqrt(x) + c) + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

\/z
fa+bcsc(c+d\/§) *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x(1/2)/(atb*csc(c+d*x**(1/2))),x)

[Out] Integral(sqrt(x)/(a + b*csc(c + d*sqrt(x))), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f v dx
bcsc(dx/i+c) +a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~(1/2)/(at+b*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(sqrt(x)/(b*csc(d*sqrt(x) + c) + a), x)
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1

f \/§(a+b csc(c+d\/§))

Optimal. Leaf size=66

3.64 dx

m tanh_l [a+b tan(%(c+dﬁ))]
N N
+
adVa? — b? a

[Out] (2*%Sqrt[x])/a + (4xbxArcTanh[(a + b*Tan[(c + d*Sqrt[x])/2])/Sqrtl[a”2 - b~2]
1)/ (axSqrt[a~2 - b~2]*d)

Rubi [A] time = 0.104868, antiderivative size = 66, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 22, e .

integrand size
0.227, Rules used = {4205, 3783, 2660, 618, 206}

m tanh_l [a+b tan(%(c+dﬁ))]
Va2 2%
+
adVa? — b? a

Antiderivative was successfully verified.

[In] Int[1/(Sqrt[x]*(a + bxCsclc + dxSqrt[x]])),x]

[Out] (2*%Sqrt[x])/a + (4xb*ArcTanh[(a + b*Tan[(c + d*Sqrt[x])/2])/Sqrtl[a™2 - b~2]
1)/ (axSqrt[a~2 - b~2]*d)

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Rule 3783

Int[(cscl(c_.) + (d_)*(x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sin[c + d*x1)/b), x], x] /; FreeQ[{a, b, c, d}, x
1 && NeQ[a~2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2¥b*e*x + ax
e”2xx72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a2 - b"2, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps

1 1

f \/E(a +besc (c + dﬁ)) = 25ubst (f a + besc(c + dx) o \/Z)

2Subst | [ ———— dx, x,
_ 2\/} B ubs f 1+asm§7c+dx) X, X \/;)
a a
1 1
2\/} 4 Subst fhz%—xﬂgdx,x,tan(i (C+d\/§)))
T a ad
8 Subst f%zdx,x,%a +2tan(% (c+d\/§))
2\/& N —4(1—b—2)—x
a ad
m tanh_l b(%+tan(% (c+d\/§)))
2% Va?
= +
a ava? - b%d

Mathematica [A] time = 0.218059, size = 68, normalized size = 1.03

a+btan(%(c+d\/§))
Vp2-42 c

+ -+ VX

V22 d \/—

2b tan_1[

21—

Antiderivative was successfully verified.

[In] Integrate[1/(Sqrt[x]*(a + bxCsc[c + d*Sqrt[x]]1)),x]

[Out] (2x(c/d + Sqrt[x] - (2*bxArcTan[(a + b*Tan[(c + d*Sqrt[x])/2])/Sqrt[-a~2 +
b"2]11)/(Sqrt[-a”2 + b~2]*d)))/a

Maple [A] time = 0.086, size = 74, normalized size = 1.1

A arctan (tan (0/2 +1/2 dﬁ)) A b can 12 2btan (c/2 +1/2 d\/E) +2a
- arctan
ad adV—-a? + b? V-a? + b?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(atb*csc(c+d*x~(1/2)))/x~(1/2),x%)

[Out] 4/d/axarctan(tan(1/2*c+1/2%d*x"(1/2)))-4/d*b/a/(-a"2+b"2) " (1/2)*arctan(1/2%
(2*%b*xtan (1/2*c+1/2*xd*x~(1/2))+2*a)/(-a~2+b"2) " (1/2))
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x~(1/2)))/x~(1/2),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 0.544666, size = 630, normalized size = 9.55

[ a2-21?) cos(d/x+c 2 2 V@ —Racos dvx+c)+a2+12+2 (Va2 —b2b cos(d/x+c)+ab) sin(d/x+c
Z(az—bz)d\/§+\/a2—b2blog ( Jooxl ) ( ) ( ( ) ) ( ) 2((512—

a2 cos(d\/E+c)2—2 ab sin(d\/E+c)—a2—b2

(a3 - abz)d

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x~(1/2)))/x~(1/2),x, algorithm="fricas")

[Out] [(2*%(a”2 - b"2)*d*sqrt(x) + sqrt(a™2 - b~2)*b*xlog(((a”2 - 2*b~2)*cos(d*sqrt
(x) + c)72 + 2*xsqrt(a”2 - b"2)*axcos(d*sqrt(x) + c) + a2 + b2 + 2*(sqrt(a

2 - b72)*b*cos(d*sqrt(x) + c) + axb)*sin(d*sqrt(x) + c))/(a"2*xcos(d*sqrt(x

) + ¢)72 - 2*xaxb*sin(d*sqrt(x) + c) - a”2 - b72)))/((a"3 - a*b”2)*d), 2*((a

T2 - b"2)*d*sqrt(x) + sqrt(-a”2 + b~2)*bxarctan(-(sqrt(-a”2 + b~2)*b*sin(dx*
sqrt(x) + c) + sqrt(-a”2 + b"2)*a)/((a"2 - b~2)*cos(d*sqrt(x) + c))))/((a"3

- axb72)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

1

fﬁ(a+bcsc(c+dﬁ)

)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x**(1/2)))/x**(1/2),%)

[Out] Integral(1l/(sqrt(x)*(a + bxcsc(c + d*sqrt(x)))), x)

Giac [A] time = 1.37713, size = 113, normalized size = 1.71

btan(% d\/§+% c)+u ,
Va2 +12 2 (dvx +c)
+
V-a? + bad ad

4 [n V\%ﬂ + %Jsgn (b) + arctan[

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x™(1/2)))/x~(1/2),x, algorithm="giac")
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[Out] -4*x(pi*floor(1/2*(d*sqrt(x) + c)/pi + 1/2)*sgn(b) + arctan((bxtan(1l/2*d*sqr
t(x) + 1/2%c) + a)/sqrt(-a”2 + b72)))*b/(sqrt(-a”2 + b~2)*a*d) + 2*(d*sqrt(
x) + c)/(axd)
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1
3.65 f x3/2(a+b Csc(c+d\/§)) dx

Optimal. Leaf size=24

_ 1
Unintegrable (x3/2 (a o (c " d\/E)) X

[Out] Unintegrable[1/(x~(3/2)*(a + b*Csc[c + d*Sqrt[x]])), xI

Rubi [A] time = 0.0245951, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

0., Rules used = {}

f ! dx
x3/2 (a +besc (c + d\/E))

Verification is Not applicable to the result.
[In] Int[1/(x~(3/2)*(a + b*Csc[c + d*Sqrt[x]])),x]

[Out] Defer[Int][1/(x~(3/2)*(a + b*Csclc + d*Sqrt[x]])), x]

Rubi steps

1

1
f x3/2 (a +besc (c + dx/i)) = f x3/2 (a +bcsc (c + d\/f)) -

Mathematica [A] time = 3.60205, size = 0, normalized size = 0.

f ! dx
x3/2 (a +besc (c + d\/E))

Verification is Not applicable to the result.

[In] Integrate[1/(x~(3/2)*(a + b*Csclc + d*Sqrt[x]])),x]

[Out] Integrate[1/(x~(3/2)*(a + bxCsclc + d*Sqrt[x]1])), x]

Maple [A] time = 0.108, size = 0, normalized size = 0.

fx_g (a + bcsc (c + dﬁ))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"(3/2)/(atb*csc(c+d*xx~(1/2))),x)

[Out] int(1/x7(3/2)/(atb*csc(c+d*x~(1/2))),x)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x”(3/2)/(a+bxcsc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

Vx

bx? csc (d\/E + c) a2

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(3/2)/(atb*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(sqrt(x)/(bxx~2*csc(d*sqrt(x) + c) + a*xx"2), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

1
f 3 dx
x2 (a +besc (c + d\/E))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**(3/2)/(atb*csc(c+d*xx**(1/2))),x)

[Out] Integral(1l/(x**(3/2)*(a + b*csc(c + d*sqrt(x)))), x)

Giac [A] time = 0., size = 0, normalized size = 0.
1

(b csc (d\/E + c) + a)x

dx

N W

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(3/2)/(atb*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(1/((b*csc(d*sqrt(x) + c) + a)*x~(3/2)), x)
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1
3.66 f x5/2(a+b Csc(c+d\/§)) dx

Optimal. Leaf size=24

_ 1
Unintegrable (x5/2 (a o (c " d\/E)) X

[Out] Unintegrable[1/(x~(5/2)*(a + b*Csc[c + d*Sqrt[x]])), xI

Rubi [A] time = 0.0248688, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

0., Rules used = {}

f ! dx
x5/2 (a +besc (c + d\/E))

Verification is Not applicable to the result.
[In] Int[1/(x"~(5/2)*(a + b*Csc[c + d*Sqrt[x]])),x]

[Out] Defer[Int][1/(x~(5/2)*(a + b*Csclc + d*Sqrt[x]])), x]

Rubi steps

1

1
f x5/2 (a +besc (c + dx/i)) = f x5/2 (a +bcsc (c + d\/f)) -

Mathematica [A] time = 3.61759, size = 0, normalized size = 0.

f ! dx
x5/2 (a +besc (c + d\/E))

Verification is Not applicable to the result.

[In] Integrate[1/(x~(5/2)*(a + b*Csclc + d*Sqrt[x]])),x]

[Out] Integrate[1/(x~(5/2)*(a + bxCsclc + d*Sqrt[x]1])), x]

Maple [A] time = 0.105, size = 0, normalized size = 0.

fx_g (a + bcsc (c + dﬁ))_l dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"(5/2)/(atb*csc(c+d*xx~(1/2))),x)

[Out] int(1/x7(5/2)/(at+b*csc(c+d*x™(1/2))),x)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(5/2)/(a+bxcsc(c+d*x~(1/2))),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

Vx

bx3 csc (d\/E + c) o

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(5/2)/(at+b*csc(c+d*x~(1/2))),x, algorithm="fricas")

[Out] integral(sqrt(x)/(bxx~3*csc(d*sqrt(x) + c) + a*xx~3), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

1
f = dx
x2 (a +besc (c + d\/E))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**(5/2)/(atb*csc(c+d*xx**(1/2))),x)

[Out] Integral(l/(x**(5/2)*(a + b*csc(c + d*sqrt(x)))), x)

Giac [A] time = 0., size = 0, normalized size = 0.
1

(b csc (d\/E + c) + a)x

dx

Nl g

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(5/2)/(atb*csc(c+d*x~(1/2))),x, algorithm="giac")

[Out] integrate(1/((b*csc(d*sqrt(x) + c) + a)*x~(5/2)), x)
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3/2

3.67 : d
f (a+b csc(c+d\/§))2 *

Optimal. Leaf size=1977

result too large to display

[Out] ((-2%I)*b~2%x72)/(a"2%(a”2 - b72)*d) + (2%xx7(5/2))/(5%a"2) + (8%b~2*x~(3/2)
xLog[1 + (a*E~(Ix(c + dxSqrt[x])))/(Ixb - Sqrt[a”2 - b~2])])/(a"2*%(a"2 - b~
2)*d”~2) + (8%b~"2xx~(3/2)*Logl[l + (a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrtl[a~2
- b 2])1) /(@ 2%x(a"2 - b~2)*d"2) - ((2*I)*b~3*x"2*Log[l - (Ixa*E~(I*(c + d*S
qrt[x1)))/(b - Sgrt[-a~2 + b72])])/(a"2*(-a"2 + b~2)7(3/2)*d) + ((4*I)*b*x~
2%Log[1 - (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b"2])])/(a"2*Sqrt[-a
T2 + b72]*d) + ((2*%I)*b~3*x"2xLog[l - (Ixa*E~(I*(c + d*Sqrt([x])))/(b + Sqrt
[-a”2 + b72])])/(a"2x(-a"2 + b~2)7(3/2)*d) - ((4*I)*b*xx"2xLog[l - (I*xa*E™(I
x(c + dxSqrt[x])))/(b + Sqrt[-a"2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d) - ((24
*I)*b~2*xx*PolyLog[2, —-((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2]))1)
/(@"2x(a"2 - b~2)*xd"3) - ((24xI)*b~2*x*PolyLog[2, -((a*E~(I*(c + dxSqrt[x])
))/(I*b + Sqrtl[a™2 - b~2]))])/(a"2*%(a"2 - b72)*d"3) - (8*b~3*x~(3/2)*PolyLo
gl2, (I*a*E~(Ix(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*(-a"2 + b~2)
~(3/2)*%d"2) + (16xb*xx~(3/2)*PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqr
t[-a"2 + b~2])])/(a"2*Sqrt[-a"2 + b~2]*d"2) + (8*b~3*x~(3/2)*PolyLogl[2, (Ix
a¥E~ (I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2%(-a"2 + b~2)"(3/2)*d
~2) - (16%b*x~(3/2)*PolyLog[2, (I*a*E~(I*(c + d*xSqrt[x])))/(b + Sqrt[-a~2 +
b~2])]1)/(a"2xSqrt[-a”2 + b~2]*d"2) + (48%b~2xSqrt[x]*PolyLog[3, -((a*xE~(I*
(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b72]))])/(a"2x(a"2 - b~2)*d~4) + (48*b~
2*xSqrt [x] #*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))])
/(a”2%(a”2 - b72)*d"4) - ((24%I)*b~3*x*PolyLogl[3, (I*a*E~(Ix(c + d*Sqrt[x])
))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*%(-a"2 + b~2)~(3/2)*d"3) + ((48%I)*b*x*Poly
Log[3, (I*a*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2
+ b72]*d"3) + ((24*I)*b~3*xxPolyLogl[3, (I*a*xE~(I*(c + d*Sqrt[x])))/(b + Sqr
t[-a”2 + b72])]) /(@™ 2x(-a"2 + b~2)7(3/2)*d"3) - ((48*I)*bxx*PolyLog[3, (I*a
*E~(I*x(c + d*Sqrt[x]1)))/(b + Sqgrt[-a”2 + b~2])])/(a~2xSqrt[-a”2 + b~2]*d"3)
+ ((48*I)*b~2*PolyLogl[4, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2
1)1/ (@ 2x(a”2 - b72)*d"5) + ((48*I)*b~2+PolyLogl4, -((a*E~(I*(c + dxSqrt[
x]1)))/(Ixb + Sqrt[a™2 - b72]))])/(a"2%(a"2 - b™2)*d"5) + (48%b~3xSqrt [x]*Po
lyLog[4, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2x(-a"2 +
b~2)"(3/2)*d~4) - (96%b*Sqrt[x]*PolyLogl[4, (I*a*E™(Ix(c + d*Sqrt[x])))/(b -
Sqrt[-a~2 + b72])])/(a"2+Sqrt[-a”2 + b~2]*d"4) - (48*b~3xSqrt[x]*PolyLog[4
, (I*axE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b™2)"(3
/2)*d~4) + (96%bxSqrt[x]*PolyLog[4, (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-
a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"4) + ((48*I)*b~3*PolyLogl[5, (I*xa*E~(I
x(c + d*Sqrt[x])))/(b - Sqrt[-a"2 + b"2])])/(a"2*(-a"2 + b~2)"(3/2)*d"5) -
((96*I)*b*PolyLog[5, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])1)/(
a"2xSqrt[-a”2 + b72]*d"5) - ((48*I)*b~3*PolyLogl[5, (I*a*E~(I*(c + d*Sqrt[x]
)))/ (b + Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2)7(3/2)*d"5) + ((96%I)*b*PolyL
ogl5, (IxaxE~(Ix(c + dxSqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a~2*Sqrt[-a~2 +
b~2]*d"5) - (2xb~2xx"2*Cos[c + d*Sqrt[x]])/(ax(a”2 - b"2)*d*(b + a*Sin[c +
d*Sqrt[x1]1))

Rubi [A] time = 2.98495, antiderivative size = 1977, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 43, number of rules used = 11, integrand size = 22, qumper o T8
integrand size

= 0.5, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2531, 6609, 2282, 6589, 4521}

result too large to display

Antiderivative was successfully verified.
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[In] Int[x~(3/2)/(a + b*Csclc + d*Sqrt[x]])"2,x]

[Out] ((-2+I)*b"2*x72)/(a"2*(a"2 - b~2)*d) + (2*x7(5/2))/(5*a~2) + (8%b~2*x~(3/2)
xLog[1 + (a*E~(Ix(c + dxSqrt[x])))/(Ixb - Sqrt[a”2 - b~"2])])/(a"2*%(a"2 - b~
2)*d"2) + (8xb~2*x~(3/2)*Logl[l + (a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a~2
- b 2])])/(a"2%(a"2 - b™2)*d"2) - ((2*I)*b~3*x"2xLog[l - (I*axE~(Ix(c + d*S
qrt[x])))/(b - Sqrt[-a”2 + b~2])1)/(a"2*(-a"2 + b72)7(3/2)*d) + ((4*I)*b*x"
2xLog[1 - (I*a*E~(I*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a
2 + b72]*d) + ((2*%I)*b~3*x"2xLog[l - (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt
[-a”2 + b~2])]1)/(a"2x(-a"2 + b~2)7(3/2)*d) - ((4*I)*b*x"2xLog[l - (I*xa*E™(I
*(c + d*Sqrt[x]1)))/(b + Sqrt[-a~2 + b72]1)]1)/(a"2xSqrt[-a~2 + b~2]*d) - ((24
*xI)*b~2xx*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2]))]1)
/(a”2*%(a”2 - b72)*d"3) - ((24%I)*b~2xx*PolyLog[2, -((a*E~(Ix(c + d*Sqrt[x])
))/(I*b + Sqrtl[a”2 - b~2]))])/(a"2*(a"2 - b~2)*d"3) - (8*b~3*x~(3/2)*PolyLo
g2, (I*xa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2x(-a"2 + b~2)
~(3/2)*%d”2) + (16xb*x~(3/2)*PolyLogl[2, (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqr
t[-a"2 + b™2])])/(a"2*Sqrt[-a”"2 + b"2]*d"2) + (8*b~3*x~(3/2)*PolyLog[2, (Ix*
a*E~ (I*x(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*x(-a"2 + b~2)7(3/2)*d
~2) - (16%b*x~(3/2)*PolyLog[2, (I*a*E~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 +
b~2]1)]1)/(a"2*%Sqrt[-a”2 + b~2]*d"2) + (48%b~2*Sqrt[x]*PolyLogl[3, -((a*E~(Ix*
(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b72]))])/(a"2x(a"2 - b~2)*d~4) + (48*b~
2x3qrt [x] #*PolyLog[3, -((a*E~(I*(c + d*Sqrt[x])))/(I*b + Sqrt[a”2 - b~2]))]1)
/(a”2*%(a”2 - b72)*d"4) - ((24%I)*b~3*x*PolyLogl[3, (I*a*E~(Ix(c + d*Sqrt[x])
))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*%(-a"2 + b~2)"(3/2)*d"3) + ((48*I)*b*x*Poly
Log[3, (I*a*E~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2
+ b72]*d"3) + ((24*I)*b~3*x*PolyLogl[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqr
t[-a"2 + b2])])/(a"2%(-a"2 + b72)"(3/2)*d"3) - ((48*I)*b*x*PolyLog[3, (Ix*a
*E~(I*x(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2xSqrt[-a”2 + b~2]*d~3)
+ ((48*I)*b~2*PolyLog[4, -((a*E~(Ix(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2
1IN /(@ 2x(a”2 - b™2)*d75) + ((48%I)*b~2*PolyLog[4, -((a*E~(I*(c + d*Sqrtl[
x]1)))/(I*b + Sqrt[a”2 - b~2]))]1)/(a"2+x(a”2 - b~2)*d~5) + (48*b~3*Sqrt [x]*Po
lyLogl[4, (IxaxE~(Ix(c + d*Sqrtl[x])))/(b - Sqrt[-a~2 + b"2])]1)/(a"2x(-a"2 +
b~2) " (3/2)*d"4) - (96%b*Sqrt[x]*PolyLogl[4, (I*a*E~(Ix(c + d*Sqrtl[x])))/(b -
Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"4) - (48%b~3xSqrt[x]*PolyLogl[4
, (IxaxE~(I*(c + dxSqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)"(3
/2)*d"4) + (96xb*Sqrt[x]*PolyLogl[4, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-
a”2 + b™2])])/(a"2*%Sqrt[-a”2 + b72]*d"4) + ((48*I)*b~3*xPolyLogl[5, (I*a*E™(I
*(c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*%(-a"2 + b~2)~(3/2)*d"5) -
((96*I)*b*PolyLog[5, (I*a*E~(I*(c + d*xSqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(
a"2xSqrt[-a”2 + b72]*d"5) - ((48%I)*b~3*PolyLog[5, (I*a*xE~(I*(c + d*Sqrt[x]
)))/ (b + Sqrt[-a~2 + b~2]1)])/(a"2*x(-a"2 + b~2)"(3/2)*d"5) + ((96%I)*b*PolyL
ogl5, (I*a*xE~(I*(c + dxSqrt[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a~2 +
b~2]*d”"5) - (2%b72xx"2*Cos[c + d*Sqrt[x]])/(ax(a”2 - b~2)*d*(b + a*Sin[c +
d*Sqrt[x]11))

Rule 4205

Int[((a_.) + Cscl(c_.) + (A_)*x_)" (@ )I*x(M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_)*x(x_)I*x(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]
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Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +
fxx])), x] + (Distl[a/(a”2 - b™2), Int[(c + d*x)"m/(a + b*Sinl[e + fx*xx]), x],
x] - Dist[(b*d*m)/(fx(a”2 - b~2)), Int[((c + d*x)~(m - 1)*Cos[e + f*xx])/(a
+ bxSinf[e + f*x]), x], x]) /; FreeQ[{a, b, c, 4, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E~(I*(e + f£*x)))/(I*b + 2*xa*xE~(Ix(e + f*x
)) - Ixb*xE~(2xIx(e + fxx))), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[
a”2 - b"2, 0] & IGtQ[m, O]

Rule 2264

Int [C(F_)~(u_)*((£f_.) + (g_)*&x_))"(m_.))/((a_.) + (b_.)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkF u)/(b - q + 2*xc*F~u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2xcxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2*%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m*Log[1l + (b*x(F~(gx(e + f*x)))™n)/al)/(bxf*g*nxLogl[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))"n)/al, x], x] /; FreeQ[{F, a, b, c, d, e, f, g, n}, x] && IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((E_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nr, x] && GtQ[m, 0]

Rule 6609

Int[((e_.) + (£_.)*(x_))"(m_.)*PolyLogln_, (d_.)*((F_)"((c_)*((a_.) + (b_.
)*x(x_))))~(p_.)]1, x_Symbol] :> Simp[((e + f*x) m*PolyLog[n + 1, d*(F~(c*(a
+ b*x)))"pl)/ (b*xckprLog[F1), x] - Dist[(f*m)/(b*c*p*Log[F]), Int[(e + f*x)~
(m - 1)*PolyLogl[n + 1, d*(F~(c*(a + b*x)))~pl, x], x] /; FreeQ[{F, a, b, c,
d, e, f, n, p}, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[Function0fExponentialFunction[u, x]/x, x], x, v], x]1] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)I[v_.] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(@_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d



, e, n, pt, x] && EqQ[b*d, axe]

Rule 4521

267

Int[(Cos[(c_.) + (d_.)*x(x_)I*((e_.) + (f_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol]l :> -Simp[(I*(e + f*xx)"(m + 1))/(b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x) m*¥E~(I*(c + d*x)))/(I*a - Rt[-a"2 + b2, 2]
+ b*E~(I*(c + d*x))), x], x] + Dist[I, Int[((e + f*xx) m*E~(I*(c + d*x)))/(
I*a + Rt[-a"2 + b™2, 2] + b*E~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d,

e, £}, x] &% IGtQ[m, 0] && NegQ[a"2 - b~2]

Rubi steps

3/2

4

5 dx = ZSubst(

f (a +besc (c + dﬁ))

4

X
f (a + besc(c + dx))?

dx, x, \/E)

2bx*

X
= 2 Subst (f (a_z T 2+ asinc+dn)? 2 + asin(c + dx))

) dx, x, \/E)

0,52 (4b) Subst ( f #Al(wrdx) dx, x, \/E) (sz) Subst ( f _ dx, x, /-

(b+a sin(c+dx))?

+

5a? a?
i(c+dx) 4
_ 2y92 2b%x2 cos (c + d\/E) (8) Subst (f P +2beifc+dx)_;ezi(c+dx) dx, x, -
 5a2 _a(az—bz)d(b+asin(c+d\/§))_ a?
) 222 24512 2122 cos (c + dﬁ) (4b3) Subst (f m
T2 (az - bz)d T a (a2 - bz) d (b +asin (c + d\/E)) B a2 (a2
ei(c+d\/§)

8b2x%2 log (1 + 2

i(c+d\/§)
) 8b2x%2 log (1 + = )

2ib2x? 252 ib—\a2—p2 ib+Va2—p2
+—5 + +
a2 (az - bz) d ba a2 (az - bz) 42 a2 (az - bz) a2
i(c+dvk) i(c+dyR)
802x3 2 log 1 + = 802x32log 1 + =
2ib2x? 2552 & ib—\a2—p2 & ib+Va2—p2
+— + -
a2 (a2 - bz) d ba a2 (a2 - bz) a2 a2 (az - bz) a2

_ 2ib%x? 2552

8b%x°2 log (1 +

i c+d\/§)

ae‘(

ib—Va2-p?

8h2x3210g (1 + o+
& ib+Va2-b2

2ib%x? 2552

az(uz—bz)d+ 5a2 "

8b%x°2 log (1 +

a2 (u2 _ b2) 42

aei(c+d(x)
ib—Va2-b2

72 (a2 _ bz) 42

8v%x*2log |1 + o)
ib+Va2-b2

2ib%x? 2552

az(az—bz)d+ 5a2 i

8v%x%? log (1 +

a2 (az - bz) 42

i(c+d\/§

ib—Va2-b?

) (
) 8v%x%? log (1 + =

72 (az - b2) 42

i c+d\/§)
ib+Va2-b?

2ib%x? 2552

az(az—bz)d+ 5a2 i

8%x32 log (1 +

a2 (az — bz) 42

i(c+dvi)

ae(

ib—Va2-b2

72 (az - bz) 42

8v%x32log (1 + o)
ib+Va2-b?

2ib%x? 2552

az(az—bz)d+ 5a2 "

8v%x%? log (1 + =

a2 (a2 _ bz) 42

i(c+d\/§

ib—Va2-b2

) (
) 8v%x%? log (1 + =

72 (a2 _ bz) 42
i c+d\/§) )

ib+Va2-b2

az(az—bz)d+ 52

72 (az — bz) 42

72 (a2 - bz) 42



268

Mathematica [A] time = 13.2915, size = 2293, normalized size = 1.16

Result too large to show

Warning: Unable to verify antiderivative.

[In] Integratel[x~(3/2)/(a + b*Csclc + d*Sqrt[x]])~2,x]

[Out] (2xx~(5/2)*Csclc + d*Sqrt[x]]~2*(b + a*Sin[c + d*Sqrt[x]])~2)/(5*a"2*(a + b
*Csclc + d*Sqrt[x]])~2) - ((2xI)*bxCsclc + d*Sqrt[x]] 2% ((2xbxd~4*E~ ((2*I)*
c)*x72) /(-1 + ET((2%xI)*c)) + ((4xI)*b*d~3*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*x"(
3/2)xLog[1 + (a*E~(I*(2%c + d*Sqrt[x])))/(I*xb*E~(I*c) - Sqrt[(a”2 - b~2)*E”
((2%I)*c)]1)] - (2xI)*a”2xd"4*E~ (I*c)*x"2*Log[l + (a*xE~(I*x(2*c + d*Sqrt[x]))
)/ (Ixb*E~(I*c) - Sqrtl[(a™2 - b™2)*E~((2%I)*c)])] + I*b~2xd"4*E~(I*c)*x"2xLo
gll + (a*xE~(I*(2%c + d*xSqrt[x])))/(I*b*xE~(I*c) - Sqrt[(a™2 - b™2)*E~((2*I)*
c)])] + (4xI)*b*xd~3*Sqrt[(a™2 - b™2)*E~((2%xI)*c)]*x~(3/2)*Log[1l + (a*xE~(I*(
2xc + dxSqrt[x])))/(I*bxE~(I*c) + Sqrtl[(a™2 - b"2)*E~((2xI)*c)])] + (2*xI)*a
“2%d”74xE” (Ixc)*x~2*Log[1 + (a*xE~(I*(2*c + d*Sqrt[x])))/(I*b*xE~(I*c) + Sqrt[
(a2 - b™2)*E~((2%I)*c)])] - I*b~2*d"4*E~(I*c)*x"2*Log[l + (a*E~(I*(2*c + d
*Sqrt [x])))/(I*¥b*E” (I*xc) + Sqrtl[(a”2 - b™2)*E~((2xI)*c)])] + 4*d~2%(3*bxSqr
t[(a”™2 - b™2)*E~((2*%I)*c)] - 2*a”2xd*E” (I*c)*Sqrt[x] + b ~2*xd*E~(I*c)*Sqrt[x
1) *xxPolyLog[2, (I*axE~(I*(2*c + d*Sqrt[x])))/(b*E~(Ixc) + IxSqrt[(a”2 - b~
2)*E7((2*%I)*c)])] + 4*d~2*(3*b*Sqrt[(a”2 - b™2)*E~((2%xI)*c)] + 2*a~2*d*E~(I
xc)*Sqrt [x] - b72xd*E~ (I*c)*Sqrt[x])*x*PolyLog[2, -((axE~(I*x(2*c + d*Sqrt([x
1))/ (I*b*E~(I*c) + Sqrtl[(a™2 - b 2)*E~((2*I)*c)]1))] + (24*I)*bxd*Sqrt[(a”2
- b 2)*E~((2*%I)*c)1*Sqrt [x]*PolyLog[3, (I*a*E~(I*(2xc + d*Sqrt[x])))/(bxE"
(Ixc) + IxSqrtl[(a™2 - b™2)*E~((2%I)*c)])] - (24*I)*a~2*d"2+E~ (I*c)*x*PolyLo
g3, (I*xa*E~(I*(2%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b~2)*E~((2*I)
xc)])] + (12xI)*b~2xd~2*E” (I*c)*x*PolyLog[3, (I*axE~(I*(2*c + d*Sqrt[x])))/
(bxE~(Ixc) + IxSqrt[(a”2 - b"2)*E~((2*I)*c)])] + (24*I)*b*d*Sqrt[(a”2 - b~2
)*¥E~ ((2*%I)*c)]*Sqrt [x]*PolyLog[3, -((a*E~(I*(2xc + dxSqrt[x])))/(I*b*xE~(I*c
) + Sqrtl[(a”2 - b™2)*E~((2%xI)*c)]))] + (24%I)*a~2xd~2*E~ (I*c)*x*PolyLogl[3,
-((a*E~(I*(2%c + d*Sqrt[x])))/(I*b*E~(Ixc) + Sqrt[(a”2 - b~2)*E~((2*I)*c)])
)1 - (12*I)*b~2*%d"2*E~ (I*c)*x*PolyLogl[3, -((a*E~(I*(2*c + d*Sqrt[x])))/(Ixb
*E~(Ixc) + Sqrt[(a™2 - b 2)*E~((2*%I)*c)]))] - 24*b*Sqrt[(a”2 - b~2)*E~ ((2%I
)*c)]*PolyLog[4, (Ixa*xE~(I*(2%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b
“2)*ET((2%I)*c)])] + 48xa”2xd*E” (I*c)*Sqrt[x]*PolyLogl[4, (Ixa*E~(Ix(2%c + d
*xSqrt [x])) )/ (b*E~(I*c) + IxSqrt[(a™2 - b"2)*E~((2%I)*c)])] - 24xb~2*xd+E™ (Ix*
c)*Sqrt [x] *PolyLog[4, (I*a*E~(I*(2*c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”
2 - b"2)*E~((2%I)*c)])] - 24*b*Sqrt[(a”2 - b~2)*E~((2*I)*c)]*PolyLog[4, -((
a*E™ (I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrtl[(a™2 - b 2)*E~((2*I)*c)]))]
- 48%a~2*xd*E~ (I*c)*Sqrt [x]*PolyLogl[4, -((a*E~(I*(2xc + dxSqrt[x])))/(IxbxE”
(I*xc) + Sqrtl[(a”2 - b™2)*E~((2*I)*c)]))] + 24xb~2xd*E~ (I*c)*Sqrt [x]*PolyLog
[4, -((a*xE~(I*(2%c + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrt[(a”2 - b~2)*E~((2*I)*
c)1))] + (48%I)*a~2xE~(Ixc)*PolyLog[5, (IxaxE~(I*(2xc + d*Sqrt[x])))/(b*E~(
Ixc) + I*Sqrtl[(a”2 - b™2)*E~((2%I)*c)])] - (24xI)*b~2+E~(I*c)*PolyLogl[5, (I
xa*E~ (I*(2xc + d*Sqrt[x])))/(b*E~(Ixc) + I*Sqrt[(a”2 - b~2)*E~((2*I)*c)])]
- (48*I)*a~2+E~ (I*c)*PolyLog[5, -((axE~(I*(2*c + d*Sqrt[x])))/(I*b*xE~(I*c)
+ Sqrt[(a”™2 - b™2)*E~((2%xI)*c)]))] + (24%I)*b~2xE~(I*c)*PolyLog[5, -((a*xE~(
Ix(2%c + d*Sqrt[x])))/(I*b*xE~(I*c) + Sqrt[(a”2 - b~2)*E~((2%I)*c)]1))])/Sqrt
[(@”2 - b™2)*E~((2%I)*c)])*(b + a*xSin[c + dxSqrt[x]])~2)/(a"2*x(a"2 - b72)*d
“6x(a + bxCscl[c + d*Sqrt[x]]1)~2) + (Csclc/2]*Csclc + d*Sqrt[x]] 2*Sec[c/2]*
(b + axSin[c + dxSqrt[x]])*(-(b~3*x"2*Cos[c]) - axb”2*xx~2*Sin[d*Sqrt[x]]))/
(a™2x(-a + b)*(a + b)*d*(a + bxCsc[c + d*Sqrt[x]])"2)
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Maple [F] time = 0.259, size = 0, normalized size = 0.

fxg (a + bcsc (c + dﬁ))_z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(3/2)/(at+bxcsc(c+d*x~(1/2)))"2,x%)

[Out] int(x~(3/2)/(a+b*csc(c+d*xx~(1/2)))"2,%)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

3

X2

b? csc (d\/§+c)2 +2abcsc (d\/§+c) + az’x

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~(3/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(x~(3/2)/(b"2xcsc(d*sqrt(x) + c)~2 + 2*axb*csc(d*sqrt(x) + c) + a™2
), %)

Sympy [F] time = 0., size = 0, normalized size = 0.

NI w

x
f 5 dx
(a + bcse (c + d\/E))
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**(3/2)/(atb*csc(c+d*x**(1/2)))**2,x)

[Out] Integral (x*x(3/2)/(a + bxcsc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

3

xz 5 dx
f (b csc (d\/} + c) + a)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(3/2)/(atbxcsc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(x~(3/2)/(b*csc(d*sqrt(x) + c) + a)~2, x)
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\/E
3.68 d
f (a+b csc(c+d\/§))2 *

Optimal. Leaf size=1157

result too large to display

[Out] ((-2%I)*b~2xx)/(a"2*%(a"2 - b~2)*d) + (2*x~(3/2))/(3*a~2) + (4*xb~2*Sqrt[x]*L
ogll + (a*xE~(I*(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2])])/(a"2*x(a"2 - b~2)
xd~2) + (4xb~2*xSqrt[x]*Log[l + (a*xE~(I*(c + d*Sqrtl[x])))/(Ixb + Sqrt[a”2 -
b"2]1)1)/(a"2x(a”2 - b"2)*d"2) - ((2%I)*b~3*x*Log[l - (Ixa*E”~(I*(c + d*Sqrtl
x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*%(-a"2 + b~2)7(3/2)*d) + ((4*I)*bxx*xLogl
1 - (Ixa*xE~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2xSqrt[-a"2 + b
~2]1*%d) + ((2xI)*b~3*x*Logl[l - (Ixa*xE~(Ix(c + d*Sqrt[x])))/(b + Sqrt[-a~2 +
b~2])]) /(@ 2%(-a"2 + b~2)7(3/2)*d) - ((4*I)*bxx*Logl[l - (I*a*xE~(I*(c + d*Sq
rt[x])))/(b + Sqrt[-a"2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]*d) - ((4*I)*b~2*Pol
yLog[2, -((a*E~(I*(c + dxSqrt[x])))/(I*b - Sqrtl[a™2 - b"2]))])/(a"2x(a"2 -
b~2)*d~3) - ((4*xI)*b~2*PolyLog[2, -((a*E~(I*(c + d*Sqrt[x])))/(Ixb + Sqrtla
"2 - b 2]))])/(a”2*x(a”2 - b72)*d"3) - (4xb~3*3qrt[x]*PolylLogl[2, (Ixa*xE~(I*(
c + d*xSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*x(-a"2 + b~2)7(3/2)*d"2) + (8
*b*Sqrt [x]*PolyLog[2, (Ixa*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])])/
(a”2*%Sqrt[-a”2 + b~"2]*d"2) + (4*b~3*Sqrt[x]*PolyLog[2, (I*axE~(I*(c + d*Sqr
t[x1)))/(d + Sqrt[-a~2 + b~2])]1)/(a"2*(-a"2 + b~2)7(3/2)*d"2) - (8*bxSqrt[x
1*PolyLog[2, (Ixa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt
[-a”2 + b™2]*d"2) - ((4*I)xb~3*PolyLogl[3, (I*a*xE~(I*(c + d*Sqrt[x])))/(b -
Sqrt[-a”2 + b"2])]1)/(a"2x(-a"2 + b72)"(3/2)*d"3) + ((8*I)*bxPolyLogl[3, (I*a
*E~(Ix(c + dxSqrt[x])))/(b - Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d"3)
+ ((4xI)*b~3*%PolyLog[3, (I*a*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])
1)/(@2x(-a”2 + b72)7(3/2)*d"3) - ((8*I)*b*PolyLogl[3, (Ixa*E~(Ix(c + d*Sqrt
[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2+Sqrt[-a”2 + b~2]*d~3) - (2xb~2*x*Cos[c
+ d*Sqrt[x]])/(a*x(a”™2 - b~2)*d*(b + a*Sin[c + d*Sqrt[x]]))

Rubi [A] time = 2.14046, antiderivative size = 1157, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 31, number of rules used = 12, integrand size = 22, ==
integrand size

= 0.546, Rules used = {4205, 4191, 3324, 3323, 2264, 2190, 2531, 2282, 6589, 4521, 2279,
2391}

2ixlog |1 - e V) b 2ixlog|1- e ) b  4+/xPolyLog (2 e V) b 4+/xPolyLog |2 i)
& b-Vb2—a2 . & b+Vh2—a2 YRO8\ & e . YHOR\ & Ve
a 32 32 a 3/2 32
a2 (b2 - a2) ! d a2 (bz - az) ! d a2 (b2 - az) / a2 a2 (b2 - az) ! d2

Antiderivative was successfully verified.

[In] Int[Sqrt[x]/(a + b*Csclc + d*Sqrtl[x]])~2,x]

[Out] ((-2*I)*b~2xx)/(a"2*%(a"2 - b72)*d) + (2*x7(3/2))/(3*a~2) + (4*xb~2*Sqrt[x]*L
ogll + (a*E~(I*(c + d*Sqrt[x])))/(I*b - Sqrtl[a”2 - b~2])]1)/(a"2x(a"2 - b~2)
xd"2) + (4xb~2*xSqrt[x]*Log[l + (a*xE~(I*(c + d*Sqrt[x])))/(Ixb + Sqrt[a”2 -
b~2])]1)/(a"2*%(a”2 - b72)*d"2) - ((2xI)*b~3*x*Logl[l - (I*axE~(Ix(c + d*Sqrt[
x]1)))/(b - Sqrt[-a”2 + b72]1)])/(a"2*(-a"2 + b~2)"(3/2)*d) + ((4*I)*b*x*Logl
1 - (I*a*E~(I*(c + d*Sqrt[x])))/(b - Sqrt[-a~2 + b~2])]1)/(a"2*Sqrt[-a"2 + b
~2]xd) + ((2*I)*b~3*x*Logl[l - (I*a*E~(I*(c + dxSqrt[x])))/(b + Sqrt[-a"2 +
b~2])]1)/(a”2*%(-a"2 + b~2)7(3/2)*d) - ((4*xI)*bxxxLogl[l - (I*a*xE~(I*(c + d*Sq
rt[x])))/(b + Sgrt[-a”2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]*d) - ((4*I)*b~2*Pol
yLog[2, -((a*xE~(Ix(c + d*Sqrt[x])))/(I*b - Sqrt[a”2 - b~2]))]1)/(a"2x(a"2 -
b~2)*d"3) - ((4*I)*b~2*PolyLog[2, -((a*E~(Ix(c + dxSqrt[x])))/(I*b + Sqrtla
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"2 - b72]1))1)/(a"2%(a”2 - b~2)*d"3) - (4*b~3*Sqrt[x]*PolyLog[2, (I*xa*xE~(I*(
c + dxSqrt[x])))/(b - Sqrt[-a”2 + b~2])])/(a"2*%(-a"2 + b~2)"(3/2)*d"2) + (8
*xb*Sqrt [x] *PolyLog[2, (I*axE~(I*(c + d*Sqrtl[x])))/(b - Sqrt[-a”2 + b~2])])/
(a”2*%Sqrt[-a”2 + b"2]*d"2) + (4*b~3*Sqrt[x]*PolyLog[2, (I*axE~(I*(c + d*Sqr
t[x1)))/(b + Sqrt[-a~2 + b72])]1)/(a"2x(-a"2 + b~2)"(3/2)*d"2) - (8*b*Sqrt[x
1*PolyLog[2, (Ixa*E~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sqrt
[-a™2 + b72]*d"2) - ((4*I)*b~3*PolyLogl3, (I*a*E~(I*(c + d*Sqrt[x])))/(b -

Sqrt[-a”2 + b~2])])/(a"2x(-a"2 + b72)7(3/2)*d"3) + ((8*I)*b*PolyLogl[3, (I*a
*E~(I*x(c + d*Sqrt[x])))/(b - Sqrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"3)
+ ((4*I)*b~3*PolyLogl[3, (I*a*xE~(I*(c + d*Sqrt[x])))/(b + Sqrt[-a~2 + b~2])
1)/(@ 2%(-a"2 + b72)7(3/2)*d"3) - ((8*I)*b*PolyLogl[3, (I*a*E~(I*(c + d*Sqrt
[x])))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d~3) - (2xb~2*x*Cos[c
+ d*Sqrt[x]])/(a*x(a”2 - b™2)*d*(b + a*Sin[c + d*Sqrt[x]]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (A_)*x_)" (@ )I*x(M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_.)x(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*Cos[e + f*xx])/(fx(a”2 - b~2)*(a + bxSin[e +
fxx])), x] + (Dist[a/(a”2 - b~2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[(bxd*m)/(f*(a"2 - b72)), Int[((c + d*x) " (m - 1)*Cosl[e + fxx])/(a
+ bxSinfe + fxx]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, 0]

Rule 3323

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + f*x)))/(Ixb + 2xa*xE~(Ix(e + f*x
)) - I*b*E~(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, 0]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*xx))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx) " mkF u)/(b - q + 2xc¥F~u), x], x] - Dist[(2xc)/q, Int[((f + gkx)"
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(a_) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*xx)))"n)/al)/(b*f*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*gxnxLog[F]), Int[(c + d*x)~(m - 1)*Logl[l + (b*x(F~(g*(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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Rule 2531

Int[Log[l + (e_.)*((F_)"((c_)*((a_.) + (b_.)*(x_))))"(n_)I*((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(c*(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiallu, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_]l /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*x(x_)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*xd, axe]

Rule 4521

Int[(Cos[(c_.) + (d_.)*x(x_)]*((e_.) + (f_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol]l :> -Simp[(I*(e + f*xx)"(m + 1))/(b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x) m*¥E~(I*(c + d*x)))/(I*a - Rt[-a"2 + b2, 2]
+ b*E~(I*(c + d*x))), x], x] + Dist[I, Int[((e + f*x) m*xE~(I*(c + d*x)))/(
I*a + Rt[-a"2 + b™2, 2] + b*E~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d,
e, £}, x] && IGtQ[m, 0] && NegQ[a"2 - b~2]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d ) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLog[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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f (a +bcsc (c + d\/E))z = 25ubst (

2

x
f (a + besc(c + dx))?

dx,XfVE)

b2x2 2bx?

x
= 2Subst (f (a_Z + a2(b + asin(c + dx))2  a2(b + asin(c + dx))

) dx, x, \/E)

x2 2
B 24302 . (4b) Subst (f ———dx, x, \/E) . (2b2) Subst (f Grasni iR dx, x, \/Z)

b+asin(c+dx)
3ﬂ2 az az
i(c+dx) 2
2x32 2b%x cos (C + d\/E) (8b) Subst (f ia+2bei(ec+dx)_;€2i(c+dx) dx, x, \/E)
32 a(az—bz)d(b+usin (c+d\/§)) a?
i(c+¢
R e o WO v et
a2 (u2 - bz) d 3a> g (a2 - bz) d (b +asin (c + d\/E)) a2 (a2 -
i(c+dvk) i(c+dvi)
4 2 1 1 ae 4 2 1 1 ae 4
2ib%x 2x3/2 bV og( - ib—\/a2—b2) at Og( T b ibx
a2 (a2 _ b2) d 3a a2 (a2 _ bz) 42 a2 (a2 _ bz) 2
i(c+dyx) i(c+dvR)
2 1 ae 2 1 ae 173,
it 0 32 4b%+/xlog (1 - —aZ—bZ) 4b%+/xlog (1 o u2—b2) 2ib3;
T MY 2 (2 _ 12\ 2 2 (2 _ 12\ 2 -
az(az—bz)d 3a a (a - b?)d a (a - b?)d ;
i(c+dyx) i(c+dyx)
2 ae 2 ae 13,
it 0 32 4b%+/xlog (1 + az_bz) 4b%+/xlog (1 + m) 2ib3;
- My 2 (2 _ 12\ 42 2 (2 _ 12\ 32 B
az(az—bz)d 3a a (a —b)d a (a —b)d ,
i(c+dvx) i(c+dvi)
4b?\/xlog |1+ = 4p%[xlog (1 + = 2ib>
2ib%x 2x3/2 at og( - ib—\/u2—b2) at Og( T e ib
a2 (a2 — bz) d 3a? a2 (a2 — bz) d? a2 (a2 - bz) a2 5
i(c+dyx) i(c+dyx)
2 ae 2 ae 13,
2ib2x 2x3/2 4b \/Elog (1 * ib—VgZ—bZ) 4b \/Elog (1 + ib+‘/a2—b2) 2ib”.
B T3 2 (2 _ 12\ 2 * 2 (72 _ 12\ 22 -
az(uz—bz)d 3a a (a —b)d a (u —b)d ,

Mathematica [A]

time = 8.33583, size = 846, normalized size = 0.73

i(2c+d

2(_2dﬂ’ic\/§ﬂ2+b (ﬂz—bz)L’Zic+bzdL’ic\/;C)PolyLog[Z,W

eiCh+iy[(a2-b

| 26e2iCx 42
1 -
_1+e2ic

6x csc(c)(b cos(c)+a sin(d\/y_c))bz

csc? (c + d\/E) (b +asin (c -+ d\/E))

(a-b)(a+b)d

Antiderivative was successfully verified.

[In] Integrate[Sqrt[x]/(a + b*Csclc + d*Sqrt[x]1])~2,x]

[Out] (Csclc + d*Sqrt[x]]~2x(b + a*Sin[c + d*Sqrt[x]])*(2*xx~(3/2)*(b + a*Sin[c +
dxSqrt[x]1]1) - ((6%I)*bx((2xbxd"2*E~((2*I)*c)*x) /(-1 + E~((2*I)*c)) + (2*(bx*
Sqrt[(a™2 - b™2)*E~((2xI)*c)] - 2*a~2xd*E~ (I*c)*Sqrt[x] + b72*d*E~(Ixc)*Sqr
t[x])*PolyLog[2, (I*axE~(I*(2*c + d*xSqrt[x])))/(b*E~(I*c) + I*Sqrt[(a™2 - b
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“2)*xET((2%I)*c)])] + 2% (bxSqrt[(a”2 - b~2)*E~((2%I)*c)] + 2xa~2*d+E~ (I*c)*S
qrt[x] - b~2*xd*E~(I*c)*Sqrt[x])*PolyLog[2, -((a*xE~(I*(2*c + d*xSqrt[x])))/(I
*b*E”~ (Ixc) + Sqrt[(a™2 - b 2)*E~((2*I)*c)]))] + Ix(d*Sqrt[x]*((2¥bxSqrt[(a”
2 - bT2)*E7((2%I)*c)] - 2%a”~2xd*E”~ (Ixc)*Sqrt[x] + b~2xd*E~ (I*c)*Sqrt[x])*Lo
gll + (a*xE~(I*(2xc + d*Sqrt[x])))/(I*b*xE~(I*c) - Sqrt[(a™2 - b 2)*E~((2*I)x*
c)])] + (2xbxSqrt[(a™2 - b72)*E~((2%I)*c)] + 2*%a~2*xd*E~(I*c)*Sqrt[x] - b72%
d*xE~ (I*c)*Sqrt [x])*Logl[l + (a*E~(I*(2xc + d*Sqrt[x])))/(I*b*E~(I*c) + Sqrtl
(a2 - b"2)*E~((2%I)*c)]1)]) - 2*(2*%a”2 - b~2)*E~ (I*c)*PolyLog[3, (I*axE~(Ix
(2%c + d*Sqrt[x])))/(b*E~(I*c) + I*Sqrt[(a”2 - b 2)*E~((2*I)*c)])] + 2*(2*a
72 - b72)*E” (I*c)*PolyLogl3, -((a*E™(I*(2%c + d*Sqrt[x])))/(I*xb*E~(I*c) + S
grt[(a”2 - b™2)*E~((2%I)*c)]1))]1))/Sqrt[(a”2 - b~ 2)*E~((2*I)*c)])*(b + a*Sin
[c + d*Sqrt[x]]1))/((a”2 - b~2)*d"3) + (6xb~2*x*Csc[c]*(b*Cos[c] + axSin[d*S
grt[x]1))/((a - b)*(a + b)*d)))/(3*a"2*(a + b*Csc[c + d*Sqrt[x]])~2)

Maple [F] time = 0.174, size = 0, normalized size = 0.

f\/& (a + bcsc (c + d\/E))_z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~(1/2)/(a+b*csc(c+d*x~(1/2)))"2,%)

[Out] int(x~(1/2)/(a+bxcsc(c+d*x~(1/2)))"2,x%)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)/(a+bxcsc(c+d*x~(1/2)))"2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

N

b2 csc (d\/E + c)2 +2abcsc (dx/i + c) r a2

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)/(atb*xcsc(c+d*x~(1/2)))"2,x, algorithm="fricas")

[Out] integral(sqrt(x)/(b"2xcsc(d*sqrt(x) + c)~2 + 2*axb*csc(d*sqrt(x) + c) + a™2
), %)

Sympy [F] time = 0., size = 0, normalized size = 0.

f v 5 dx
(a +besc (c + d\ﬁ))
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*x(1/2)/(atb*csc(ctd*x**(1/2)))**2,x)

[Out] Integral(sqrt(x)/(a + b*csc(c + d*sqrt(x)))**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f VX 5 dx
(b csc (d\/E -+ c) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~(1/2)/(at+bxcsc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(sqrt(x)/(b*csc(d*sqrt(x) + c) + a)~2, x)
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1

\/E(a+47csc(cﬁwi\/§))2

Optimal. Leaf size=125

3.69 dx

1 [atb tan(%(ﬁd\/}))
4b (242 - 12) tanh (____7ﬁ§f§7___ 202 cot (c-+ d) N
a2d (a2 - b2)3/2 ad (a2 = 12) (a + bese (c + dvk)) T

[Out] (2xSqrtl[x])/a~2 + (4*b*x(2*a"2 - b~2)*ArcTanh[(a + bxTan[(c + d*Sqrt[x])/2])
/Sqrtl[a”2 - b~2]]1)/(a"2%(a"2 - b72)7(3/2)*d) - (2xb~2xCot[c + d*Sqrt[x]])/(
ax(a”2 - b"2)*d*(a + b*Csclc + d*Sqrtl[x]]))

Rubi [A] time = 0.214729, antiderivative size = 125, normalized size of antiderivative =
—99 number of rules

1., number of steps used = 7, number of rules used = 7, integrand size

0.318, Rules used = {4205, 3785, 3919, 3831, 2660, 618, 206}

integrand size

1 a+b tan(%(cﬂiﬁ))
4 (2u2 - bz) tanh ( V22 202 cot (c + d\/E) 24/x
a2d (a2 - b2)3/2 ad (a2 = b2) (a + bese (c + dvr)) T

Antiderivative was successfully verified.

[In] Int[1/(Sqrtlx]*(a + b*Csc[c + d*Sqrt[x]])~2),x]

[Out] (2*Sqrt[x])/a"2 + (4%¥b*(2*a~2 - b~2)*ArcTanh[(a + b*Tan[(c + d*Sqrt([x])/2])
/Sqrt[a”2 - b~2]])/(a"2x(a"2 - b72)7(3/2)*d) - (2¥b~2xCot[c + dxSqrt[x]1]1)/(
ax(a”2 - b~2)xd*(a + b*Csclc + d*Sqrt[x]]))

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x_)"(m )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQl[p]

Rule 3785

Int[(cscl(c_.) + (d_)*x_)I*(_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2xCot
[c + d*x]*(a + b*Csc[c + d*x])"(n + 1))/(axd*x(n + 1)*(a"2 - b~2)), x] + Dis
t[1/(a*x(n + 1)*(@"2 - b72)), Int[(a + b*Csclc + d*x])"(n + 1)*Simp[(a”2 - b
“2)x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csclc + d*x]~2, x], x]
, x] /; FreeQ[{a, b, c, d}, x] & NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2+n]

Rule 3919

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (f_)*x(x_)]*(b_.) +

(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - a*d)/a, Int[Cscl[e + f*x
1/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831
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Int[cscl(e_.) + (f_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + f*x])/b), x], x] /; FreeQ[{a, b, e, f
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1l/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps
f 1 dx =2 Subst( L dx, x \/§)
Va(a+besc(c+ d\/z))z (a+Dbesc(c+dx)? "
C apeotferayi) 2w ([ )
_a(az—bZ)d(a+bcsc(c+d\/§))_ a(az—bz)
2 ) 202 cot (c + d\/E) B (Zb (25[2 - bz)) Subst (f % !
a2 g (zzz - bz) d (a +bcesc (c + d\ﬁ)) a? (u2 - bz)
1
2yR 202 cot (¢ + dy&) (2(20% - 42)) Subst (f PPCEEED
- a? _a(az—bz)d(a+bcsc(c+d\/§)) B a2 (uz—bz)
1
24 2b? cot (c + d\/E) (4 (Zaz N bz)) Subst (f PETI
- a? _a(az—bz)d(a+bcsc(c+d\/§))_ az(az—bz)d

(8 (2112 —~ bz)) Subst {f W

2 202 cot (c + d\/§) 2

- a? _a(az—bz)d(a+bcsc(c+d\/§))+ az(az—bz)a
4 b(g+tan(%(c+d\/§)))

C24x N 4 (2[12 - bz) tanh [ Va2-p2 ) 202 cot (c + d\/E)

a2 72 (a2 _ b2)3/2 d a (az - bz) d (a +besc (c + d\/E)
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Mathematica [A] time = 0.754654, size = 172, normalized size = 1.38

a+b tan( % (c+d\/§))
ez (a+b csc(c+d\/§)) b2 cot (c+ iE

Zb(bz—ZaZ) tanl[ )
(2-a2)" wﬁmw)'+@+dva(”+

2csc (c + d\/E) (a sin (c + d\/E) + b) -

a2d (a +besc (c + dx/i))z
Antiderivative was successfully verified.

[In] Integratel[1/(Sqrtl[x]l*(a + b*Csclc + d*Sqrtl[x]])~2),x]

[Out] (2*xCscl[c + d*Sqrt[x]]*((axb~2*Cot[c + d*Sqrt[x]])/((-a + b)*(a + b)) + (c +
dxSqrt[x])*(a + bxCsc[c + d*Sqrt[x]]) - (2¥bx(-2*a”2 + b~2)*ArcTan[(a + b*
Tan[(c + d*Sqrt[x])/2])/Sqrt[-a"2 + b~2]]1*(a + b*Csclc + d*Sqrt[x]]))/(-a~2

+ b72)7(3/2))*(b + axSin[c + d*Sqrt[x]]))/(a"2*d*(a + bxCsc[c + d*Sqrt[x]]

)"2)

Maple [B] time = 0.121, size = 263, normalized size = 2.1

arctan (tan (c/2 +1/2 d\/E)) A btan (c/Z +1/2 d\/§) A
da d ((tan (c2+1/2d%)) b+ 2atan (¢2 +1/2dV5) + b) (@-1) ad ((tan

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/(a+b*csc(c+d*x~(1/2)))"2/x~(1/2),%)

[Out] 4/d/a"2*arctan(tan(1/2*c+1/2*xd*x~(1/2)))-4/d*b/(tan(1/2*c+1/2*xd*x~(1/2)) 2%
b+2xa*xtan(1/2xc+1/2*xd*x~(1/2))+b)/(a"2-b"2) xtan(1/2*c+1/2*d*x~(1/2))-4/d*b~
2/a/(tan(1/2*xc+1/2*xd*xx~(1/2) ) "2*b+2*a*tan(1/2*xc+1/2xd*x~(1/2))+b) /(a"2-b"2)
-8/d*xb/(a"2-b"2) /(-a"2+b"2) " (1/2) *arctan(1/2* (2xbxtan(1/2xc+1/2xd*x~(1/2))+
2%a)/(-a”2+b"2) " (1/2))+4/d*b"3/a"2/(a"2-b"2) /(-a~2+b"2) ~(1/2) *arctan(1/2*(2
*b*xtan (1/2*c+1/2*xd*x~(1/2))+2%*a)/(-a~2+b"2)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x~(1/2)))"2/x~(1/2),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 0.595689, size = 1312, normalized size = 10.5

2 (a5 -2a%% + ab4)d\/§ sin (d\/E + c) +2 (a4b -2a%b% + b5)d\/§ -2 (a3b2 - ab4) cos (d\/§ + c) + ((2 a’b - ab3)V

(a7 —2a5b? + u3b4)d sit
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x~(1/2)))"2/x~(1/2),x, algorithm="fricas")

[Out] [(2*%(a”b - 2*a~3%b~2 + axb~4)*d*sqrt(x)*sin(d*sqrt(x) + c) + 2*(a"4*b - 2xa
“2%b73 + b7h)*d*sqrt(x) - 2*x(a”3%b”2 - axb”4)*cos(d*sqrt(x) + c) + ((2*a~3x
b - axb~3)*sqrt(a”2 - b7"2)*sin(d*sqrt(x) + c) + (2%¥a"2xb"2 - b~4)*sqrt(a”2
- b72))*log(((a"2 - 2*¥b~2)*cos(d*sqrt(x) + c)~2 + 2*sqrt(a”™2 - b~2)*axcos(d
xsqrt(x) + c) + a”2 + b™2 + 2x(sqrt(a”2 - b~2)*b*cos(d*sqrt(x) + c) + a*b)*
sin(d*sqrt(x) + c))/(a"2*cos(d*sqrt(x) + c)~2 - 2xa*b*sin(dxsqrt(x) + c) -
a”2 - 72)))/((a”7 - 2%¥a"5xb"2 + a"3*b"4)*d*sin(d*sqrt(x) + c) + (a"6%b - 2
*a"4%b"3 + a”2%b"5)*d), 2x((a”5 - 2%a”3%b"2 + a*b”4)*d*sqrt(x)*sin(d*sqrt(x
) + ¢c) + (a74xb - 2%xa”2xb~3 + b75)*d*sqrt(x) + ((2*a~3*b - a*b~3)*sqrt(-a”2
+ b72)*sin(d*sqrt(x) + c) + (2%a"2xb”2 - b™4)*sqrt(-a”2 + b~2))*arctan(-(s
grt(-a~2 + b~2)*bxsin(d*sqrt(x) + c) + sqrt(-a”2 + b~2)*a)/((a"2 - b~2)*cos
(d*sqrt(x) + c))) - (a73*%b"2 - axb”4)*cos(d*sqrt(x) + c))/((a”7 - 2*a~5*b~2
+ a”3%b74) *d*sin(d*sqrt(x) + c) + (a"6*%b - 2*%a~4*b~3 + a~2*b~5)*d)]

Sympy [F] time = 0., size = 0, normalized size = 0.

1
5 dx
fx/i(a+bcsc(c+d\/§))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(at+bxcsc(c+d*x*x*(1/2)))**2/x**(1/2) ,%)

[Out] Integral(l/(sqrt(x)*(a + bxcsc(c + d*sqrt(x)))**2), x)

Giac [A] time = 1.4424, size = 235, normalized size = 1.88

1 1
) 3 di+e 1 btan(z d\/3_c+2 c)+a
4(2a% b )[” {7 + zJSgn (0) + amtan[w 4(abtan(%d\/E+ ;c) ¥ bZ)
- —— - 2
(a4d - uzbzd) —a% + b (a3d - abzd)(b tan (% d+/x + % c) +2atan (% R

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/(a+b*csc(c+d*x~(1/2)))"2/x~(1/2),x, algorithm="giac")

[Out] -4x(2*a"2xb - b~3)*(pi*floor(1/2*(d*sqrt(x) + c)/pi + 1/2)*sgn(b) + arctan(
(bxtan(1/2*d*sqrt(x) + 1/2%c) + a)/sqrt(-a”2 + b~2)))/((a"4*d - a~2*b~2*d)*
sqrt(-a”2 + b72)) - 4x(axbxtan(1/2*xd*sqrt(x) + 1/2%c) + b72)/((a"3*d - axb”

2*xd) * (bxtan(1/2*d*sqrt(x) + 1/2%c)”2 + 2*xaxtan(1/2*xd*sqrt(x) + 1/2%c) + b))

+ 2% (d*sqrt(x) + c)/(a"2xd)
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1
3.70 s dx
x3/2 (a+b csc(c+d \/E))
Optimal. Leaf size=24
. 1
Unintegrable 5, X
[x3/2 (a +besc (c -+ d\/E))

[Out] Unintegrable[1/(x7(3/2)*(a + b*Csclc + d*Sqrt[x]])~2), x]

Rubi [A] time = 0.0239826, antiderivative size = 0, normalized size of antiderivative

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, i L

integrand size
0., Rules used = {}

f ! 5 dx
x3/2 (a +bcesc (c + dﬁ))

Verification is Not applicable to the result.
[In] Int[1/(x~(3/2)*(a + b*Csclc + d*Sqrt[x]])~2),x]

[Out] Defer[Int] [1/(x~(3/2)*(a + b*Csclc + d*Sqrt[x]])~2), xI]

Rubi steps

1

1
5 dx = 2
f x3/2 (a +besc (c + dﬁ)) f x3/2 (a +besc (c + d\/E))

dx

Mathematica [A] time = 26.7013, size = 0, normalized size = 0.

f ! 5 dx
x3/2 (a +bcsc (c + d\/E))

Verification is Not applicable to the result.

[In] Integrate[1/(x"(3/2)*(a + b*Cscl[c + dxSqrt([x]])~2),x]

[Out] Integrate[1/(x~(3/2)*(a + bxCsc[c + d*Sqrt[x]])~2), x]

Maple [A] time = 0.167, size = 0, normalized size = 0.
_3 -2
fx 2(a+bcsc(c+d\/§)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"(3/2)/(a+b*csc(c+d*x~(1/2)))"2,x)
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[Out] int(1/x7(3/2)/(atb*csc(c+d*x™(1/2)))"2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x7(3/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

\/E

b2x2 csc (d\/E + 0)2 + 2 abx? csc (d\/E + c) + a2 '

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/x7(3/2)/(atb*csc(c+d*x~(1/2)))72,x, algorithm="fricas")

[Out] integral(sqrt(x)/(b~2xx"2*csc(d*sqrt(x) + c)72 + 2%a*xbxx~2*xcsc(d*sqrt(x) +

c) + a"2%x"2), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

f 3 L > dx
x2 (a + bcsc (c + d\/E))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**(3/2)/(atb*xcsc(ctd*xx*x*(1/2)))**2,x)

[Out] Integral(1l/(x**(3/2)*(a + bxcsc(c + d*sqrt(x)))**2), x)

Giac [A] time = 0., size = 0, normalized size = 0.

1
f dx
23
(b csc (d«/f + c) + a) x2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(3/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(1/((b*csc(d*sqrt(x) + c) + a)~2*x~(3/2)), x)
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1
3.71 > dx
x5/2 (a+b csc(c+d \/E))
Optimal. Leaf size=24
. 1
Unintegrable 5, X
[x5/2 (a +besc (c -+ d\/E))

[Out] Unintegrable[1/(x~(5/2)*(a + b*Csclc + d*Sqrt[x]])~2), x]

Rubi [A] time = 0.0239914, antiderivative size = 0, normalized size of antiderivative

. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, i L

integrand size
0., Rules used = {}

f ! 5 dx
x5/2 (a +bcesc (c + dﬁ))

Verification is Not applicable to the result.
[In] Int[1/(x~(5/2)*(a + b*Cscl[c + d*Sqrt[x]])~2),x]

[Out] Defer[Int] [1/(x~(5/2)*(a + b*Cscl[c + d*Sqrt[x]])~2), xI]

Rubi steps

1

1
5 dx = 2
f x5/2 (a +besc (c + dﬁ)) f x5/2 (a +besc (c + d\/E))

dx

Mathematica [A] time = 28.1993, size = 0, normalized size = 0.

f ! 5 dx
x5/2 (a +bcsc (c + d\/E))

Verification is Not applicable to the result.

[In] Integrate[1/(x"(5/2)*(a + b*Cscl[c + dxSqrt([x]])~2),x]

[Out] Integrate[1/(x~(5/2)*(a + bxCsc[c + d*Sqrt[x]])~2), x]

Maple [A] time = 0.176, size = 0, normalized size = 0.
3 -2
fx 2(a+bcsc(c+d\/§)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(1/x"(5/2)/(a+b*csc(c+d*x~(1/2)))"2,x)
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[Out] int(1/x7(5/2)/(atb*csc(c+d*x™(1/2)))72,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x7(5/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0., size = 0, normalized size = 0.

\/E X

b2x3 csc (d\/E + 0)2 + 2 abx3 csc (d\/E + c) + a2

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(1/x7(5/2)/(atb*csc(c+d*x~(1/2)))~2,x, algorithm="fricas")

[Out] integral(sqrt(x)/(b~2xx"3*csc(d*sqrt(x) + c)~2 + 2%a*xbxx~3*csc(d*sqrt(x) +

c) + a~2%x"3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x**(5/2)/(atb*csc(ctd*xx*x*x(1/2)))**2,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.
1

dx
(b csc (d«/f + c) + a)zx;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(1/x~(5/2)/(atb*csc(c+d*x~(1/2)))"2,x, algorithm="giac")

[Out] integrate(1/((b*csc(d*sqrt(x) + c) + a)~2*xx~(5/2)), x)
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3.72 f(ex)m (a +bese(c +dx™) dx

Optimal. Leaf size=31

x"(ex)"Unintegrable (xm (a+ besc(c +dxm), x)

[Out] ((e*x) m*Unintegrable[x"m*(a + b*Csc[c + d*x"n]) p, x])/x"m

Rubi [A] time = 0.0493159, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0,
0., Rules used = {}

integrand size

f(ex)’” (a+ besc(c+ dx™) dx

Verification is Not applicable to the result.

[In] Int[(e*x) m*(a + b*Csc[c + d*x"n]) p,x]
[Out] ((e*x) m*Defer[Int] [x"m*(a + b*Csc[c + d*x"n]) p, x])/x"m

Rubi steps

f (ex)" (a + besc (¢ + dx™) dx = (x ™ (ex)™) f x™(a + besc(c + dx™)) dx

Mathematica [A] time = 2.78967, size = 0, normalized size = 0.

f(ex)m (a+besc(c+dx™)) dx

Verification is Not applicable to the result.

[In] Integrate[(exx) m*(a + b*Csc[c + d*x"n]) p,x]

[Out] Integrate[(e*x) mx(a + bxCsc[c + d*x"n]) p, x]

Maple [A] time = 0.472, size = 0, normalized size = 0.

f (ex)" (a + besc (¢ + dx™)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x) m*(a+b*csc(c+d*x"n)) p,x)

[Out] int((e*x) “m*(at+b*csc(c+d*x"n)) p,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

f (ex)" (besc (dx™ + ¢) + a) dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(a+bxcsc(c+d*x"n)) p,x, algorithm="maxima"

[Out] integrate((exx) m*(b*csc(d*x™n + c) + a)7p, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

integral ((ex)m (besc (dx™ +¢) + a), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(at+bxcsc(c+d*x"n)) p,x, algorithm="fricas")

[Out] integral((e*x) m*(b*xcsc(d*x™n + c) + a)”p, x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**m* (at+b*csc(c+d*x**n))**p,x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

f (ex)" (bese (dx™ + ¢) + a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx) “m*(a+bxcsc(c+d*x"n)) p,x, algorithm="giac")

[Out] integrate((e*x) m*(bxcsc(d*x™n + c) + a)”p, x)
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3.73 f(ex)‘”” (a + bese(c+ dx™)) dx

Optimal. Leaf size=45

a(ex)" ~ bx~"(ex)" tanh ™" (cos (c + dx™))

en den

[Out] (a*x(exx)"n)/(e*n) - (b*(exx) n*xArcTanh[Cos[c + d*x"n]])/(d*e*n*x"n)

Rubi [A] time = 0.0497073, antiderivative size = 45, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 20, e =

0.2, Rules used = {14, 4209, 4205, 3770}

integrand size

a(ex)" ~ bx~"(ex)" tanh ™" (cos (c + dx™))

en den

Antiderivative was successfully verified.

[In] Int[(e*x)~ (-1 + n)*(a + b*Cscl[c + d*x"n]),x]
[Out] (ax(exx)"n)/(e*n) - (b*(exx) n*xArcTanh[Cos[c + d*x"n]])/(d*e*n*x"n)

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !MatchQ[u, (a_)
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*x )" (@ )I*(M_.))"(p_)*((e)*(x))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, xJ

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(n_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQlpl]

Rule 3770
Int[csc[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]]1/d, x]

/; FreeQ[{c, d}, x]

Rubi steps
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f(ex)‘“” (a+besc(c +dx™) dx = f (a(ex)‘“” + blex) ™M ese (c + dx”)) dx

a(ex)"

+b f(ex)‘“” csc (¢ + dx™) dx
en

_ e (bx7"(ex)") [ x~1*" csc (c + dx") dx

en e
_a(ex)" (bx~"(ex)") Subst ( f csc(c + dx) dx, x, x")
~en * en
_alex)"  bx™"(ex)" tanh™ (cos (c + dx™))

T en den

Mathematica [A] time = 0.126381, size = 61, normalized size = 1.36

x " (ex)" (a (c+dx")+blog (Sin (% (c+ dxn))) ~blog (COS (% e+ dx”))))

den

Antiderivative was successfully verified.

[In] Integrate[(exx)~ (-1 + n)*(a + b*Csclc + d*x"n]),x]

[Out] ((e*x) n*(ax(c + d*x"n) - b*Log[Cos[(c + d*x"n)/2]] + b*Log[Sin[(c + d*x"n)
/211)) / (d*e*n*x"n)

Maple [C] time = 0.346, size = 158, normalized size = 3.5

- (—1+n)(—i77 (csgn(iex))3+in (csgn(iex))zcsgn(ie)+in (csgn(iex))chgn(ix)—in csgn(iex)csgn(ie)csgn(ix)+2 In(e)+2 ln(x)) be Artanh (ei(c+dxn)) e—i/27'( csgn(
—e 2 — 2
n

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+n)*(atb*csc(c+d*x"n)),x)

[Out] a/n*x*exp(1/2%(-1+n)*(-I*Pi*csgn(I*e*x) " 3+I*Pi*csgn(I*e*xx) " 2*csgn(Ixe)+I*Pi
xcsgn(Ixexx) "2xcsgn (I*x)-I*xPi*csgn(Ixe*x)*csgn(I*e)*csgn(I*x)+2x1n(e)+2*1n(
x)))-2*%b/n*e"n/e/d*arctanh (exp (I*(c+d*x"n)))*xexp(-1/2*%I*Pikcsgn(I*xexx)*(-1+
n)*(csgn(I*xexx)-csgn(I*x))*(csgn(I*e*xx)-csgn(I*e)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(atb*csc(c+d*x™n)),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 0.52141, size = 165, normalized size = 3.67

2 ade™ 'x" — be" 1 log (% cos (dx" + ¢) + %) + be" 1log (—% cos (dx™ + ¢) + %)

2dn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(at+b*csc(c+d*x"n)),x, algorithm="fricas")

[Out] 1/2%(2*axd*e”(n - 1)*x"n - bxe~(n - 1)*log(1l/2*cos(d*x™n + c) + 1/2) + b*e”
(n - 1)*log(-1/2xcos(d*x"n + c) + 1/2))/(d*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**(-1+n)*(a+b*xcsc(c+d*x**n)),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (besc (dx + ¢) + a) (ex)" ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(atb*csc(c+d*x™n)),x, algorithm="giac")

[Out] integrate((b*csc(d*x™n + c) + a)*(e*xx)"(n - 1), x)
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3.74 f(ex)‘”z” (a + bese(c + dx™)) dx

Optimal. Leaf size=141

ibx~2"(ex)?"PolyLog (2, —ei(”dx”)) ibx2"(ex)*"PolyLog (2, FEBN) pexy2n 2bx M (ex)? tanh™ (ei(”dx"))
+ j—

d?en d?en 2en den

[Out] (ax(exx)~(2xn))/(2xe*n) - (2xb*(e*x)”(2*n)*ArcTanh[E~(I*(c + d*x"n))])/(dx*e
xn*xx"n) + (I*b*(exx)”(2xn)*PolyLog[2, -E~(I*(c + d*x"n))])/(d"2*e*n*x” (2*n)
) = (Ixbx(e*x)”(2*n)*PolyLog[2, E~(I*(c + d*x"n))])/(d"2*exn*x” (2%n))

Rubi [A] time = 0.108862, antiderivative size = 141, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 6, integrand size = 22, e o e

0.273, Rules used = {14, 4209, 4205, 4183, 2279, 2391}

integrand size

ibx~2"(ex)*"PolyLog (2, —ei(”dx")) ibx~2"(ex)*'PolyLog (2,ei(6+d"")) a(ex)?®  2bx7"(ex)*" tanh ™" (ei(”dxn))
d%en - d2en " 2en den

Antiderivative was successfully verified.

[In] Int[(exx)~ (-1 + 2*n)*(a + b*Cscl[c + d*x"n]),x]

[Out] (ax(exx)~(2*n))/(2xe*xn) - (2*b*x(e*x)” (2*n)*ArcTanh[E~(I*(c + d*x"n))])/(d*e
*n*xx"n) + (Ixb*(exx)”(2*n)*PolyLogl[2, -E~(I*(c + d*x"n))])/(d"2*e*n*x” (2*n)
) — (Ixbx(exx)~(2#n)*PolyLogl[2, E~(I*(c + d*x"n))])/(d"2*%e*n*x~(2+*n))

Rule 14

Int[(u )*((c_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x] /; FreeQ[{c, m}, x] && SumQ[u] && !'LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*xx )" )]l*x(M_.))"(p_)*((eD)*(x))"(m_.), x
_Symbol] :> Dist[(e~IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ bxCsclc + d*x™n])7p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(n_)I*(b_.)) " (p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))]1)/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x)"(m - 1)*Logl[l - E~(I*x(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logll + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, 0]

Rule 2279

Int[Logl(a_) + (b_)*((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
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)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*xd, 1]

Rubi steps

f (ex) 121 (a + b esc (c + dx)) dx = f (a(ex) 1427 + b(ex) ™12 csc (¢ + dx™) dx

2n
_ alex) +b f (ex)"1+2" csc (c + dx™) dx
2en

a(ex)?" (bx‘zn(ex)zn) [ x7 12 ese (¢ + dx) dx
+

2en e
a(ex)?" (bx‘zn(ex)zn) Subst ( f x cse(c + dx) dx, x, x”)
= +
2en en
alex)?  2bx7"(ex)*" tanh ™ (ei(”dx”)) (bx‘zn(ex)zn) Subst ( [log (1 — eflct
T 2en den - den
. o log(1—
a(ex)?  2bx(ex)?" tanh ™! (el(c+dx”)) (sz 2 (ex)Z”) Subst ( i y dx,
T 2en den * d2en
a(ex)?" 2bx7"(ex)*" tanh™ (ei(”dxn)) ibx=?"(ex)?"Li, (—ei(”d"n)) ibx=2"
T 2em den d%en -

Mathematica [A] time = 0.219189, size = 185, normalized size = 1.31

X2 (ex)?" (ZibPolyLog (2, —ei(”dxn)) — 2ibPolyLog (2, ei(”dx")) + ad?x®" + 2bdx" log (1 - ei(”dx”)) — 2bdx" log (1 4
2d%en

Antiderivative was successfully verified.

[In] Integrate[(exx)~ (-1 + 2*n)*(a + bxCscl[c + d*x"n]),x]

[Out] ((e*x)~(2*n)*(a*d™2xx~(2*n) + 2%b*c*Log[l - E7(I*(c + d*x™n))] + 2xbxd*x nx
Logl[l - E"(I*(c + d*x"n))] - 2xb*cxLogl[l + E7(Ix(c + d*x"n))] - 2%bxd*x"n*L

ogll + E7(Ix(c + d*x"n))] - 2xb*xcxLogl[Tan[(c + d*x"n)/2]] + (2xI)*b*PolyLog

[2, -E"(I*(c + d*x"n))] - (2xI)*b*xPolyLogl[2, E~(I*(c + d*x"n))]))/(2*d"2x*ex

n*x~ (2+*n))

Maple [C] time = 0.658, size = 739, normalized size = 5.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((ex*x)”(-1+2*n)x*(a+b*csc(c+d*x"n)) ,x)

[Out] 1/2%a/n*x*xexp(1/2*%(-1+2*n)*(-I*Pi*csgn(I*e*xx) " 3+I*Pikxcsgn(I*xe*xx) 2xcsgn(Ixe
)+IxPixcsgn(I*xe*x) “2*xcsgn(I*x)-I*Pi*csgn(I*e*x)*csgn(I*e)*csgn(I*x)+2x1n(e)
+2*%1n(x)))+b*x(e"n)"2/e/n/d*(-1) " (-1/2xcsgn(I*xe)*csgn(I*xe*x) ~2)*(-1)~(-1/2xc
sgn (I*x)*csgn(I*xexx) 2)*(-1)~(1/2xcsgn(I*xe)*csgn(I*x)*csgn(I*xe*x))*x nxln(1
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—exp (I*(c+d*x™n)))*exp(-1/2*xI*xPixcsgn(I*e*x)* (2*n*csgn(I*xe*x) "2-2*n*csgn (Ix*
e) *csgn (I*ex*xx)-2*n*xcsgn (I*x)*csgn(I*exx)+2*n*xcsgn(I*e)*csgn(I*x)-csgn(I*xe*xx
)72))-b*x(e"n)"2/e/n/d*(-1) " (-1/2xcsgn(I*xe)*csgn(I*xe*x) ~2)*(-1)~(-1/2xcsgn(I
xx)*csgn(Ixe*xx) ~2)*(-1)~(1/2*csgn(I*e)*csgn(I*x)*csgn(I*e*xx))*x " n*1ln(exp (Ix*
(c+d*x"n) ) +1) *xexp(-1/2+I*Pi*csgn (I*e*xx) *x (2xn*csgn (I*e*xx) "2-2*n*csgn(I*e)*cs
gn(I*ex*xx)-2*n*csgn (I*x)*csgn(I*exx)+2*n*kxcsgn(I*e)*csgn(I*x)-csgn(I*xexx)~2))
-I*xb*x(e"n)~2/e/n/d"2x(-1) " (-1/2*csgn(I*e)*csgn(I*xexx) "2)*(-1) " (-1/2*csgn (Ix*
x)*xcsgn(Ixexx) ~2)*(-1) " (1/2*csgn(Ixe)*csgn(I*x)*csgn(Ixe*x))*dilog(l-exp(I*
(c+d*x"n)) ) *exp(-1/2*xI*Pi*csgn(I*e*x)* (2*xn*xcsgn(I*e*x) ~"2-2*n*csgn (I*e)*csgn
(Ixe*xx)-2*n*csgn (I*x)*csgn(I*xexx)+2*n*xcsgn(I*xe)*csgn(I*x)-csgn(I*xe*xx)~2))+I
*xb*(e™n)"2/e/n/d"2*(-1) " (-1/2*csgn(Ixe)*csgn(Ixe*x) ~2)*(-1)~(-1/2*csgn(I*x)
xcsgn(Ixexx) ~2)*(-1)~(1/2*csgn(Ix*e)*csgn(I*x)*csgn(I*ex*xx))*dilog(exp(I*(c+d
*x"n))+1) *exp (-1/2*%I*Pixcsgn(I*xex*x) * (2*n*csgn (I*xexx) ~2-2xn*csgn(I*e)*csgn (I
xexx) -2xn*csgn (I*x) *csgn (I*e*xx) +2xn*csgn (I*e) *csgn (I*x) -csgn(I*xe*xx)~2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#*n)*(a+b*csc(c+d*x"n)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.587936, size = 979, normalized size = 6.94

ad?e? " 1x2" — bde?"1x" log (cos (dx™ + ¢) + i sin (dx™ + ¢) + 1) — bde? " 'x" log (cos (dx™ + c) — i sin (dx" +c) +1) — b

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#n)*(a+b*csc(c+d*x"n)),x, algorithm="fricas")

[Out] 1/2%(a*d™2%e”(2*n - 1)*x~(2%n) - bxd*e” (2*n - 1)*x"n*log(cos(d*x™n + c) + I
xsin(d*x™n + ¢) + 1) - bxd*e”(2*n - 1)*x"n*log(cos(d*x"n + c) - I*sin(d*x"n

+ ¢c) + 1) - b*xcxe”(2%n - 1)xlog(-1/2*cos(d*x"n + c) + 1/2*I*sin(d*x"n + c)

+ 1/2) - bxc*xe”(2%n - 1)xlog(-1/2*cos(d*x™n + c) - 1/2xI*sin(d*x"n + c) +

1/2) - I*b*e”(2%n - 1)*dilog(cos(d*x™n + c) + I*sin(d*x"n + c)) + Ixb*e™ (2%

n - 1)*dilog(cos(d*x™n + c¢) - Ixsin(d*x"n + c)) - Ixb*e”(2*n - 1)*dilog(-co
s(d*x™n + c¢) + Ixsin(d*x"n + c)) + Ixb*e”(2*n - 1)*dilog(-cos(d*x™n + c) -
I*sin(d*x™n + c)) + (bxd*e”(2*xn - 1)*x"n + b*cxe”(2*n - 1))*log(-cos(d*x"n

+ ¢) + Ixsin(d*x™n + c) + 1) + (b*xd*e”(2%n - 1)*x"n + b*cxe™ (2*n - 1))*log(
—cos(d*x™n + c¢) - I*sin(d*x™n + c) + 1))/(d"2%n)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (ex)*" Y (a + bese (¢ + dx)) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x)**(-1+2%n)*(a+b*csc(c+d*x**n)),x)

[Out] Integral((exx)**(2xn - 1)*(a + b*csc(c + d*x**n)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(b csc (dx™ + ¢) + a) (ex)*" ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2xn)*(atbxcsc(c+d*x™n)),x, algorithm="giac")

[Out] integrate((b*csc(d*x™n + c) + a)*(e*xx)~(2*n - 1), x)
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3.75 f(ex)‘”?’” (a + bese(c + dx™)) dx

Optimal. Leaf size=221

2bx~3" (ex)P"PolyLog (3/ _ei(C+dX”)) 2bx~3"(ex)3"PolyLog (3, ei(C+d"")) 2ibx~"(ex)*>"PolyLog (2, —ei(”dx")) 2ib
_ + + o

d3en d3en d?en

[Out] (ax(exx)~(3*n))/(3*e*n) - (2xb*(e*x)”(3*n)*ArcTanh[E~(I*(c + d*x"n))])/(dxe
xn*xx"n) + ((2xI)*b*(e*xx)” (3*n)*PolyLog[2, -E~(I*(c + d*x"n))])/(d"2*exn*x"(

2xn)) - ((2*%I)*bx*(exx)~(3*n)*PolyLog[2, E~(I*(c + d*x"n))])/(d"2*exn*x” (2*n

)) = (2%bx(exx) ~(3*n)*PolylLog[3, -E~(I*(c + d*x"n))])/(d"3*e*n*x~(3*n)) + (

2%bx (e*x) ~(3*n) *PolyLog[3, E~(I*(c + d*x"n))])/(d"3*e*xn*x~(3*n))

Rubi [A] time = 0.184316, antiderivative size = 221, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 7, integrand size = 22, number of rules

= 0.318, Rules used = {14, 4209, 4205, 4183, 2531, 2282, 6589}

integrand size

2bx~3"(ex)*"PolyLog (3, —ei(c+d"")) 2bx~3"(ex)3"PolyLog (3, ei(C+d"")) 2ibx~"(ex)*'PolyLog (2, —elc+ ™) i

d3en d3en d?en

Antiderivative was successfully verified.

[In] Int[(exx)~(-1 + 3*n)*(a + b*Csclc + d*x"n]),x]

[Out] (a*x(e*x)~(3*n))/(3%e*n) - (2%b*(e*x)” (3*n)*ArcTanh[E~(I*(c + d*x™n))])/(d*e
xn*xx"n) + ((2%I)*b*(e*xx)” (3*n)*PolyLog[2, -E~(I*(c + d*x"n))])/(d"2%exn*x"(

2xn)) - ((2*%I)*bx*(exx)~(3*n)*PolyLog[2, E~(I*(c + d*x"n))])/(d"2*exn*x” (2*n

)) = (2%bx(exx) ~(3*n)*PolylLog[3, -E~(Ix(c + d*x"n))])/(d"3*e*n*x~(3*n)) + (

2*b* (e*x) ~(3*n) *PolyLog[3, E~(I*(c + d*x"n))])/(d"3*e*n*x~(3%*n))

Rule 14

Int[(u_)*((c_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandIntegrand[(c*x) m*u, x]
, x]1 /; FreeQ[{c, m}, x] && SumQ[u] && !LinearQ[u, x] && !'MatchQ[u, (a )
+ (b_.)*x(v_) /; FreeQ[{a, b}, x] && InverseFunctionQ[v]]

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)D)*x )" (@ )I*xMm_.))"(p_I)*x((e )*(x_))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csc[c + d*x"nl])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Csc[(c_.) + (d_)*x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4183

Int[cscl(e_.) + (£_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
xx) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(Ix(e + f*x))], x], x]) /; FreeQl{c, d, e, £}, x] && IGtQ
[m, O]
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Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_)*(x_))))"(m_)I*x((£_.) + (g_.)
x(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(c*x(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, f
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunctionlu, x]/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogn_, (c_.)*((a_.) + (b_.)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_8S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)"pl/(e*xp), x] /; FreeQ[{a, b, c, d
, e, n, p}y, x] && EqQ[bxd, axe]

Rubi steps

f(ex)‘1+3” (a+ besc(c + dx™)) dx = f(a(ex)‘1+3” + bex) +3" cse (c + dx”)) dx

3n
= a(gz +b f (ex)"1+3" csc (c + dx™) dx

a(ex)3" (bx‘3”(ex)3") [x7 18 ese (¢ + dx) dx
3en " e
a(ex)®" (bx‘3”(ex)3”) Subst ( [ %% csc(c + dx) dx, x, x”)
+

3en en

a(ex)®  2bx7"(ex)¥" tanh ™ (ei(”dx”)) (2bx‘3” (ex)3”) Subst ( [ xlog (1 —e

3en den
a(ex)®  2bx7"(ex)¥" tanh ™" (ei(c+dx”)) 2ibx~?"(ex)*"Li, (—ei(”dxn)) 2ibx
= —_ + —
3en den d?en

a(ex) 2bx~"(ex)>" tanh ™" (ei(”dx”)) 2ibx~2"(ex)®"Li, (—ei(”dx")) 2ibx

3en den d?en

a(ex)®  2bx7"(ex)¥" tanh ™" (ei(”d"n)) 2ibx~?"(ex)*"Li, (—ei(”d"”)) 2ibx

3en den d?en

Mathematica [F] time = 4.00658, size = 0, normalized size = 0.

f(ex)‘1+3” (a + besc(c + dx™) dx

Verification is Not applicable to the result.

[In] Integratel[(exx)~ (-1 + 3*n)*(a + b*Cscl[c + d*x"n]),x]

[Out] Integrate[(e*xx)~ (-1 + 3*n)*(a + b*Csclc + d*x"n]), x]
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Maple [F] time = 0.711, size = 0, normalized size = 0.

f(ex)_1+3" (a+Dbesc(c+dx™)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)~(-1+3#*n)x*(a+tb*csc(c+d*x"n)),x)

[Out] int((e*x)~(-1+3*n)*(a+tb*csc(c+d*x"n)),x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+3*n)*(atb*csc(c+td*x"n)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [C] time = 0.617921, size = 1432, normalized size = 6.48

2ad®e3"1x3" — 3bd?e3" 1x?" log (cos (dx™ + ¢) + i sin (dx" + ¢) + 1) — 3bd?e3" 1x2" log (cos (dx" + ¢) — i sin (dx" + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)” (-1+3%n)*(atb*csc(c+d*x"n)),x, algorithm="fricas")

[Out] 1/6%(2*a*d~3*e”(3*n - 1)*x~(3*n) - 3xb*d~2*e” (3*n - 1)*x~(2*n)*log(cos(d*x”
n + c) + Iksin(d*x™n + c) + 1) - 3*b*d™2%e”(3*n - 1)*x~(2+*n)*log(cos(d*x"n
+ ¢) - Iksin(d*x™n + c) + 1) - 6*Ixb*d*e”(3*n - 1)*x"n*dilog(cos(d*x™n + c)
+ I*sin(d*x"n + c)) + 6%I*bxd*e” (3*n - 1)*x"n*dilog(cos(d*x™n + c) - Ixsin
(d*x"n + c)) - 6xI*bxd*e”(3*n - 1)*x"n*dilog(-cos(d*x"n + c) + I*sin(d*x"n
+ ¢c)) + 6*I*xbxdxe”(3*n - 1)*x"n*dilog(-cos(d*x™n + c) - Ixsin(d*x™n + c)) +
3%bxc™2%e” (3*n - 1)*log(-1/2%cos(d*x™n + c) + 1/2%I*sin(d*x"n + c) + 1/2)
+ 3%bkxc”2%e”(3*n - 1)*log(-1/2*cos(d*x™n + c) - 1/2*%Ixsin(d*x™n + c) + 1/2)
+ 6%b*e”(3*n - 1)*polylog(3, cos(d*x™n + c) + Ixsin(d*x™n + c)) + 6*xb*xe” (3
*xn - 1)*polylog(3, cos(d*x™n + c) - Ixsin(d*x™n + c)) - 6%bxe”(3*n - 1)*pol
ylog(3, -cos(d*x™n + c) + I*sin(d*x"n + c)) - 6%b*e”(3*n - 1)*polylog(3, -c
os(d*x”n + c) - Iksin(d*x™n + c)) + 3*(b*d™2%e”(3*n - 1)*x~(2%n) - bkc ™ 2%e”
(3*n - 1))*log(-cos(d*x™n + c) + Iksin(d*x™n + c) + 1) + 3*(b*d™2%e” (3*n -
1) *x~(2%n) - b*c™2xe”(3*n - 1))*log(-cos(d*x™n + c) - Ixsin(d*x™n + c) + 1)
)/ (d"3*n)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (ex)" ™ (a + besc (c + dx)) dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x)**(-1+3%n)* (a+b*csc(c+d*x**n)) ,x)

[Out] Integral((exx)**(3*n - 1)*(a + b*csc(c + d*x**n)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(b csc (dx™ + ¢) + a) (ex)>" ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+3*n)*(atbxcsc(c+d*x™n)),x, algorithm="giac")

[Out] integrate((b*csc(d*x™n + c) + a)*(e*xx)~(3*n - 1), x)
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3.76  [(ex)™*"(a+besc(c+dx")’ dx

Optimal. Leaf size=80

a(ex)"  2abx”"(ex)" tanh ™" (cos (¢ + dx™)) _ BPx(ex)" cot (c + dx”)

en den den

[Out] (a"2*(e*x)"n)/(exn) - (2*xaxb*(exx) n*ArcTanh[Cos[c + d*x"n]])/(d*e*n*x"n) -
(b~2*(exx) "n*Cot[c + d*x"n])/(d*e*n*x"n)

Rubi [A] time = 0.0924358, antiderivative size = 80, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 22, e

0.273, Rules used = {4209, 4205, 3773, 3770, 3767, 8}

integrand size

a*(ex)"  2abx”"(ex)" tanh ™" (cos (¢ + dx™)) _ BPx(ex)" cot (c + dx”)

en den den

Antiderivative was successfully verified.

[In] Int[(exx)" (-1 + n)*x(a + b*Cscl[c + d*x"n])"2,x]

[Out] (a~2%(e*x)~"n)/(e*n) - (2%a*xb*(exx) n*ArcTanh[Cos[c + d*x~n]])/(d*e*n*x"n) -
(b~ 2% (exx) “n*Cot [c + d*x"n])/(d*exn*x"n)

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*xx )" )]l*x(M_.))"(p_)*((eD)*x))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"nl)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x_)"(@)I*M_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 3773

Int[(cscl(c_.) + (d_)*(x_)I*(b_.) + (a_))~2, x_Symbol] :> Simp[a™2*x, x] +
(Dist[2*a*b, Int[Cscl[c + d*x], x], x] + Dist[b~2, Int[Csclc + d*x]~2, x],
x]) /; FreeQ[{a, b, ¢, d}, x]

Rule 3770

Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[ArcTanh[Cos[c + d*x]1/d, x]
/; FreeQ[{c, d}, x]

Rule 3767

Int[csc[(c_.) + (d_)*(x_)]1"(n_), x_Symbol] :> -Dist[d~(-1), Subst[Int[Expa
ndIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotl[c + d*x]], x] /; FreeQ[{c,
d}, x] && IGtQ[n/2, 0]

Rule 8
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Int[a_, x_Symbol] :> Simpl[a*x, x] /; FreeQ[a, x]

Rubi steps

(x(ex)") [x7* (a + besc (c +dx™) dx

f(ex)‘“” (a + besc (c+dx)? dx =

e
(x~"(ex)") Subst ( [(a + besc(c +dx))? dx, x, ")
- en
B a?(ex)" s (2abx"(ex)") Subst ( f csc(c + dx) dx, x, x”) s (bzx‘”(ex)”) Subst
en en

_a?(ex)"  2abx"(ex)" tanh ™ (cos (c + dx™)) (bzx‘”(ex)”) Subst ( [1dx,x,
T e den - den
_a?(ex)"  2abx"(ex)" tanh™ (cos (c + dx™))  b2x"(ex)" cot (¢ + dx™)
T en den - den

Mathematica [A] time = 0.698428, size = 102, normalized size = 1.27

x " (ex)" (Za (uc + adx" + 2blog (sin (% (c+ dx”))) —2blog (cos (% (c+ dx”)))) + % tan (% (c+ dx”)) + b2 (— cot (
2den

Antiderivative was successfully verified.

[In] Integrate[(exx)~ (-1 + n)*(a + b*Csclc + d*x"n])"2,x]

[Out] ((exx) n*(-(b~2*Cot[(c + d*x"n)/2]) + 2*a*x(a*xc + axd*x"n - 2xb*Log[Cos[(c +
d*x"n)/2]] + 2%b*Log[Sin[(c + d*x"n)/2]]) + b"2xTan[(c + d*x"n)/2]))/(2*xd*
e*xn*x"n)

Maple [C] time = 0.334, size = 275, normalized size = 3.4

azx ~ (—1+n)(i71 (csgn(iex))3—in (csgn(iex))zcsgn(ie)—in (csgn(iex))zcsgn(ix)Hn csgn(iex)csgn(ie)csgn(ix)-2 In(e)-2 ln(x)) 2 ibzx ~ (—1+n)(1’n

—¢ 2 —

- e
dnx" (62 i(c+dx™) _ 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x)”~(-1+4n)*(at+b*csc(c+d*x"n)) " 2,x)

[Out] a~2/n*x*exp(-1/2%(-1+n)*(I*Pixcsgn(I*e*x) "3-I*Pi*csgn(I*e*x) 2*csgn(I*e)-Ix*
Pixcsgn(I*xexx) ~2*csgn(I*x)+I*Pixcsgn(I*e*x)*csgn(I*e)*csgn(I*x)-2%1ln(e)-2%1
n(x)))-2xI*xb~2*x/d/n/(x"n)/(exp(2xI*(c+d*x"n))-1)*exp(-1/2*(-1+n) x (I*Pi*csg
n(I*xexx) “3-I*Pixcsgn(I*xexx) “"2*csgn(I*xe)-I*xPixcsgn(Ixe*x) " 2xcsgn(I*x)+I*Pix*c

sgn (I*xexx)*xcsgn(Ixe)*csgn(I*x)-2*1n(e)-2%1n(x)))-4*a*xb/n*xe"n/e/d*arctanh(ex
p(I*(c+d*x"n)))*exp(-1/2+I*Pi*csgn (I*xexx)*x(-1+n)* (csgn(I*e*xx)-csgn(I*x))*(c
sgn(Ixexx)-csgn(Ixe)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x)~(-1+n)*(atbxcsc(c+d*x"n))~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0.53392, size = 288, normalized size = 3.6

a?de™1x" sin (dx" + c) — abe" ! log (% cos (dx" + ¢) + %) sin (dx™ + ¢) + abe" 1 log (—% cos (dx" +¢) + %) sin (dx" + ¢)

dn sin (dx™ + ¢)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)*(at+b*csc(c+d*x"n))~2,x, algorithm="fricas")

[Out] (a"2*d*e”(n - 1)*x"n*sin(d*x"n + c) - a*bxe”(n - 1)*log(l/2*cos(d*x™n + c)
+ 1/2)*sin(d*x"n + c) + axbxe”(n - 1)*log(-1/2*cos(d*x"n + c) + 1/2)*sin(dx
X™n + ¢c) - b™2%e"(n - 1)*cos(d*x"n + c¢))/(d*n*sin(d*x™n + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)*(atb*csc(ctd*rx**n))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (bese (dx +¢) + a)? (ex)" ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+n)*(atbxcsc(c+d*x™n))~2,x, algorithm="giac")

[Out] integrate((b*csc(d*x™n + c) + a) ™ 2x(exx)"(n - 1), x)
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3.77  [(ex)™?" (a +besc(c +dx") dx

Optimal. Leaf size=214

2iabx~%"(ex)*"PolyLog (2, —ei(”dxn)) 2iabx~"(ex)*"PolyLog (2, ei(”d"”)) a2(ex)?"  4abx"(ex)*" tanh ™" (ei(CJr
— + —

d?en d?en 2en den

[Out] (a~2*x(e*xx)~(2*n))/(2*e*n) - (4*axb*(e*xx)” (2*n)*ArcTanh[E~(I*(c + d*x"n))])/
(d*e*n*x"n) - (b"2*x(e*xx) " (2*n)*Cot[c + d*x"n])/(d*exn*x"n) + (b~ 2*(e*xx) (2%
n)*Log[Sin[c + d*x"n]])/(d"2%e*n*x~(2*n)) + ((2*I)*axbx(e*x)” (2*n)*PolyLogl

2, "E7(I*x(c + d*x"n))])/(d"2*e*xn*x~(2*n)) - ((2*I)*axbx(e*xx)” (2*n)*PolyLogl[

2, E7(I*(c + d*x"n))])/(d"2*%e*xn*xx” (2*n))

Rubi [A] time = 0.200419, antiderivative size = 214, normalized size of antiderivative =

1., number of steps used = 11, number of rules used = 8, integrand size = 24, number of rules

= 0.333, Rules used = {4209, 4205, 4190, 4183, 2279, 2391, 4184, 3475}

integrand size

2iabx~?"(ex)*"PolyLog (2, —ei(”dx")) 2iabx~?"(ex)*"PolyLog (2, ei(”dxn)) a%(ex)?" 4abx~"(ex)?" tanh ™ (ei(”r
—_ + —_

d?en d?en 2en den

Antiderivative was successfully verified.

[In] Int[(exx)" (-1 + 2*xn)*(a + b*Cscl[c + d*x"n])"2,x]

[Out] (a”2x(e*x)”(2*n))/(2%e*n) - (4*axbx(exx)”(2*n)*ArcTanh[E~(I*(c + d*x"n))])/
(d*xexn*x"n) - (b™2*(exx)~(2*n)*Cot[c + d*x"n])/(d*xexn*x"n) + (b~2*(e*xx) (2%
n)*Log[Sin[c + d*x"n]])/(d"2xe*n*x~(2+n)) + ((2%I)*axbx(e*x)~ (2*n)*PolyLogl[

2, “E7(I*x(c + d*x"n))])/(d"2*e*xn*x~(2*n)) - ((2*I)*axb*(e*x)” (2*n)*PolyLogl

2, E°(Ix*(c + d*x"n))])/(d"2*exn*x~ (2%n))

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_D)*x )" (@ )I*xM_.))"(p_)*x((e )*(x_))"(m_.), x
_Symbol] :> Dist[(e~IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ bxCsc[c + d*x"n])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_D)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (f_Dx(x)I*(M_.) + (a))"(m_.)*x((c_.) + (d_)*x))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, 0]

Rule 4183

Int[cscl(e_.) + (£_D)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + dxx) m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
xx)"(m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - 1)*Logl[l + E~(I*x(e + f*x))], x]1, x]) /; FreeQl{c, d, e, f}, x] && IGtQ
[m, O]
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Rule 2279

Int[Logl(a_) + (b_.)*x((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, O]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —(cxexx™n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rule 4184

Int[csc[(e_.) + (f£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) m*xCot[e + fx*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + £*x], x]1, x] /; FreeQl{c, d, e, £}, x] && GtQ[m, O]

Rule 3475

Int[tan[(c_.) + (d_.)*(x_)], x_Symbol] :> -Simp[Log[RemoveContent[Cos[c + d
*x], x11/d, x] /; FreeQ[{c, d}, xI

Rubi steps
“21(ex)?") [ x71*2" (a + b esc (¢ + dx™)” dx
f(ex) 1421 (g 4 besc (c + dx)? dx = ( (ex) ) / (e ( )"
( 2”(ex)Z”) Subst ( [ x(a+besc(c + dx)? dx, x, x )
en
( 2”(ex)Z”) Subst ( [ ( (azx + 2abx csc(c + dx) + b?x csc?(c + dx)) dx, x, x”)
B en
a2 (ex)™ (Zabx 2”(ex)zn) Subst ( [ xesc(c + dx)dx, x, x ) . (bzx‘zn(ex)zn) Su
~ 2en en

a2(ex)2n 4abx—n(ex)2n tanh_l (ei(c+dx”)) bzx—n(ex)Zn cot (C + dx") (zabx—Z;

2en den den

a2(ex)?t  4abx™"(ex)™" tanh™ (ei(”dxn)) b2x7"(ex)?" cot (c + dx")  bPx (e
- - +

2en den den
a(ex)?" 4abx~"(ex)*" tanh™" (ei(”dxn)) b2x7"(ex)?" cot (c + dx")  bPx?(
= - - +
2en den den

Mathematica [A] time = 6.17117, size = 286, normalized size = 1.34

i tarl_l(tarl(c))+dx”)]

i ( i i(tan_l(t‘
sec(c)| iPolyLog| 2,—e —iPolyLog| 2,e

x~2"(ex)?" | 4ab| 2 tan~!(tan(c)) tanh ™" (COS(C) — sin(c) tan (%)) *

Warning: Unable to verify antiderivative.

[In] Integratel[(exx)~ (-1 + 2*n)*(a + b*Cscl[c + d*x"n])~2,x]

[Out] ((e*xx)~(2%n)*(2*¥b~2xd*x " n*Cot[c] + d*x"n*(a~2*d*x™n - 2*b~2*Cot[c]) - 2xb~2
*(d*xx"n*xCot [c] - Logl[Sin[c + d*x"n]]) + 4xaxb*(2*ArcTan[Tan[c]]*ArcTanh[Cos
[c] - Sin[c]*Tan[(d*x"n)/2]] + (((d*x"n + ArcTan[Tan[c]])*(Log[l - E~(I*(d*
x"n + ArcTan[Tan[c]l]))] - Logl[l + E"(I*(d*x"n + ArcTan[Tan[c]]))]) + IxPoly
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Log[2, -E"(I*(d*x"n + ArcTan[Tan([c]]))] - I*PolyLog[2, E~(I*(d*x"n + ArcTan
[Tan[c]1))]1)*Secl[c])/Sqrt[Seclc]~2]) + b~2xd*x"n*Csc[c/2]*Csc[(c + d*x"n)/2
1*Sin[(d*x"n) /2] + b~2*d*x"n*Sec[c/2]*Sec[(c + d*x"n)/2]*Sin[(d*x"n)/2]))/(
2xd"2%e*n*x”~ (2*n))

Maple [C] time = 0.333, size = 674, normalized size = 3.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+2*n)x*(a+b*csc(c+d*x"n)) "2,x)

[Out] 1/2*a”2/n*xxexp(-1/2%(-1+2*n)* (I*Pikcsgn(I*exx) “3-I*Pixcsgn(I*exx) 2*csgn(I
xe) -I*Pi*csgn (I*xe*xx) “2*csgn(I*x)+I*Pikcsgn(I*xexx)*csgn(Ixe)*csgn(I*x)-2*1n(
e)-2%1n(x)))-2%Ixb~2xx/d/n/(x"n)/(exp(2*%I*(c+d*xx"n))-1) *exp(-1/2% (-1+2x*n) *(
I*Pixcsgn(I*e*x) ~3-I*Pi*csgn(I*e*xx) 2*csgn(I*xe)-I*Pikcsgn(I*xe*xx) 2xcsgn(I*x
)+IxPixcsgn(Ixex*x)*csgn(I*e)*csgn(I*x)-2*x1n(e)-2%1n(x)))+b~2/d"2*(e"n) 2/e/
n*1n(exp (2*I*(c+td*x"n))-1)*exp(-1/2*xI*Pi*csgn(I*e*xx)* (-1+2*xn) * (csgn (I*e*xx) -
csgn(I*x))*(csgn(I*xexx)-csgn(I*xe)))-2*¥b~2/d"2x(e"n) "2/e/n*1ln(exp (I*x"n*d)) *
exp(-1/2*%IxPixcsgn(I*e*x)* (-1+2*n)* (csgn(I*e*xx)-csgn(I*x))*(csgn(Ixe*x)-csg
n(Ixe)))+2+b/d*(e"n) ~2/e*a/n*x " n*ln(1-exp(I*(c+d*x"n)))*exp(-1/2*I*Pi*csgn(
I*xexx)* (—1+2*n) * (csgn (I*exx)-csgn(I*x))*(csgn(I*exx)-csgn(Ixe)))-2*xb/d*(e"n
)"2/e*a/n*x"n*x1n(exp (I*(c+d*x"n) )+1)*exp(-1/2*xI*Pi*csgn (I*e*xx)*(-1+2*n) *(cs
gn(Ixex*xx)-csgn(I*x))*(csgn(Ixe*x)-csgn(I*e)))-2xI*b/d"~2*(e"n) 2/e*xa/n*dilog
(1-exp(I*(c+d*x"n)))*exp(-1/2+xI*Pi*csgn (I*e*xx)* (-1+2*n) * (csgn(I*e*x)-csgn (I
*xx) ) * (csgn(Ixe*x)-csgn(Ixe)))+2%I*b/d"2x(e"n)  2/exa/n*dilog(exp (I*(c+d*x n)
)+1) *exp (-1/2xI*Pi*csgn(I*e*x)* (-1+2*n)* (csgn(I*e*xx)-csgn(I*x))* (csgn(I*e*x
)-csgn(Ixe)))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#*n)*(a+b*csc(c+d*x"n)) 2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 0.644047, size = 1415, normalized size = 6.61

a?d?e? 12" sin (dx™ + ¢) — 2 b?de? " 1x" cos (dx" + c) — 2i abe? ™ Li, (cos (dx™ + ¢) + i sin (dx" + c)) sin (dx" + c) -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)”~(-1+2#*n)*(a+b*csc(c+d*x™n)) 2,x, algorithm="fricas")

[Out] 1/2%(a"2*%d"2%e~(2*n - 1)*x~(2*n)*sin(d*x"n + c) - 2%b™2*d*e”(2%n - 1)*x"n*c
os(d*x™n + c) - 2xIxaxbxe”(2#n - 1)*dilog(cos(d*x™n + c) + I*sin(d*x™n + c)
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)*¥sin(d*x"n + c) + 2*Ikaxbxe”(2*n - 1)*dilog(cos(d*x™n + c) - Ixsin(d*x™n +
c))*sin(d*x"n + c) - 2*I*xaxb*e”(2*n - 1)*dilog(-cos(d*x™n + c) + Ixsin(d*x
“n + c))*sin(d*x"n + c) + 2xIxaxbxe”(2*n - 1)*dilog(-cos(d*x”n + c) - I*sin
(d*x"n + c¢))*sin(d*x"n + c) - (2%a*bxc - b~2)*e” (2*n - 1)*log(-1/2*cos(d*x"
n + c) + 1/2*%Ixsin(d*x™n + c) + 1/2)*sin(d*x™n + c) - (2*axbxc - b~2)*e” (2%
n - 1)*log(-1/2*cos(d*x™n + c) - 1/2*Ixsin(d*x™n + c) + 1/2)*sin(d*x™n + c)
- (2xaxbxd*e”(2*%n - 1)*x™n - b"2*e”(2*n - 1))*log(cos(d*x™n + c) + I*sin(d
*x™n + ¢) + 1)*sin(d*x™n + c) - (2%axb*d*e™(2*n - 1)*x™n - b™2%e”(2*n - 1))
xlog(cos(d*x™n + c) - Ixsin(d*x"n + c) + D*sin(d*x"n + c) + 2x(axbxdxe™ (2%
n - 1)*x"n + axb*cxe”(2*n - 1))*log(-cos(d*x™n + c) + I*sin(d*x™n + c) + 1)
xsin(d*x™n + c) + 2*(axbkxd*e” (2*n - 1)*x™n + axb*cxe”(2*n - 1))*log(-cos(dx*
x"n + ¢) - I*sin(d*x"n + c) + 1)*sin(d*x"n + ¢))/(d"2*n*sin(d*x™n + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+2xn)*(atb*csc(c+d*x**n))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (bese (dx™ + ¢) + a)? (ex)*" ! dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#n)*(a+b*csc(c+d*x"n)) 2,x, algorithm="giac")

[Out] integrate((b*csc(d*x™n + c) + a) 2x(exx)”(2*%n - 1), x)
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3.78  [(ex)™¥" (a +besc(c +dx") dx

Optimal. Leaf size=377

4abx3"(ex)*"PolyLog (3, - “**")  4abx~>"(ex)*"PolyLog (3, **")  4iabx2"(ex)*"PolyLog (2, —¢/+")
— + /

+
d3en d3en d?en

[Out] (a"2x(e*x)~(3*n))/(3*xe*xn) - (I*b~2x(exx)~(3*n))/(d*e*n*x"n) - (4xaxb*(e*xx)”
(3*n) *ArcTanh [E~(I*(c + d*x"n))])/(d*e*n*x"n) - (b~2x(exx)~(3*n)*Cot[c + d*
x"n])/(d*e*n*x"n) + (2%b~2x*(e*xx)~(3*n)*Log[l - E7((2xI)*(c + d*x™n))])/(d"2
xexnxx” (2*¥n)) + ((4*I)*axb*(e*xx)”(3*n)*PolyLogl[2, -E~(I*(c + d*x"n))])/(d"2
xexn*xx”(2+n)) - ((4xI)*axb*(e*x)”(3*n)*PolyLog[2, E~(I*(c + d*x"n))])/(d~2x
exnxx” (2*n)) - (Ixb~2*(e*xx)” (3*n)*PolyLog[2, ET((2*I)*(c + d*x"n))])/(d"3x*e
*xn*x” (3%n)) - (4xa*xbx(exx)~(3*n)*PolyLogl[3, -E~(Ix(c + d*x"n))])/(d"3*e*n*x
~(3xn)) + (4xaxbx(exx)”(3*n)*PolyLog[3, E~(I*(c + d*x"n))])/(d"3*exn*x” (3*n

)

Rubi [A] time = 0.395994, antiderivative size = 377, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 16, number of rules used = 12, integrand size = 24, =
integrand size

= 0.5, Rules used = {4209, 4205, 4190, 4183, 2531, 2282, 6589, 4184, 3717, 2190, 2279, 2391}

4abx~3"(ex)*>"PolyLog (3, —ei(c+d"")) 4abx~3"(ex)*>"PolyLog (3, ei(”d"")) 4iabx~2"(ex)*"PolyLog (2, —ei(”d"n):
- + +

den d3en d?en

Antiderivative was successfully verified.

[In] Int[(ex*x)~ (-1 + 3*n)*(a + b*Cscl[c + d*x"n])"2,x]

[Out] (a~2x(e*x)~(3*n))/(3xexn) - (Ixb~2x(e*x)”(3*n))/(d*e*n*x"n) - (4*xaxb*(exx)”
(3*n) *ArcTanh [E"(I*(c + d*x"n))])/(d*e*n*x™n) - (b"2*(exx)” (3*n)*Cot[c + dx
x"n])/(d*xe*n*x"n) + (2xb~2*(e*xx)” (3*n)*Log[l - E~((2*I)*(c + d*x"n))])/(d"2
xe*xn*xx”(2+n)) + ((4%I)*axbx(exx)~(3*n)*PolylLog[2, -E~(I*(c + d*x"n))])/(d"2
xe*xn*xx”(2+n)) - ((4x*I)*axbx(exx)”(3*n)*PolyLog[2, E~(I*(c + d*x"n))])/(d~2x*
exn*xx” (2*n)) - (Ixb~2*(exx)”(3*n)*PolyLog[2, E~((2*I)*(c + d*x"n))])/(d"3xe
*xn*x” (3%n)) - (4*a*xbx(exx)~(3*n)*PolyLogl[3, -E~(I*(c + d*x"n))])/(d"3*e*n*x
~(3*n)) + (4*xaxbx(e*x)”(3*n)*PolyLog[3, E~(I*(c + d*x"n))])/(d"3*exn*x”(3*n

)

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*xx )" )]l*x(M_.))"(p_)*((eD)*x))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"nl)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x_)"(@ )I*(_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
, x1, x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4190

Int[(cscl(e_.) + (£_D*(x)I*_.) + (@ )) " (n_)*((c_.) + (d_.)*x(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Cscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]
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Rule 4183

Int[cscl(e_.) + (£_D)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
-2%(c + d*xx) “m¥ArcTanh[E~(I*(e + f*x))])/f, x] + (-Dist[(d*m)/f, Int[(c + 4
*x) " (m - 1)*Logl[l - E~(Ix(e + f*x))], x], x] + Dist[(d*m)/f, Int[(c + d*x)~
(m - D*Logl[l + E7(Ix(e + £*x))], x], x]) /; FreeQl[{c, d, e, f}, x] && IGtQ
[m, O]

Rule 2531

Int[Logll + (e_)*((F_)"((c_)*((a_.) + (b_)*(x_))))"(n_)1*((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)1)/(bxcxn*Log[F]1), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))™n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, n}, x] && GtQ[m, O]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst [Int[FunctionO0fExponentialFunction[u, x]/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_)*x(x_))"(p_.01/C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, ¢, d
, €, n, pt, x] & EqQ[b*d, axe]

Rule 4184

Int[csc[(e_.) + (£_)*(x_)]172x((c_.) + (d_.)*(x_)) " (m_.), x_Symbol] :> -Sim
pl((c + d*x) "m*Cot[e + f*x])/f, x] + Dist[(d*m)/f, Int[(c + d*x)~(m - 1)*Co
tle + f*xx], x], x] /; FreeQl{c, d, e, f}, x] && GtQ[m, O]

Rule 3717

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (f_.)*(x_)], x_Symbol
] > Simp[(I*(c + d*x)"(m + 1))/(d*x(m + 1)), x] - Dist[2*I, Int[((c + d*x)~
m*E~ (2% Ixk*Pi)*E~(2+%I* (e + f*x)))/(1 + E~(2*%Ixk*Pi)*E~(2*Ix(e + f*x))), x],
x] /; FreeQ[{c, d, e, f}, x] && IntegerQ[4*k] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_.)*x((e_.) + (£_)*(x_)))) " (n_.)*((c_.) + (d_)*x(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (f_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*(F~(gx(e + f*x))) n)/al)/(bxf*g*n*Logl[F]), x] - Di
st [(d*m) / (b*f*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))7n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°n], x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
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Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps

( “S(ex)®) [x7143 (4 + bese (e + dx™)? dx

f(ex) 1431 (3 4 bese (c + dx)? dx = ;

en

)
( 3”((39()3”) Subst ( [ x%(a + besc(e + dx))? dx, x, x )
)

( ~31(ex)>") Subst ( [ ( ( 2x2 + 2abx? csc(c + dx) + b?x? csc?(c + dx)) dx, x, x'

en

a%(ex)?" (2abx‘3”(ex)3”) Subst ( f x% csc(c + dx) dx, x, x”) (bzx‘S” (ex)3"
+ +

3en en

a(ex)®  4abx~"(ex)>" tanh ™’ (ei(”dx”)) b2

x7"(ex)3" cot (c + dx™) (46119-'

3en den

den

a2(ex)®  ibPx(ex)®  Aabx " (ex)" tanh ™’ (ei(”dxn)) b2x 7" (ex)3" cot (c

3en den den

den

a2(ex)®  ibPx(ex)®  4abx"(ex)>" tanh ™! (ei(”dxn)) b?x"(ex)®" cot (c

3en den den

den

a2(ex)®  ibPx(ex)  Aabx " (ex)" tanh™ (ei(”dx”)) b2x 7" (ex)3" cot (c

3en den den

den

a?(ex)®  ib2x 7" (ex)" 4abx " (ex)*" tanh ™" (ei(”dxn)) b2x " (ex)3" cot (c

3en den den

Mathematica [F] time = 12.912, size = 0, normalized size = 0.

f (ex)"13 (a + b esc (c + dx™)? dx

Verification is Not applicable to the result.

[In] Integrate[(exx)~ (-1 + 3*n)*(a + b*Cscl[c + d*x"n])~2,x]

[Out] Integrate[(exx)~ (-1 + 3*n)*(a + b*Csc[c + d*x"n])~2, x]

den

Maple [F] time = 1.053, size = 0, normalized size = 0.
f (ex) 13" (a + besc (c + dx))® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)”(-1+3*n)*(atb*csc(c+d*x"n)) " 2,x)

[Out] int((e*x)~(-1+3*n)*(a+b*csc(c+d*x"n)) "2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+3#*n)*(a+b*csc(c+td*x™n)) 2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [C] time = 0.716747, size = 2184, normalized size = 5.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+3#n)*(a+b*csc(c+d*x"n))~2,x, algorithm="fricas")

[Out] 1/3%(a”2%d"3xe”(3*n - 1)*x~(3*n)*sin(d*x™n + c) - 3*b72+d"2%e”(3*n - 1)*x"(
2*xn)*cos(d*x™n + c) + 6xa*xbxe”(3*n - 1)*polylog(3, cos(d*x™n + c) + Ixsin(d
*x"n + c))*sin(d*x"n + c) + 6%axbxe”(3*n - 1)#*polylog(3, cos(d*x™n + c) - I
xsin(d*x"n + c¢))*sin(d*x"n + c) - 6*axbxe”(3*n - 1)*polylog(3, -cos(d*x"n +
c) + I*sin(d*x"n + c))*sin(d*x™n + c) - 6%a*xb*e”(3*n - 1)*polylog(3, -cos(
d*x™n + c) - Ixsin(d*x™n + c))*sin(d*x™n + c) + 3*(a*b*c”2 - b~2%c)*e” (3*n
- 1)*log(-1/2*cos(d*x™n + c) + 1/2*%Ixsin(d*x™n + c) + 1/2)*sin(d*x"n + c) +
3x(axb*c™2 - b72*c)*e” (3*n - 1)*log(-1/2xcos(d*x™n + c) - 1/2*%Ixsin(d*x"n
+ c) + 1/2)*sin(d*x"n + c) + (-6xI*axbxd*e” (3*n - 1)*x™n - 3*%I*b~2%e”(3*n -
1))*dilog(cos(d*x™n + c) + Ixsin(d*x™n + c))*sin(d*x"n + c) + (6*I*xaxbxdxe
“(3*%n - 1)*x"n + 3*%Ixb"2%e”(3*n - 1))*dilog(cos(d*x™n + c) - I*sin(d*x™n +
c))*sin(d*x"n + c) + (-6*I*a*xb*d*e”(3*n - 1)*x"n + 3*I*b"2%e”(3*n - 1))*dil
og(-cos(d*x™n + c) + I*sin(d*x"n + c))*sin(d*x™n + c) + (6*I*axb*d*e”(3*n -
D*x"n - 3*Ixb"2*%e”(3*n - 1))*dilog(-cos(d*x™n + c) - I*sin(d*x"n + c))*si
n(d*x"n + c) - 3x(axbxd"2%e”(3*n - 1)*x~(2%n) - b~2*d*e”(3*n - 1)*x"n)*log(
cos(d*x™n + c) + I*sin(d*x™n + c) + 1)*sin(d*x™n + c) - 3*(axbxd"2*e”(3*n -
1)*x~(2%n) - b~2*d*e”(3*n - 1)*x"n)*log(cos(d*x™n + c) - I*sin(d*x"n + c)
+ 1)xsin(d*x™n + c) + 3%(axbxd™2xe”(3*n - 1)*x~(2%n) + b~ 2xd*e” (3*n - 1)*x~
n - (axbxc”™2 - b™2xc)*e”(3*n - 1))xlog(-cos(d*x™n + c) + Iksin(d*x™n + c) +
1)*sin(d*x"n + c) + 3*(a*xb*d™2%e”(3*n - 1)*x~(2*n) + b~ 2xd*e”(3*n - 1)*x"n
- (a*xb*c™2 - b72*c)*e”(3*n - 1))*log(-cos(d*x™n + c) - I*sin(d*x™n + c) +
D *sin(d*x™n + ¢))/(d"3*n*sin(d*x"n + c))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+3*n)* (a+bxcsc(c+d*x**n))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (besc [dx" + ¢) + a)? (ex)®" " dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*xx)” (-1+3*n)*(at+tb*csc(c+d*x™n))"2,x, algorithm="giac")

[Out] integrate((b*csc(d*x™n + c) + a) ™ 2x(exx)~(3*n - 1), x)
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3 79 (ex)—1+n
) f a+b csc(c+dx™)
Optimal. Leaf size=85
2bx7"(ex)" tanh™! (—a+btan %(den)))
Va2 (ex)"
adenva? — b2 T aen

[Out] (exx) "n/(axe*xn) + (2%b*(e*xx) n*ArcTanh[(a + b*Tan[(c + d*x"n)/2])/Sqrt[a~2
- b~2]]1)/(a*Sqrt[a”2 - b~2]*d*e*n*x"n)

Rubi [A] time = 0.154402, antiderivative size = 85, normalized size of antiderivative =
1., number of steps used = 6, number of rules used = 6, integrand size = 22, number of rules_

0.273, Rules used = {4209, 4205, 3783, 2660, 618, 206}

~ 1 a+b tan(%(c+dx”))
2bx"(ex)" tanh | ———*
(ex)"

integrand size

\/az_hz
+
adenVa? — b? aen

Antiderivative was successfully verified.

[In] Int[(exx)~(-1 + n)/(a + bxCsc[c + d*x"n]),x]

[Out] (exx) n/(axexn) + (2*b*(e*x) n*ArcTanh[(a + b*Tan[(c + d*x"n)/2])/Sqrt[a"2
- b72]])/(a*Sqrt[a™2 - b~2]*d*e*n*x"n)

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*xx )" )]*x(M_.))"(p_)*((eD)*x))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"nl)7p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl[(c_.) + (d_.)*(x_ )" (n)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
» x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[pl]

Rule 3783

Int[(cscl(c_.) + (d_)*(x_)I*(_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Dist[1/a, Int[1/(1 + (a*Sinlc + d*x])/b), x], x] /; FreeQl{a, b, c, d}, x
] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)~(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2%e)/d, Subst[Int[1/(a + 2*b*e*x + a*
e~ 2%x72), x], x, Tan[(c + d*x)/2]1/el], x1] /; FreeQ[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618
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Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
x~1+n
f (ex)—l+n dx = (x—”(ex)”) f a+b csc(c+dx™) dx
a+ bcsc(c+ dx") e

—n n 1 n
(X (EX) )SUbSt (fmdx,x,x )

en
-1 n S bst [ — X, n
_ (ex)" (x7"(ex)") Subs (J~1+£EB%:£2 X, X, X )
~ aen aen
nen . : n
(ex)" (2x7"(ex)") Subst fmdx, x,tan(E (c + dx )))
T aen aden
(@ (ey) Subst | [ ——L— dx,x, 2 + 2tan § (e + )
_ (ex)” N —4(1—b_2)_x2
"~ aen aden
b( 2 +tan( 2 (c+dx")
(ex) 2bx " (ex)" tanh‘l( (h v(;_bz )))
ex)" e

aen ava? — b2den

Mathematica [A] time = 0.2738, size = 79, normalized size = 0.93

a+b tan(% (c+dx”))
V242
Vh2—g2

2bx7" tan_l[

(ex)"| - +cex™+d

aden
Antiderivative was successfully verified.

[In] Integrate[(e*x)~(-1 + n)/(a + b*Cscl[c + dxx"n]),x]

[Out] ((e*x)"nx(d + c/x"n - (2xb*ArcTan[(a + b*Tan[(c + d*x"n)/2])/Sqrt[-a"2 + b~
2]1)/(Sqrt[-a”2 + b~2]*x"n)))/(a*xd*exn)

Maple [C] time = 0.396, size = 315, normalized size = 3.7

(—1+n)(—in (csgn(iex))3+in (csgn(iex))zcsgn(ie)+in (ngn(iex))zcsgn(ix)—in csgn(iex)csgn(ie)csgn(ix)+2 In(e)+2 ln(x)) 2 ibele” é (T( n(csgn(iex))B—n ncsgn(i

—e 2 —_
an

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((exx)~(-1+n)/(at+b*csc(c+d*x"n)) ,x)

[Out] 1/a/n*x*exp(1/2%(-1+n)*(-I*Pi*csgn(I*e*xx) "3+I*Pikxcsgn(I*exx) 2*csgn(I*e)+I*
Pixcsgn(I*xexx) “2*csgn(I*x)-I*Pixcsgn(I*e*x)*csgn(I*e)*csgn(I*x)+2*x1ln(e)+2x1
n(x)))-2xIxb/a/n*e"n/e/d/(a~2*xexp (2*xI*c)-exp(2*I*c)*b~2) ~(1/2)*arctan(1/2*(
2xIxa*xexp (I* (d*x"n+2%c) ) -2xexp (I*c)*b)/(a"2xexp (2xI*c)-exp (2*I*c)*b~2) " (1/2
))*xexp (-1/2*I* (Pi*n*csgn(I*e*x) ~3-Pi*n*csgn(I*e)*csgn(I*e*xx) 2-Pi*n*csgn(Ix*
x)*csgn(I*xexx) ~2+Pi*n*csgn(Ixe)*csgn(I*x)*csgn(Ixe*x)-Pikxcsgn (I*e*xx) "3+Pix*c
sgn(Ixe)*csgn(I*xe*xx) “2+Pi*csgn (I*x)*csgn(I*e*xx) "2-Pi*csgn(Ixe)*csgn(I*x)*cs

gn (Ixe*xx)-2%c))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)/(atb*csc(c+d*x"n)),x, algorithm="maxima"

[Out] Timed out

Fricas [A] time = 0.557037, size = 639, normalized size = 7.52

(a2—2 bz) cos(dx+¢)2+2 Va2—b2a cos(dx" +¢)+a2+b2+2 (V a?—b2b Cos(dx”+c)+ab) sin(dx"+c)

2 (az - bz)de”‘lx” + Va2 — b2be" log

a2 cos(dx"+c)?~2 ab sin(dx"+c)-a2—b2

2 (a3 - abz)dn

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)/(at+b*csc(c+d*x"n)),x, algorithm="fricas")

[Out] [1/2%x(2*%(a"2 - b™2)*d*e”(n - 1)*x"n + sqrt(a™2 - b"2)*b*xe”(n - 1)*log(((a”2
- 2%b72)*cos(d*x™n + c)~2 + 2*sqrt(a”2 - b"2)*axcos(d*x™n + c) + a2 + b”2

+ 2% (sqrt(a”2 - b~2)*b*cos(d*x™n + c) + axb)*sin(d*x"n + c))/(a"2*cos(d*x~
n + c)"2 - 2xaxb*sin(d*x™n + ¢c) - a”2 - b72)))/((a”3 - a*b”2)*d*n), ((a"2 -
b"2)*d*e”(n - 1)*x"n + sqrt(-a”2 + b"2)*b*e”(n - 1)*arctan(-(sqrt(-a”2 + b
“2)*b*sin(d*x"n + c) + sqrt(-a”2 + b~2)*a)/((a”2 - b"2)*cos(d*x™n + ¢))))/(

(a3 - axb”2)*d*n)]

Sympy [F] time = 0., size = 0, normalized size = 0.

(ex)n—l
f dx
a+ besc(c+ dx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)/(atb*csc(c+d*x**n)) ,x)

[Out] Integral((exx)#**(n - 1)/(a + bxcsc(c + dxx**n)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

(ex)n—l

besc(dx™ +c¢)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)”~(-1+n)/(at+bxcsc(c+d*x"n)),x, algorithm="giac")

[Out] integrate((e*xx)~(n - 1)/(b*csc(d*x™n + c) + a), x)
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(ex)—1+2n

a+b csc(c+dx™)

380 [

Optimal. Leaf size=338

. ic+dx™ i c+dx™

iaell el
) bx~2"(ex)*"PolyLog (2 i ) ibx(ex)*" log (1— =

iaei (c+dx”)

bx~2"(ex)*"PolyLog (2, ) ibx ™" (ex)?" 1c

b-Vb2—a2 " Vb2-a2+b b-Vb2—a2
— + —
ad?enVb? — a2 ad?enVb? — a2 adenVb? — a2 aden

[Out] (exx)~(2*xn)/(2%a*xexn) + (I*bx(exx)~(2#n)*Log[l - (Ixa*E~(Ix(c + d*x"n)))/(b
- Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d*e*n*x"n) - (Ixbx*(e*x)”(2*n)*Lo

gll - (Ixa*E~(I*(c + d*x"n)))/(b + Sqrt[-a™2 + b~2])])/(a*xSqrt[-a”2 + b~2]*
dxexn*x"n) + (bx(e*xx)”(2#n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b - Sqrt[-a

"2 + b72])]1)/(axSqrt[-a”2 + b~2]*d"2*e*n*x” (2%n)) - (b*(exx)” (2xn)*PolyLog|

2, (IxaxE~(I*(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"2
*xexn*x” (2+%n) )

Rubi [A] time = 0.620692, antiderivative size = 338, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 8, integrand size = 24, e e e

= 0.333, Rules used = {4209, 4205, 4191, 3323, 2264, 2190, 2279, 2391}

integrand size

. i(c+dx") . i(c+dx”) . i(c+dx")
ae ae . -n 2 _ lae . -n 2
N b2—a2+b) ) ibx"(ex)" log (1 - b2—a2) ibx™"(ex)“" 1c

ad?enVb? — a2 ad?enVb? — a2 adenVb? — a2 B aden

bx~?!(ex)*"PolyLog (2, ) bx~2"(ex)*"PolyLog (2,

Antiderivative was successfully verified.

[In] Int[(exx)~(-1 + 2*n)/(a + b*Csclc + d*x"n]),x]

[Out] (e*x)~(2*n)/(2%axe*n) + (Ixb*(exx)” (2*n)*Logl[l - (I*a*E~(I*(c + d*x"n)))/(b
- Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d*e*n*x"n) - (Ixb*(e*x)”(2*n)*Lo

gll - (Ixa*E"(Ix(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(axSqrt[-a”2 + b~2]*
dxe*n*x"n) + (b*(e*xx)” (2*xn)*PolyLog[2, (I*axE~(I*(c + d*x"n)))/(b - Sqrt[-a

2 + b72])]1)/(axSqrt[-a”2 + b~2]*d"2*e*n*x” (2*n)) - (bx(e*xx)” (2+n)*PolyLogl

2, (Ixa*E~(I*(c + d*x"n)))/(b + Sgrt[-a~”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"2
xe*xn*x” (2+%n))

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*xx)D"()]*x(M_.))"(p_)*((ed)*x))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x™n])"p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl(c_.) + (A_)*x_)" (@ )I*x(Mm_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x]) p
, x1, x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_)x(x_)I*x(b_.) + (@) " (n_.)*((c_.) + (d_.)*(x_)) " (m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Qlm, 0]
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Rule 3323

Int[((c_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + f*x)))/(Ixb + 2xa*xE~(Ix(e + f*x
)) - I*b*E~(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + g*x) "mkF"u)/(b - q + 2*xc*F"u), x], x] - Dist[(2*c)/q, Int[((f + gkx)"
m*xF~u) /(b + q + 2*xcxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQlv,
2*xu] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*x_D)"(m_.))/
(a_) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*xg*n*Log[F]), x] - Di
st [(d*m) / (bxfxg*n*Log[F]), Int[(c + d*x)"(m - 1)*Log[l + (bx(F~(gx(e + fxx)
))7°n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, £, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x )" (n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rubi steps
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—1+2n
—2n 2n o
f (ex)‘“zn v = (x (ex) ) f a+b csc(c+dx™) dx
a+ bcsc(c+ dx") e
—2n 2n d n
(x (ex) )Subst ( f prrym— dx,x, x )

B en

—2n 2n S . S 1

(X (BX) ) Subst (f (a a(b+a sin(c+dx))) dx, x, x )
B en
-2n 2n x n
B (ex)?" (bx (ex) )Subst ( f Frasneidd dx, x, x )
"~ 2aen aen
i(c+dx)
-2 2 e x
(e (25 Subst ( [ e 3, %, xn)
"~ 2aen aen
i(c+dx)
Taa—21 2n € X

(e (21bx (ex) ) Subst ( il e

dx,x,x”) (21bx 2”(ex)zn Subst ( j

= + _
2aen V=02 + b2en

laez(c+dx”)

ibx(ex)*" log (1 —~

. i(c+dx”)
. -n 2 ae
B (ex)zn . m) ibx (€X) IOg (1 -

\/_

b—«—b) (b2 (exy?)

2aen aV—-a? + b2den aV—-a? + b2den

. i(c+dx”) : i(c+dx”) -2n 2n
()20 _ dae ()20 _dae bx=“"(ex)") S
) (e . ibx(ex)" log (1 - _a2+b2) ibx(ex)“" log (1 - _a2+b2) ( )

2aen aV—a? + b%den aV—a? + b%den
i c+dxn)

; ( . i(c+dxn)
n 2n _ lae R 2n __ _tae
) ex)” ibx™"(ex)“" log (1 \/Z—h) ibx™"(ex)“" log (1 - _a2+b2)

bx~2"(ex)*"Li,

= + _
2aen aV—a? + b2den aV—a? + b2den

Mathematica [B] time = 5.10782, size = 1003, normalized size = 2.97

Va2-p2

N

ntan”
Vp2—g2
2bx~2"n [ -

1 1 n
a+b tan(f dx"+c ) (a-b) cot(f 2dx"+2c+m )
2( (c cos_1<—§))tanh_1 4( ) +(—2dx"—2c+n) tanh ™1

av—a? + |

(a+b) tan( 41 (den+2c—

Va2-p2

+

Vb2-a2

(ex)?" csc (dx" +¢) |1 -

Warning: Unable to verify antiderivative.

[In] Integrate[(exx) (-1 + 2#n)/(a + b*Csc[c + d*x"n]),x]

[Out] ((exx)~(2*n)*Csclc + d*x"n]*(1 - (2xbx((Pi*ArcTan[(a + b*Tan[(c + d*x"n)/2]

)/Sqrt[-a”2 + b~2]])/Sqrt[-a~2 + b™2] + (2x(c - ArcCos[-(b/a)])*ArcTanh[((a

- b)*Cot [(2*c + Pi + 2*d*x"n)/4])/Sqrt[a”2 - b~2]] + (-2%c + Pi - 2%xd*x"n)

xArcTanh[((a + b)*Tan[(2%c + Pi + 2*d*x"n)/4])/Sqrt[a™2 - b~2]] - (ArcCos[-
(b/a)] - (2*I)*ArcTanh[((a - b)*Cot[(2%c + Pi + 2xd*x"n)/4])/Sqrt[a"2 - b~2
11)*Log[((a + b)*(a - b - I*xSqrt[a”2 - b~2])*(1 + I*Cot[(2*c + Pi + 2xd*x"n
)/41))/(ax(a + b + Sqrt[a”2 - b~2]*Cot[(2%c + Pi + 2xd*x"n)/4]))] + (ArcCos
[-(b/a)] + (2%I)*(-ArcTanh[((a - b)*Cot[(2*c + Pi + 2xd*x"n)/4])/Sqrt[a~2 -
b~2]] + ArcTanh[((a + b)*Tan[(2*c + Pi + 2xd*x"n)/4])/Sqrt[a”2 - b~2]1))*L
og[((-1)"(1/4)*Sqrt[a~2 - b~2])/(Sqrt[2]*Sqrt[a]*E~((I/2)*(c + d*x"n))*Sqrt
[b + axSin[c + d*x"n]])] + (ArcCos[-(b/a)] + (2*I)*ArcTanh[((a - b)*Cot [(2x%
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c + Pi + 2%d*x"n)/4])/Sqrt[a”2 - b"2]] - (2*I)*ArcTanh[((a + b)*Tan[(2*c +

Pi + 2*xd*x"n)/4])/Sqrt[a”2 - b~2]1)*Log[-(((-1)~(3/4)*Sqrt[a~2 - b 2]1*E~((I
/2)*(c + d*x"n)))/(Sqrt[2]*Sqrt[al*Sqrt[b + a*Sin[c + d*x"n]]))] - (ArcCos[
-(b/a)] + (2*I)*ArcTanh[((a - b)*Cot[(2%c + Pi + 2%d*x"n)/4])/Sqrt[a”2 - b~
2]1)*Log[1 + (I*(I*b + Sqrt[a”2 - b"2])*(a + b + Sqrt[a™2 - b 2]*Tan[(2xc -
Pi + 2xd*x"n)/4]))/(ax(a + b + Sqrt[a”2 - b~2]*Cot[(2%xc + Pi + 2xd*x"n)/4]
))] + Ix(PolyLog[2, ((b - I*Sqrt[a™2 - b"2])*(a + b + Sqrt[a™2 - b~2]*Tan[(
2xc - Pi + 2*d*x"n)/4]))/(ax(a + b + Sqrt[a™2 - b~2]*Cot[(2%c + Pi + 2%d*x"
n)/41))] - PolylLog[2, ((b + I*Sqrt[a™2 - b"2])*(a + b + Sqrt[a™2 - b~2]*Tan
[(2xc - Pi + 2*d*x"n)/4]1))/(a*x(a + b + Sqrt[a”2 - b~2]*Cot[(2%c + Pi + 2xdx
x"n)/41))1))/Sqrt[a”2 - b~2]))/(d72*x~(2*n)))*(b + a*Sin[c + d*x"n]))/(2xax
exnx(a + b*Cscl[c + d*x"n]))

Maple [C] time = 0.658, size = 1332, normalized size = 3.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)”~(-1+2%n)/(a+b*csc(c+d*x"n)),x)

[Out] 1/2/a/n*x*exp(1/2%(-1+2*n)* (-I*Pi*csgn(I*e*xx) " 3+I*Pik*csgn(I*e*xx) "2*csgn(Ix*e
)+IxPixcsgn(Ixe*x) ~2xcsgn(I*x)-I*xPi*csgn(I*e*x)*csgn(I*e)*csgn(I*x)+2x1n(e)
+2*%1n(x)))-b/ax(e"n)~2/e/n/d*x(-1)~(-1/2*csgn(I*e)*csgn(I*e*xx) ~2)*(-1)~(-1/2
xcsgn (I*xx)*xcsgn(I*xexx) ~2)*(-1) " (1/2*csgn(I*e)*csgn(I*x)*csgn(I*e*xx))*x"n/(a
“2%exp (2*%Ixc)-exp(2%I*c)*b~2) ~(1/2) *1n((I*exp (I*c)*b+akrexp (I* (d*x "n+2xc))-(
a~2*exp (2*Ixc)-exp(2%xI*c)*b~2)~(1/2) )/ (I*xexp(Ixc)*b-(a~2xexp (2*xI*c)-exp(2*I
*xC)*b”2) 7 (1/2))) *exp(-I*xPi*n*csgn(I*e)*csgn(I*x)*csgn(I*ex*xx))*exp (I*Pikn*cs
gn(Ixe)*csgn(Ixe*xx) ~2)*exp(I*xPixn*csgn(I*x)*csgn(I*e*xx) 2)*exp(-I*Pikn*csgn
(Ixex*xx)~3)*exp(1/2*I*Pixcsgn(I*xexx) ~3)*exp(I*c)+b/a*x(e"n) 2/e/n/d*x(-1)"(-1/
2xcsgn (I*xe)*csgn(I*xexx) “2)*(-1)~(-1/2*csgn(I*x)*csgn(I*xexx) ~2) *(-1) "~ (1/2%cs
gn(Ixe)*csgn(I*x)*csgn(I*ex*xx))*x"n/(a"2*%exp(2xI*c)-exp(2*I*c)*b~2)~(1/2)*1n
((I*exp(Ix*c)*b+akxexp(I*(dxx"n+2*c))+(a " 2xexp(2xI*c)-exp(2xI*c)*b~2)~(1/2))/
(I*exp(I*c)*b+(a~2*exp(2*%Ixc)-exp(2*I*c)*b~2)~(1/2)))*exp(-I*Pikn*csgn(Ixe)
xcsgn (I*x)*xcsgn(I*xexx))*exp(I*Pi*n*xcsgn(I*xe)*csgn(I*xexx) ~2)*exp(I*Pi*n*csgn
(Ixx)*csgn(Ixexx)~2)*exp(-I*Pi*n*csgn(Ixe*x)~3)*exp(1/2*I*Pi*csgn(I*e*xx)”3)
xexp (I*c)+I*xb/a*x(e™n) ~2/e/n/d"2*x(-1)"(-1/2*csgn(Ixe)*csgn(Ixe*xx) ~2)*(-1)" (-
1/2*%csgn (I*x)*csgn(I*xexx) " 2)*(-1)~(1/2xcsgn(I*xe)*csgn(I*x)*csgn(I*xexx))/(a”
2xexp (2xI*c)—exp (2*%I*c)*b~2) " (1/2)*dilog(I/ (I*exp(I*c)*b-(a~2*exp(2*I*c)-ex
p(2*%Ixc)*xb~2) "~ (1/2)) *b*xexp(I*c)+1/(I*xexp(I*c)*b-(a~2*%exp(2*xI*c)-exp(2*I*c)*
b~2) " (1/2) ) *a*xexp (I* (d*x " n+2xc) ) -1/ (I*xexp (I*c)*b-(a~2*exp (2*Ixc)-exp(2*I*c)
*b~2) 7 (1/2) ) *(a"2*xexp (2xI*c)-exp (2*Ixc)*b~2) " (1/2) ) *exp (-I*Pi*n*csgn(I*e)*c
sgn (I*x)*csgn(I*exx))*exp(I*Pi*n*csgn(I*e)*csgn(I*e*xx) ~2)*exp(I*Pi*n*csgn (I
xx)*csgn (Ixe*x) ~2) *exp (-I*Pi*n*csgn(I*xexx) ~3) *exp(1/2*xI*Pi*csgn(I*e*xx)~3)*e
xp(I*c)-I*xb/a*x(e"n)~2/e/n/d~2*x(-1)~(-1/2*csgn(Ix*e)*csgn(I*xe*xx) 2)*(-1)~(-1/
2xcsgn (I*xx)*csgn (I*xexx) “2)*(-1)~ (1/2xcsgn(Ixe)*csgn(I*x)*csgn(Ixe*x))/(a~2x*
exp (2*I*xc)-exp(2+I*c)*b~2) ~(1/2) *dilog(I/ (I*exp (I*c)*b+(a”2xexp(2*I*c)-exp(
2xI*c)*b~2) 7 (1/2) ) *bxexp (Ixc)+1/(I*xexp(I*c)*b+(a”~2%exp(2*I*c)-exp(2*xI*c)*b~
2)~(1/2)) *a*xexp (I* (d*x"n+2x*c))+1/(I*xexp (I*c)*b+(a~2*exp (2*I*c)-exp(2*I*c)*b
~2)7(1/2))*x(a"2*exp (2xIxc) —exp(2*I*c)*b~2) ~(1/2) ) *exp (-I*xPi*n*csgn (I*e) *csg
n(I*x)*csgn(I*xexx))*exp(I*Pikn*csgn(Ixe)*csgn(Ixe*x) ~2)*exp(I*Pi*n*csgn(I*x
) *csgn (I*xex*xx) ~2) *exp (-I*Pi*n*csgn(I*xe*xx) ~3) *exp (1/2xI*Pixcsgn(I*e*x) ~3)*exp
(Ixc)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)” (-1+2*n)/(at+b*csc(c+d*x"n)),x, algorithm="maxima"

[Out] Timed out

Fricas [B] time = 0.952718, size = 2865, normalized size = 8.48

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)” (-1+2*n)/(atb*csc(c+d*x"n)),x, algorithm="fricas")

[Out] -1/4x(2%a*xbxc*e”(2*n - 1)*sqrt((a”2 - b~2)/a"2)*log(2*a*cos(d*x™n + c) + 2%
Ixaxsin(d*x™n + c) + 2xa*xsqrt((a”2 - b~2)/a”2) + 2*Ixb) + 2*axb*cxe” (2*n -
Dxsqrt((a™2 - b72)/a"2)*log(2*a*xcos(d*x™n + c) - 2xI*axsin(d*x™n + c) + 2%
axsqrt((a”2 - b~2)/a"2) - 2xIxb) - 2xa*xbkxckxe”(2*n - 1)*sqrt((a”2 - b~2)/a"2
)*log(-2*a*xcos(d*x™n + c) + 2xI*axsin(d*x"n + c) + 2xa*sqrt((a”2 - b~2)/a"2
) + 2xIxb) - 2*axbxcke”(2*n - 1)*sqrt((a™2 - b~2)/a"2)*log(-2*a*cos(d*x"n +
c) - 2xIxaxsin(d*x"n + c) + 2xa*sqrt((a”2 - b72)/a"2) - 2*xIxb) - 2x(a”2 -
b~2)*d"2xe” (2*xn - 1)*x~(2*n) - 2xIxa*xbxe” (2*xn - 1)*sqrt((a”2 - b72)/a"2)*di
log(1/2x((2*xaxsqrt((a”2 - b72)/a"2) + 2xI*b)*cos(d*x™n + c) + 2x(Ixa*xsqrt((
a”2 - b72)/a"2) - b)*sin(d*x™n + c) - 2%a)/a + 1) - 2xIxaxbxe”(2*n - 1)*sqr
t((a”™2 - b"2)/a"2)*dilog(-1/2*%((2*a*xsqrt((a™2 - b~2)/a"2) + 2xIx*b)*cos(d*x”
n + c) - 2%(I*xaxsqrt((a™2 - b72)/a"2) - b)*sin(d*x™n + c) + 2xa)/a + 1) + 2
xI*axb¥xe”™ (2*n - 1)*sqrt((a”2 - b~2)/a"2)*dilog(1/2*x((2*axsqrt((a”2 - b72)/a
~2) - 2*xIxb)*cos(d*x™n + c) + 2x(-Ixa*xsqrt((a”2 - b72)/a"2) - b)*sin(d*x"n
+ c) - 2%a)/a + 1) + 2*Ixaxbxe”(2*n - 1)*sqrt((a”2 - b72)/a"2)*dilog(-1/2%(
(2%a*xsqrt((a”2 - b~2)/a"2) - 2*xIxb)*cos(d*x"n + c) - 2*(-Ixa*sqrt((a”2 - b~
2)/a”2) - b)*sin(d*x"n + c) + 2*a)/a + 1) + 2x(axbxd*e” (2*n - 1)*x"n*xsqrt ((
a”2 - b72)/a"2) + axbxc*e”(2*n - 1)*sqrt((a”2 - b72)/a"2))*log(-1/2*((2*axs
grt((a”2 - b~2)/a”2) + 2xIxb)*cos(d*x"n + c) + 2x(I*a*sqrt((a”2 - b~2)/a"2)
- b)*sin(d*x™n + c) - 2%a)/a) - 2*(axbkxdxe”(2*n - 1)*x"n*sqrt((a”2 - b~2)/
a”2) + axbxc*xe”(2xn - 1)*sqrt((a”2 - b~2)/a"2))*log(1l/2*x((2*xa*sqrt((a”™2 - b
~2)/a”2) + 2*Ixb)*cos(d*x™n + c) - 2x(Ixa*xsqrt((a”2 - b~2)/a"2) - b)*sin(dx*
X"n + ¢) + 2*%a)/a) + 2*x(axbxd*e”(2*n - 1)*x"n*sqrt((a”2 - b72)/a"2) + axbx*c
xe” (2*%n - 1)*sqrt((a”2 - b~2)/a"2))*log(-1/2*x((2*a*sqrt((a™2 - b72)/a"2) -
2xIxb)*cos(d*x™n + c) + 2*(-Ixa*xsqrt((a”2 - b~2)/a"2) - b)*sin(d*x™n + c) -
2xa)/a) - 2x(axbxd*e”(2*n - 1)*x"n*sqrt((a”™2 - b~2)/a”2) + axbxc*e”(2*n -
Dxsqrt((a”™2 - b72)/a"2))*log(1/2*x((2*a*sqrt((a”™2 - b~2)/a"2) - 2xIx*b)*cos(
d*x"n + c) - 2x(-Ixaxsqrt((a”2 - b72)/a"2) - b)xsin(d*x"n + c) + 2%a)/a))/(
(a™3 - a*b”2)*d"2*n)

Sympy [F] time = 0., size = 0, normalized size = 0.

(ex)Zn—l
f dx
a+bcsc(c+dx™)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x)**(-1+2*n)/(a+b*csc(c+d*x**n)),x)

[Out] Integral((exx)**x(2xn - 1)/(a + b*csc(c + d*x**n)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(ex)Z n-1
besc(dx™ +c¢)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#n)/(a+b*csc(c+d*x™n)),x, algorithm="giac")

[Out] integrate((e*xx)”~(2*n - 1)/(b*csc(d*x™n + c) + a), x)
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(ex)—1+3n

a+b csc(c+dx™)

381 |

Optimal. Leaf size=499

. i(c+dx
) 2bx~2"(ex)*"PolyLog (2;%?) 2bx

- i(c+dx)
e ine Liaa
2ibx~"(ex)*"PolyLog (3, o " 2 +b

+
ad3enVb? — a2 ad3enVb? — a2 ad?enVb? — a2

[Out] (exx)~(3*n)/(3*a*xexn) + (I*b*x(exx)~(3*n)*Log[l - (Ixa*E~(Ix(c + d*x"n)))/(b
- Sqrt[-a”2 + b~2])])/(a*xSqrt[-a~2 + b~2]*d*exn*x"n) - (Ixbx(e*xx)”(3*n)*Lo

gll - (Ixa*E"(Ix(c + d*x"n)))/(b + Sqrt[-a”2 + b72])])/(a*xSqrt[-a”2 + b~2]*
d*e*n*x"n) + (2*b*(exx)”(3*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b - Sqrtl[

-a”2 + b~2])])/(axSqrt[-a”2 + b72]*d"2*exn*x” (2*n)) - (2xb*(e*x)”(3*n)*Poly
Log[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~2])])/(a*Sqrt[-a~2 + b~2]
*xd"2%e*xn*xx” (2*¥n)) + ((2*I)*b*(e*x)~(3*n)*PolyLog[3, (IxaxE~(Ix(c + d*x"n)))

/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a~2 + b~2]*d"3xe*n*x~ (3*n)) - ((2*I)*b*(

exx) " (3*n)*PolyLog[3, (I*a*E~(Ix(c + d*x™n)))/(b + Sqrt[-a”2 + b~2])])/(a*S
grt[-a”2 + b~2]*d"3*e*xn*x~ (3*n))

. i(c+dx”)

) 2ibx~3"(ex)*"PolyLog (3

Rubi [A] time = 0.941027, antiderivative size = 499, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 9, integrand size = 24, number of rules

= 0.375, Rules used = {4209, 4205, 4191, 3323, 2264, 2190, 2531, 2282, 6589}

integrand size

. (c+dx" .
ae ae

b-Vb2—a2 " Vb2-a2+b
+
ad3enVb? — a2 ad3enVb? — a2 ad?enVb? — a2

i(c+dx”)

b-Vb2-q?

A
2ibx~3"(ex)*"PolyLog (3, ) 2ibx~3"(ex)*"PolyLog (3 ) 2bx~%"(ex)*"PolyLog (2, —

Antiderivative was successfully verified.

[In] Int[(exx)~(-1 + 3*n)/(a + b*Csclc + d*x"n]),x]

[Out] (exx)~(3*n)/(3*axexn) + (Ixbx(e*x)”(3*n)*Logl[l - (Ixa*xE~(I*(c + d*x"n)))/(b
- Sqrt[-a”2 + b~2])])/(axSqrt[-a~2 + b~2]*d*e*n*x"n) - (Ixb*(e*x)”(3*n)*Lo

gll - (Ixa*E~(Ix(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(axSqrt[-a”2 + b~2]*
dxe*n*x"n) + (2*%bx(exx)~(3*n)*PolyLog[2, (I*a*E~(Ix(c + d*x"n)))/(b - Sqrtl

-a”2 + b72])])/(axSqrt[-a”2 + b~2]*d"2*e*xn*x~(2*n)) - (2%b*(exx)~(3*n)*Poly
Log[2, (I*a*E~(I*(c + d*x™mn)))/(b + Sqrt[-a~2 + b72])]1)/(a*Sqrt[-a~2 + b~2]
*xd"2xexn*x” (2xn) ) + ((2%I)*b*(e*xx)” (3*n)*PolyLog[3, (I*a*xE~(I*(c + d*x"n)))

/(b - Sqrt[-a”2 + b~2])])/(a*Sqrt[-a”2 + b~2]*d"3*e*n*x~(3*n)) - ((2%I)*b*(

e*xx)”~ (3*n)*PolyLog[3, (I*axE~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~2])])/(a*S
qrt[-a”2 + b~2]*d"3*e*n*x” (3*n))

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*x)" (@ )I*xM_.))"(p_)*x((e )*(x_))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"nl)"p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, xJ

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
1 :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]
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Rule 4191

Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, x_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £*x]1)°n), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, O]

Rule 3323

Int[((c_.) + (d_)*(x_)) " (m_.)/((a_) + (b_.)*sinl[(e_.) + (f_.)*(x_)1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + f*x)))/(Ixb + 2xa*xE~(Ix(e + f*x
)) - Ixb*xE~(2%Ix(e + f*x))), x], x] /; FreeQl[{a, b, c, d, e, f}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264

Int [CCFO)~(u)*((f_.) + (g_)*(x_))"(m_.))/((a_.) + (b_)*(F_)~(u_) + (c_.)
x*(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*xF"u)/(b - q + 2*%c*xF~u), x], x] - Dist[(2*c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_)*(x_))))"(n_)*((c_.) + (d_)*x_))"(m_.))/
(@) + (b_)*x((F_)~((g_)*((e_.) + (f_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*((F_)"((c_.)*((a_.) + (b_)*(x_)))) " (m_D1*x((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x) " (m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] && GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[Function0fExponentialFunction[u, x1/x, x], x, v], x]] /; Functi
on0fExponentialQ[u, x] && !'MatchQ[u, (w_ )*((a_.)*(v_)"(n_))"(m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))*
(F)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)"pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axe]

Rubi steps
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x—1+3n

(ex)~1+3n (x—an(ex)Sn) f P e dx
J v
a+bcsc(c+dx™) e
-3n 3n 2 n

(x (ex) )SubSt (f a+b csc(c+dx) dx, x, x )
B en

(x‘3"(ex)3”) Subst f 2o ) g

a  a(b+asin(c+dx)) e
B en
-3 3 X
 (ex ) (bx "(ex) ”) Subst (f Fra sy dx, x, x”)
~ Baen aen
_3 3 ei(c+dx)x2
e (2 e Subs ( [ ey 3, %, 2"
~ 3aen aen
o i(c+dx) 2 o

 (ex . (21bx 3”(ex)3”) Subst ( f _— \/ﬁ;aem — dx, x, x”) (21bx 3”(ex)g’”) Subst ( J

3aen Vi 1 en V-

. dc+dxn . ic+dxn)
. _ lae . _ ae
()" ibx™"(ex)*" log (1 o \/—1127) ibx™"(ex)*" log (1 - m) (2ibx‘3”(ex)3”)

+ —_

~ 3aen aV—a? + b2den aV—a? + b2den

. i(c+dx" . i(c+dx”)
LT 3n _ e a1 3n _ tae —-2n 3ny 5
) (x> ) ibx"(ex)’" log (1 - m) ibx(ex)’" log (1 - m) 2bx™“"(ex)”"Li.

~ 3aen aV—-a? + b2den aV—-a? + b2den

aN—a? +

. inei(ere) ) iael(crdd™) .
(ex)>" (e log (1 - ;:e —a2+b2) ibx~"(ex)™ log (1 - bje '——a2+b2) 2bx~"(ex)>"Li;

+

~ 3aen aV—-a? + b2den aV—-a? + b2den

i C+dx”)
ibx™"(ex)*" log (1 -~

c+dxn)

iae ( iaei(

a1 3n _
(e " \/Z—hz) ibx(ex) log(l v

av-a® +

) 2bx~"(ex)*"Li

= + _
3aen aV—a? + b2den aV—a? + b2den

Mathematica [F] time = 1.97034, size = 0, normalized size = 0.
-1+4+3n
f (ex) i
a+bcsc(c+dx™)

Verification is Not applicable to the result.

[In] Integratel[(exx)~(-1 + 3*n)/(a + b*Cscl[c + d*x"n]),x]

[Out] Integrate[(e*x)~ (-1 + 3*n)/(a + b*Csclc + d*x"n]), x]

av—a? +

Maple [F] time = 0.733, size = 0, normalized size = 0.

(ex)—1+31’l
f dx
a+bcsc(c+ dx")

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+3*n)/(atb*csc(c+d*x"n)),x)

[Out] int((e*x)~(-1+3*n)/(at+b*csc(c+d*x"n)),x)
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Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+3*n)/(atb*csc(c+td*x"n)),x, algorithm="maxima"

[Out] Timed out

Fricas [C] time = 0.880113, size = 3856, normalized size = 7.73

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)”(-1+3+*n)/(atb*csc(c+d*x"n)),x, algorithm="fricas")

[Out] -1/12%(-12*%Ixaxb*d*e”(3*n - 1)*x n*sqrt((a”2 - b~2)/a"2)*dilog(1/2x((2*a*sq
rt((a”2 - b72)/a"2) + 2*Ixb)*cos(d*x™n + c) + 2x(Ixa*sqrt((a”2 - b~2)/a"2)
- b)*sin(d*x™n + c) - 2*xa)/a + 1) - 12*Ixaxbkxdxe”(3*n - 1)*x"n*sqrt((a”2 -
b~2)/a"2)*dilog(-1/2*%((2*a*sqrt((a”2 - b~2)/a"2) + 2*Ixb)*cos(d*x"n + c) -
2% (Ixaxsqrt((a”2 - b72)/a"2) - b)xsin(d*x"n + c) + 2%a)/a + 1) + 12xIxa*bxd
*xe”(3*n - 1)*x"n*xsqrt((a”2 - b72)/a"2)*dilog(1/2*((2*a*sqrt((a”2 - b~2)/a"2
) - 2xIxb)*cos(d*x™n + c) + 2x(-Ixaxsqrt((a”2 - b~2)/a"2) - b)*sin(d*x"n +
c) - 2%a)/a + 1) + 12xIxa*xbkxd*e”(3*n - 1)*x"n*sqrt((a”2 - b72)/a"2)*dilog(-
1/2x((2*a*xsqrt((a”™2 - b~2)/a"2) - 2xIxb)*cos(d*x™n + c) - 2*x(-Ixaxsqrt((a™2
- b"2)/a"2) - b)*sin(d*x"n + c) + 2*a)/a + 1) - 6*axbxc”2*e”(3*n - 1)*sqrt
((@a”2 - b™2)/a"2)*log(2*a*cos(d*x"n + c) + 2*Ixa*xsin(d*x"n + c) + 2*axsqrt(
(a”2 - b72)/a"2) + 2%Ixb) - 6xaxb*xc™2%e”(3*%n - 1)*sqrt((a”2 - b~2)/a"2)*log
(2xaxcos(d*x™n + c) - 2*I*xaxsin(d*x™n + c) + 2xaxsqrt((a”2 - b72)/a"2) - 2%
I*¥b) + 6*axbxc”™2xe”(3*n - 1)*sqrt((a”2 - b~2)/a"2)*log(-2*a*xcos(d*x™n + c)
+ 2%I*xaxsin(d*x"n + c) + 2%a*xsqrt((a”2 - b72)/a”2) + 2xIxb) + 6xa*xbxc”2*e”(
3xn - 1)*sqrt((a”2 - b~2)/a"2)*log(-2xa*xcos(d*x™n + c) - 2*I*xaxsin(d*x"n +
c) + 2*xaxsqrt((a™2 - b72)/a"2) - 2%Ixb) - 4*x(a”2 - b72)*d"3*e”(3*n - 1)*x"(
3*n) - 12*axb*e” (3*%n - 1)*sqrt((a”2 - b~2)/a"2)*polylog(3, -1/2*((2xa*sqrt(
(2”2 - b"2)/a"2) + 2xIxb)*cos(d*x"n + c) + 2*(-Ixa*xsqrt((a”2 - b~2)/a"2) +
b)*sin(d*x™n + c))/a) + 12*axb*xe”(3*n - 1)*sqrt((a”™2 - b~2)/a"2)*polylog(3,
1/2*%((2%a*xsqrt((a”2 - b~2)/a"2) + 2xIxb)*cos(d*x"n + c) - 2*(-Ixa*xsqrt((a”
2 - b"2)/a"2) + b)*sin(d*x"n + c))/a) - 12%a*xbxe”(3*n - 1)*sqrt((a”2 - b72)
/a”~2)*polylog(3, -1/2%((2*xa*sqrt((a”2 - b~2)/a"2) - 2xI*b)*cos(d*x™n + c) +
2% (Ixaxsqrt((a™2 - b~2)/a"2) + b)*sin(d*x"n + c))/a) + 12*%axb*e”(3*n - 1)x*
sqrt((a”2 - b~2)/a"2)*polylog(3, 1/2x((2*xa*xsqrt((a”2 - b72)/a"2) - 2xIx*b)*c
os(d*x™n + c) - 2x(Ixaxsqrt((a”2 - b~2)/a"2) + b)*sin(d*x"n + c))/a) + 6x*(a
*bxd"2%e” (3*n - 1)*x”(2*n)*sqrt((a”2 - b72)/a"2) - a*xbxc™2%e”(3*n - 1)*sqrt
((@a”2 - b~2)/a"2))*log(-1/2*((2xa*sqrt((a”2 - b~2)/a"2) + 2xIxb)*cos(d*x"n
+ ¢c) + 2x(Ixaxsqrt((a”2 - b72)/a"2) - b)*sin(d*x™n + c) - 2%a)/a) - 6*(axbx
d"2%e” (3*%n - 1)*x~(2*n)*sqrt((a”2 - b72)/a"2) - axb*xc™2*e”(3*n - 1)*sqrt((a
T2 - b"2)/a"2))*log(1/2x((2*xa*xsqrt((a”2 - b72)/a"2) + 2xI*b)*cos(d*x"n + c)
- 2% (Ixaxsqrt((a”2 - b72)/a"2) - b)*sin(d*x"n + c) + 2*a)/a) + 6*(axbxd™2x%
e”(3*n - 1)*x~(2*n)*sqrt((a”2 - b72)/a"2) - axb*c™2*e”(3*n - 1)*sqrt((a”2 -
b~2)/a”2))*log(-1/2x((2*a*sqrt((a”2 - b72)/a"2) - 2xI*b)*cos(d*x™n + c) +
2% (-I*xaxsqrt((a™2 - b72)/a"2) - b)*sin(d*x™n + c) - 2%a)/a) - 6x(axb*d™2xe”
(3*n - 1)*x~(2*n)*sqrt((a”™2 - b72)/a"2) - axb*c™2xe”(3*n - 1)*sqrt((a”™2 - b
~2)/a"2))*log(1/2x((2*axsqrt((a™2 - b~2)/a"2) - 2xI*b)*cos(d*x™n + c) - 2%(
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-I*xa*sqrt((a™2 - b~2)/a"2) - b)*sin(d*x"n + c) + 2*a)/a))/((a”3 - a*b~2)*d"

3%n)

Sympy [F] time = 0., size = 0, normalized size = 0.
(ex)3n—1
f dx
a+ bcsc(c+ dx™)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)**(-1+3*n)/(atb*csc(c+d*x**n)),x)

[Out] Integral((exx)**(3*n - 1)/(a + b*csc(c + d*x**n)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(ex)B n-1

besc(dx™ +c¢)+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+3%n)/(atb*csc(c+d*x™n)),x, algorithm="giac")

[Out] integrate((e*xx)~(3*n - 1)/(b*csc(d*x™n + c) + a), x)
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(ex)—1+n
(a+b csc(c+alx”))2

Optimal. Leaf size=156

dx

382 |

a+btan l(c+alx”)
2b (202 - 2) x"(ex)" tanh ™ rebten{3(cx)
Va2 b2 b2x7"(ex)" cot (c + dx™) (ex)"
a?den (a2 - b2)3/2 aden (a2 - bz) (a+bcesc(c+dxm))  a’en

[Out] (e*xx)"n/(a"2%exn) + (2xb*x(2*a~2 - b~ 2)*(e*x) n*xArcTanh[(a + bxTan[(c + dxx~
n)/21)/Sqrtla”2 - b72]]1)/(a"2*(a"2 - b~2)7(3/2)*d*e*n*x"n) - (b~2*(e*xx) n*C
ot[c + d*x"n])/(ax(a”2 - b~2)*d*e*xn*x"n*(a + b*Csc[c + d*x"n]))

Rubi [A] time = 0.285968, antiderivative size = 156, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 8, integrand size = 22, number of rules _

integrand size
0.364, Rules used = {4209, 4205, 3785, 3919, 3831, 2660, 618, 206}

-8 o [220)

Va2-p2 b2 x"(ex)" cot (c + dx™) (ex)"

a’den (az - b2)3/2 ~aden (a2 - bz) (a+besc(c+dxn))  aen

Antiderivative was successfully verified.

[In] Int[(exx)~(-1 + n)/(a + bxCsc[c + d*x"n])"2,x]

[Out] (exx)"n/(a"2%exn) + (2xb*x(2*a~2 - b~ 2)*(e*x) n*xArcTanh[(a + bxTan[(c + dxx~
n)/2]1)/Sqrtla”2 - b72]]1)/(a"2*(a"2 - b~2)7(3/2)*d*e*n*x"n) - (b~2*(e*xx) n*C
ot[c + d*x"n])/(ax(a”2 - b~2)*d*e*xn*x"n*(a + b*Csc[c + d*x"n]))

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_.)*(x_)"(m_)I*x(b_.)) " (p_.)*((e )*(x_)) " (m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(e*x) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Cscl[c + d*x"nl])"p, x], x] /; FreeQ[{a, b, ¢, d, e, m, n, p}, x]

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_.)*x(x_)"(m_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])7p
, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 3785

Int[(cscl(c_.) + (d_)*(x_)]*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(b~2x*Cot
[c + d*x]*(a + b*Csc[c + d*x])"(n + 1))/(axd*(n + 1)*(a"2 - b"2)), x] + Dis
t[1/(ax(n + 1)*x(a”2 - b™2)), Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a”™2 - b
“2)*x(n + 1) - axbx(n + 1)*Csclc + d*x] + b™2x(n + 2)*Csc[c + d*x]"2, x], x]
, x] /; FreeQ[{a, b, ¢, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Intege
rQ[2*n]

Rule 3919

Int[(cscl(e_.) + (f_)x(x )I*(d_.) + (c))/(cscl(e_.) + (f_)*x(x)]I*(b_.) +
(a_)), x_Symbol] :> Simp[(c*x)/a, x] - Dist[(b*c - axd)/a, Int[Cscl[e + f*x
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1/(a + bxCscle + f*xx]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c -
axd, 0]

Rule 3831

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (f_.)*x(x_)]*(b_.) + (a_)), x_Symbo
1] :> Dist[1/b, Int[1/(1 + (axSin[e + fx*x])/b), x], x] /; FreeQ[{a, b, e, £
}, x] && NeQ[a"2 - b~2, 0]

Rule 2660

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)]1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Dist[(2*e)/d, Subst[Int[1/(a + 2*b*xexx + ax
e"2*%x72), x], x, Tan[(c + d*x)/2]1/el, x1]1 /; FreeQl[{a, b, c, d}, x] && NeQ[
a~2 - b~2, 0]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rubi steps



f (ex)—1+n
(a+Dbcsc(c+ (Jlx"))2

Mathematica [A]

dx =
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n » y~l4n
_ (x (ex) ) f (a+b csc(c+dx”))2
e
(x™"(ex)™) Subst ( f — L dxx x”)
_ (a+bcsc(c+dx))2 ~77 7
Bl en
_ —a2+b%+ab csc(c+dx)
3 b2x~"(ex)" cot (c + dx™) ~ (x7"(ex)") Subst (f a+b csc(c+dx) dx, x, xn)
a (az - bz) den (a + b csc (¢ + dx™)) a (az - bz) en
2 2 2 —1n n
(e b2x7"(ex)" cot (c + dx™) ((—a b+b (—a +b )) X (ex) ) Subst |
aen g (112 - bz) den (a + bcsc (c + dx™)) a2 (az - bz) en
—a%b + b (—a® + b)) x (ex)") Subst
_ (et b2x7"(ex)" cot (c + dx™) N (( ( )) ) ) ! ‘
aen g (az - bz) den (a + besc (¢ + dx™)) a%b (u2 - bz) en
2 (—a%b + b (—a® + b?)) x " (ex)") Subs
_ (et b2x 7" (ex)" cot (c + dx™) ( ( ‘ ( ‘ )) ew) ) s
alen g (az - bz) den (a + besc (¢ + dx™)) a%b (az -
(4 (—azb +b (—a2 + bz)) x‘”(ex)”) Subs
_ (et b2x 7" (ex)" cot (c + dx™) _
alen g (a2 - bz) den (a + besc (¢ + dx™)) a%b (c
b( 2 -+tan( 2 (c+dx")
2b (2112 - bz) x(ex)" tanh ™ (b - (2 i ))
_ (ex)" Va?-b? _ b2x~"(ex)" cot (c + d
aen i (az _ b2)3/2 den a (a2 - bz) den (a + b esc (

time = 0.959075, size = 176, normalized size = 1.13

a+btan l(c+dx")
x7"(ex)" | Vb2 - a? ((az - bz) (c + dx™) (a + besc (c + dx™)) — ab? cot (c + dx”)) +2b (b2 -~ 2a2) tan™! (%
—a

a?den(a — b)(a + b)Vb? — a% (a + b csc (¢ + dx"))

Antiderivative was successfully verified.

[In] Integrate[(e*x)~(-1 + n)/(a + b*Cscl[c + d*x"n])~2,x]

[Out] ((e*x) nx(2xb*(-2%¥a”2 + b~2)*ArcTan[(a + b*Tan[(c + d*x"n)/2])/Sqrt[-a~2 +
b~2]1*(a + b*Csc[c + d*x"n]) + Sqrt[-a”2 + b~2]*(-(a*b~2*Cot[c + d*x"n]) +

(a2 - b™2)*(c + d*x"n)*(a + b*Csclc + d*x™n]))))/(a"2x(a - b)*(a + b)*Sqrt
[-a”2 + b~2]*d*e*n*x"n*(a + b*Csclc + d*x"n]))

Maple [F] time = 180., size = 0, normalized size = 0.

hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+n)/(a+b*csc(c+d*x"n)) 2,x)
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[Out] int((e*x)~(-1+n)/(atb*csc(c+d*x"n)) 2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)/(atb*csc(c+d*x"n))~2,x, algorithm="maxima")

[Out] Timed out

Fricas [A] time = 0.609418, size = 1353, normalized size = 8.67

2 (a5 -2a%h + ub4)de”‘1x” sin (dx" +¢) + 2 (a4b -2a%h® + bS)de”‘lx” -2 (u3b2 - ub4)e”‘l cos (dx" + ¢) + ((2 a3b —

2 ((a7 -2a%h? + a3b4)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+n)/(at+b*csc(c+d*x™n)) 2,x, algorithm="fricas")

[Out] [1/2%(2*(a”5 - 2*xa~3%b~2 + a*b~4)*d*e”(n - 1)*x"n*sin(d*x"n + c) + 2x(a~4x*b
- 2%a”2*b”"3 + b7E)*d*e"(n - 1)*x"n - 2*(a"3*b"2 - a*b"4)*e"(n - 1)*cos(d*x
“n + c) + ((2%a”3*%b - axb”3)*sqrt(a™2 - b"2)*e"(n - 1)*sin(d*x™n + c) + (2%
a”™2xb"2 - b74)*sqrt(a”2 - b72)*e"(n - 1))*log(((a”2 - 2*%b~2)*cos(d*x™n + c)
T2 + 2xsqrt(a”2 - b"2)*axcos(d*x™n + c) + a”2 + b"2 + 2*(sqrt(a”2 - b~2)*bx
cos(d*x™n + c¢) + axb)*sin(d*x"n + c))/(a"2*cos(d*x"n + c)”2 - 2*xaxb*sin(d*x
“n+c) - a2 -b"2)))/(@a7 - 2*¥a”5%b"2 + a"3*b"4)*d*n*sin(d*x"n + c) + (a
“6*b - 2*%a"4xb"3 + a"2*b"5)*d*n), ((a”5 - 2*a~3*%b”2 + a*b"4)*xd*e"(n - 1)*x”
n*sin(d*x"n + c) + (a"4*b - 2*xa"2*b”3 + b75)*d*e"(n - 1)*x"n - (a”3*b"2 - a
xb~4)*e"(n - 1)*cos(d*x™n + c) + ((2%xa”3*%b - a*xb~3)*sqrt(-a”2 + b~ 2)*e"(n -
D*sin(d*x™n + c) + (2%a”2*%b"2 - b~4)*sqrt(-a”2 + b~ 2)*e”~(n - 1))*arctan(-
(sqrt(-a”2 + b~™2)*bxsin(d*x"n + c) + sqrt(-a”2 + b"2)*a)/((a"2 - b~2)*cos(d
*x"n + ¢))))/((a”7 - 2*xa”5xb”2 + a”~3*b”4)xd*n*sin(d*x"n + c) + (a"6xb - 2*a
~4xb~3 + a~2xb~5)*d*n)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+n)/(atb*csc(c+d*kx**n))**2,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

f (ex)n—l
5 dx
(bcsc (dx™ + ¢) + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+n)/(atb*csc(c+d*x"n))~2,x, algorithm="giac")

[Out] integrate((exx)~(n - 1)/(bxcsc(d*x™n + c) + a)~2, x)
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(ex)—1+2n
(a+b csc(c+alx”))2

Optimal. Leaf size=778

dx

383 |

. ( . i(c+dxn) . i(c+dx”)
lae 3..—2n 2nPolvL oy ¢ px21 21PolvLL o iae 3.2
o _bz_az) b>x~“"(ex)“"Poly og( T bx~“"(ex)“"PolyLog | 2, = ) b>x

2d2enVb? — 2 2d2en (b2 _ a2)3/2 B a’d?enVb? — a®

i c+dxn)

2bx~2"(ex)*"PolyLog (2,

[Out] (exx)~(2xn)/(2%a"2xe*n) - (Ixb~3*(exx)”(2*n)*Logl[l - (I*a*xE~(I*(c + d*x"n))
)/ (b - Sqrt[-a~2 + b72])])/(a"2*%(-a"2 + b~2)~(3/2)*d*e*n*x"n) + ((2*I)*bx(e
*xx) "~ (2*n) *Log[1 - (I*a*xE~(I*(c + d*x"n)))/(b - Sqrt[-a~2 + b~2])])/(a"2*Sqr
t[-a"2 + b~2]xd*e*n*x"n) + (I*b~3*(e*xx)”(2+n)*Logl[l - (I*a*E~(I*(c + d*x"n)
))/(b + Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2)~(3/2) *d*exn*x"n) - ((2xI)*bx*(
exx) " (2#n)*Log[1 - (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(a"2%Sq
rt[-a”2 + b72]*d*e*xn*x"n) + (b~ 2*(e*x)”(2*n)*Log[b + a*Sin[c + d*x"n]])/(a”
2% (a”2 - b72)*xd"2*xexn*x~(2*n)) - (b~3*(exx)”~(2xn)*PolyLog[2, (I*axE~(I*x(c +
d*x"n)))/(b - Sqrt[-a”2 + b~2])])/(a"2x(-a"2 + b~2)~(3/2)*d"2*e*n*x” (2*n))
+ (2*%bx (e*xx) ~(2*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b - Sqrt[-a”2 + b~2
1)/ (@ 2xSqrt[-a”2 + b~2]*d"2xe*n*x”~ (2*n)) + (b~3*(exx)” (2*n)*PolyLog[2, (
Ixa*xE~(I*(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(a"2*(-a"2 + b~2)~(3/2)*d"2
xe*xn*xx”(2+n)) - (2*b*x(exx)~(2*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b + Sq
rt[-a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"2xe*n*x~(2*n)) - (b~2x(exx)~(2%n)
*Cos[c + d*x"n])/(ax(a”2 - b~2)*d*exn*x"n*(b + a*Sin[c + d*x"n]))

Rubi [A] time = 1.3025, antiderivative size = 778, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 23, number of rules used = 11, integrand size = 24, e o e
integrand size

= 0.458, Rules used = {4209, 4205, 4191, 3324, 3323, 2264, 2190, 2279, 2391, 2668, 31}
e +47) b3x7%"(ex)*"PolyLog (2 e+
N YRS\~ e

2d2enVb? — a2 2d2en (bz _ az)?’/z a’d?enVb? — a?

i i(c+dx”)
2bx~2"(ex)*"PolyLog (2, ) 2bx~?"(ex)*"PolyLog (2, - ) b3x2

Vb2-a2+b
+

Antiderivative was successfully verified.

[In] Int[(exx)”" (-1 + 2*xn)/(a + b*Csclc + d*x"n])"2,x]

[Out] (exx)~(2%n)/(2*a"2xexn) - (Ixb~3x(e*x)”(2#n)*Logl[l - (I*a*E~(I*(c + d*x"n))
)/ (b - Sgrt[-a~2 + b"2])])/(a"2x(-a"2 + b~2)"(3/2)*d*e*n*x"n) + ((2*I)*bx(e
*xx) "~ (2*n) *Log[1 - (I*a*E~(I*(c + d*x™n)))/(b - Sqrt[-a™2 + b~2])])/(a~2*Sqr
t[-a"2 + b72]*d*e*n*x"n) + (I*b~3*(e*x)” (2*n)*Logl[l - (I*a*xE~(I*(c + d*x"n)
))/(b + Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2)~(3/2) *d*exn*x"n) - ((2xI)*b*(
e*xx) " (2xn)*Log[1 - (I*xa*E~(I*(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(a"2*Sq
rt[-a”2 + b72]*d*exn*x"n) + (b~ 2*(e*x)” (2*n)*Logl[b + a*Sin[c + d*x"n]])/(a”
2x(a”2 - b72)*d"2*xexn*x~(2*n)) - (b~3*%(exx)”~(2*n)*PolyLog[2, (I*axE~(I*x(c +
d*x™n)))/(b - Sqrt[-a”2 + b~2])]1)/(a"2x(-a"2 + b~2)7(3/2)*d"2*e*n*x~ (2*n) )
+ (2xb* (e*xx)~ (2*n)*PolyLog[2, (I*a*xE~(I*(c + d*x"n)))/(b - Sqrt[-a”2 + b~2
1)1)/(a~2*Sqrt[-a”2 + b~2]*d"2*exn*x~(2+n)) + (b~3*(e*x)~(2*n)*PolyLog[2, (
Ixa*xE~(I*(c + d*x™n)))/(b + Sqrt[-a”2 + b72])])/(a"2*x(-a"2 + b™2)7(3/2)*d"2
*xexn*x”(2+n)) - (2xbx(exx)”(2#n)*PolyLogl[2, (I*a*E~(I*(c + d*x"n)))/(b + Sq
rt[-a”2 + b72])])/(a"2*Sqrt[-a”2 + b~2]*d"2*e*n*x~(2*n)) - (b~2x(exx)~(2%n)
xCos[c + d*x"n])/(ax(a”2 - b72)*d*e*n*x"n*(b + a*Sin[c + d*x"n]))

Rule 4209
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Int[((a_.) + Cscl(c_.) + (d_)*xx)D"(m)]l*x(M_.))"(p_)*((eD)*x))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"nl)"p, x], x] /; FreeQ[{a, b, c, 4, e, m, n, p}r, xJ

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x(x_)"(m_)]*(b_.))"(p_.)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*Csclc + d*x])~p
» x], x, x"n], x] /; FreeQ[{a, b, c, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (f_.)*(x_)1*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]°n/(b + a*Si
nle + f*xx])°n), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, O]

Rule 3324

Int[((c_.) + (@_D)*x))"(m_.)/((a_) + (b_.)*sinl(e_.) + (£_)*x(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(fx(a”2 - b~2)*(a + bxSin[e +
fxx])), x] + (Distl[a/(a”2 - b™2), Int[(c + d*x)"m/(a + bxSinl[e + f*x]), x],
x] - Dist[(bxd*m)/(f*(a"2 - b72)), Int[((c + d*x) " (m - 1)*Cosl[e + fxx])/(a
+ bxSinf[e + fxx]), x], x]) /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (£f_.)*x(x_)]1), x_Sy
mbol] :> Dist[2, Int[((c + d*x) m*E~(Ix(e + f*x)))/(Ixb + 2xa*xE~(Ix(e + f*x
)) - I*b*E~(2*Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a“2 - b"2, 0] && IGtQ[m, 0]

Rule 2264

Int[((F)~(u)*((f_.) + (g_)*x(x))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((f + gxx)"m*¥F"u)/(b - q + 2%cxF~u), x], x] - Dist[(2*%c)/q, Int[((f + g*xx)~
m¥F~u) /(b + q + 2%cxF~u), x], x]1] /; FreeQ[{F, a, b, c, £, g}, x] && EqQlv,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4xaxc, 0] && IGtQ[m, O]

Rule 2190

Int [(CCF_)~((g_D*((e_.) + (£_.)*(x_))))"(n_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) m*xLog[l + (b*x(F~(gx(e + f*x)))"n)/al)/(b*xf*gxn*Log[F]), x] - Di
st [(d*m) / (b*f*g*n*xLog[F]), Int[(c + d*x)"(m - 1)*Logl[l + (b*x(F~(g*(e + fx*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Rule 2279

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
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, —(cxexx"n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Rule 2668

Int[cos[(e_.) + (£_D)*(x )] (p_.)*((a_) + (b_.)*sinl(e_.) + (£_D)*x(x_)])"(m
_.), x_Symbol] :> Dist[1/(b7p*f), Subst[Int[(a + x)"mx(b"2 - x72)"((p - 1)/
2), x], x, b*Sinle + f*x]], x] /; FreeQ[{a, b, e, f, m}, x] && IntegerQ[(p
- 1)/2] && NeQ[a"2 - b~"2, 0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rubi steps
Zon on x~1+2n d
f (ex)—1+2n dx = (x (ex) ) f (a+b csc(c+ulx”))2 X
(a+Dbcsc(c+ (Jlx”))2 e

—211( p2)\2 X
~ (x "(ex) ”) Subst (f (@+bosc(crdn)? dx, x, x”)
- en

-2n 2n x b%x _ 2bx n
_ (x (ex) )SubSt (f (a2 + a2(b+asin(c+dx))2  a%(b+a sin(c+dx))) dx’ XX )
B en

—211( pr)\2 X 2,21 ( 2 A
(e ) (be "(ex) n) Subst ( f T dx, x, xﬂ) ) (b x~21(ex) n) Subst ( f Graom
 2a%en aen aZen
i(c+dx)
21 pr)\2 My
_ (ex)™ ~ b2x 7" (ex)?" cos (c + dx™) ~ (4bx "(ex) n) Subst (f 0+ 2bel ) _jgo2i(crx
2a%en g (a2 - bz) den (b + asin (c + dx™)) a%en
3.2 2 6i(c+dx)x
 (ex)*" ~ b?x"(ex)?" cos (c + dx™) ~ (Zb X~ (ex) n) Subst (f Py v S ¥
2a%en g (a2 -~ bz) den (b + asin (c + dx™)) a2 (a2 - bz) en
2ibx"(ex)** log |1 — M 2ibx"(ex)*" log |1 — ml(c—ﬂixn)

(e : b-V-a2+12 & b+V=aZ+12 A b2x 2" (ex)

+
2
2a%en a?N—a? + b?den a?N—a? + b2den 1

. i(c+dx") i i(c+dx") '
13,1 2n _  taer 7 a1 2n _  tae 13,1 :
(e ib®x"(ex)*" log (1 - \/W) ) 2ibx"(ex)*" log (1 - \/W) ) ib°x7"(ex)
2a2en 2 (_az n b2)3/2 den a2V -a? + b2den 72 (_
ib3x(ex)* log |1 - e ) 2ibx™"(ex)** log 1 - —iuei(ﬁdxn) ib3x " (ex)

(e b-V-a2+12 s b2
2a%en a2 (_az + b2)3/2 den a2V —-a2 + b%den a2 (—
ib3x"(ex)*" log |1 - e 47) 2ibx"(ex)*" log |1 - e 47) ib3x " (ex)

(e G v e +
2a2en 2 (_az n 52)3/2 den a2V -a? + b2den 72 (_

Mathematica [B] time = 10.3566, size = 2839, normalized size = 3.65

Result too large to show

Warning: Unable to verify antiderivative.
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[In] Integrate[(exx)~ (-1 + 2xn)/(a + b*Csclc + d*x"n])~2,x]

[Out] -(b~2*x~ (1 - n)*(exx)~ (-1 + 2*n)*Csc[c/2]*Csc[c + d*x"n] 2*Sec[c/2]*(b*Cos[
c] + axSin[d*x™n])*(b + axSin[c + d*x"n]))/(2xa"2x(-a + b)*(a + b)*d*n*(a +
b*Csclc + d*x"n])"2) - (b™2*x"(1 - n)*(e*x)~ (-1 + 2xn)*Cot[c]*Csc[c + d*x~
n]~2x(b + a*Sin[c + d*x"n])~2)/(a"2x(-a"2 + b~2)*d*n*(a + b*Csc[c + d*x"n])
72) + (2%b73*x7(1 - 2*n)*(exx)~ (-1 + 2*n)*ArcTanh[(a*Cos[c + d*x"n] + I*(b
+ axSin[c + d*x"n]))/Sqrt[a”2 - b~2]]*Cot[c]*Csc[c + d*x"n] 2*x(b + a*Sin[c
+ d*x™n])"2)/(a"2*%(a”2 - b72)7(3/2)*d"2*n*(a + b*Csc[c + d*x™n])~2) - (2%bx
x7(1 - 2xn)*x(exx) " (-1 + 2*n)*Csc[c + d*x"n] "2*x((Pi*ArcTan[(a + bxTan[(c + d
*x"n)/2])/Sqrt[-a”2 + b"2]]1)/Sqrt[-a”2 + b~2] + (2*(-c + Pi/2 - d*x"n)*ArcT
anh[((a + b)*Cot[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]] - 2x(-c + ArcCos|[
-(b/a)])*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]] + (A
rcCos[-(b/a)] - (2*I)*(ArcTanh[((a + b)*Cot[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”
2 - b°2]] - ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]11))
*xLog[Sqrt[a™2 - b~2]/(Sqrt[2]*Sqrt[a]l*E~((I/2)*(-c + Pi/2 - d*x"n))*Sqrt[b
+ a*Sin[c + d*x"n]])] + (ArcCos[-(b/a)] + (2*I)*(ArcTanh[((a + b)*Cot[(-c +
Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]] - ArcTanh[((a - b)*Tan[(-c + Pi/2 - dx*x
“n)/2])/Sqrt[a”2 - b~2]]1))*Log[(Sqrt[a~2 - b 2]*E~((I/2)*(-c + Pi/2 - d*x"n
)))/(Sqrt[2]*Sqrt[al*Sqrt[b + a*Sin[c + d*x"nl])] - (ArcCos[-(b/a)] + (2xI)
*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]])*Log[1l - ((b
- IxSqrt[a”2 - b"2])*(a + b - Sqrt[a”2 - b"2]*Tan[(-c + Pi/2 - d*x"n)/2]))
/(ax(a + b + Sqrt[a”2 - b"2]*Tan[(-c + Pi/2 - d*x"n)/2]))] + (-ArcCos[-(b/a
)] + (2%I)*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]])*L
ogll - ((b + IxSqrt[a™2 - b72])*(a + b - Sqrt[a™2 - b"2]*Tan[(-c + Pi/2 - d
*x"n)/2]))/(ax(a + b + Sqrt[a”2 - b"2]*Tan[(-c + Pi/2 - d*x"n)/2]))] + I*(P
olyLog[2, ((b - Ix*Sqrt[a”2 - b72])*(a + b - Sqrt[a™2 - b~ 2]*Tan[(-c + Pi/2
- d*x"n)/2]))/(ax(a + b + Sqrt[a”2 - b~2]*Tan[(-c + Pi/2 - d*x"n)/2]))] - P
olyLog[2, ((b + I*Sqrt[a”2 - b72])*(a + b - Sqrt[a™2 - b~ 2]*Tan[(-c + Pi/2
- d*x"n)/2]))/(ax(a + b + Sqrt[a”2 - b"2]*Tan[(-c + Pi/2 - d*x"n)/2]))]1))/S
qrtf[a”2 - b"2])*(b + axSin[c + d*x"n])~2)/((a"2 - b~2)*d"2*n*(a + b*Csc[c +
d*xx™n])72) + (b73*x7(1 - 2xn)*(exx) (-1 + 2*n)*Csclc + d*x™n] "2+ ((Pi*ArcTa
n[(a + b*Tan[(c + d*x"n)/2])/Sqrt[-a"2 + b~2]]1)/Sqrt[-a~2 + b~2] + (2*(-c +
Pi/2 - d*x"n)*ArcTanh[((a + b)*Cot[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]
1 - 2x(-c + ArcCos[-(b/a)])*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sq
rt[a”2 - b"2]] + (ArcCos[-(b/a)] - (2xI)x(ArcTanh[((a + b)*Cot[(-c + Pi/2 -
d*x"n)/2])/Sqrt[a”2 - b~2]] - ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x™n)/2])
/Sqrt[a”2 - b~2]]))*Logl[Sqrt[a”2 - b~2]/(Sqrt[2]*Sqrt[a]l*E~((I/2)*(-c + Pi/
2 - d*x"n))*Sqrt[b + a*Sin[c + d*x"n]])] + (ArcCos[-(b/a)] + (2%I)*(ArcTanh
[((a + b)*Cot[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]] - ArcTanh[((a - b)*T
an[(-c + Pi/2 - d*x"n)/2])/Sqrt[a”2 - b~2]]))*Log[(Sqrt[a~2 - b 2]*E~((I/2)
x(-c + Pi/2 - d*x"n)))/(Sqrt[2]*Sqrt[a]l*Sqrt[b + a*Sin[c + d*x"n]])] - (Arc
Cos[-(b/a)] + (2*I)*ArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/Sqrt[a"2 -
b~2]])*Log[1l - ((b - I*Sqrt[a”2 - b"2])*(a + b - Sqrt[a™2 - b~ 2]*Tan[(-c +
Pi/2 - d*x"n)/2]))/(ax(a + b + Sqrt[a”2 - b~2]*Tan[(-c + Pi/2 - d*x"n)/2])
)] + (-ArcCos[-(b/a)] + (2*xI)xArcTanh[((a - b)*Tan[(-c + Pi/2 - d*x"n)/2])/
Sqrt[a”2 - b~2]])#*Logl[l - ((b + I*Sqrt[a”2 - b"2])*(a + b - Sqrt[a”2 - b~2]
*Tan[(-c + Pi/2 - d*x"n)/2]))/(ax(a + b + Sqrt[a™2 - b~2]*Tan[(-c + Pi/2 -
d*x"n)/2]))] + I*(PolyLogl[2, ((b - I*Sqrt[a”2 - b"2])*(a + b - Sqrt[a™2 - b
~2]*Tan[(-c + Pi/2 - d*x"n)/2]))/(a*x(a + b + Sqrt[a™2 - b~2]*Tan[(-c + Pi/2
- d*x"n)/2]))] - PolyLog[2, ((b + I*Sqrt[a”™2 - b"2])*(a + b - Sqrt[a™2 - b
~2]*Tan[(-c + Pi/2 - d*x"n)/2]))/(ax(a + b + Sqrt[a”2 - b~2]*Tan[(-c + Pi/2
- d*x"n)/2]1))1))/Sqrt[a”2 - b"2])*(b + a*Sin[c + d*x"n])"2)/(a"2x(a"2 - b~
2)*d"2*n*(a + b*Csclc + d*x™n])"2) + (x7(1 - n)*(exx)~ (-1 + 2*n)*Csc[c/2]*C
sclc + d*x"n] "2*Sec[c/2]*(-2*%b"2*Cos[c] + a"2*d*x"n*Sin[c] - b~2*d*x"n*Sin[
cl)*(b + a*Sin[c + d*x™n])~2)/(4*a"2*(a - b)*(a + b)*d*n*(a + b*Csc[c + d*x
“n])72) + (b7™2*x~(1 - 2*xn)*(exx) (-1 + 2*n)*Csc[cl*Csclc + d*x"n] 2% (-(axdx*
x"n*Cos[c]) + axLogl[b + a*Cos[d*x"n]*Sin[c] + a*Cos[c]*Sin[d*x"n]]*Sin[c] +
((2*I)*a*bxArcTan[(I*a*Cos[c] - I*(-b + axSin[c])*Tan[(d*x"n)/2])/Sqrt[-b~
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2 + a™2xCos[c]™2 + a™2*Sin[c]"2]]*Cos[c])/Sqrt[-b"2 + a~"2*Cos[c]™2 + a™2x*3i
nlc]~2])*(b + a*Sin[c + d*x"n])~2)/(a*x(a”2 - b~2)*d"2*n*(a + b*Csc[c + d*x~
n]) " 2x(a"2*Cos[c] "2 + a~2*Sin[c]~2))

Maple [F] time = 180., size = 0, normalized size = 0.

hanged

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx)~(-1+2%n)/(atb*csc(c+d*x"n)) " 2,x)

[Out] int((e*x)~(-1+2*n)/(a+b*csc(c+d*x"n))~2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+2#%n)/(a+b*csc(c+d*x"n)) 2,x, algorithm="maxima"

[Out] Timed out

Fricas [B] time = 1.25326, size = 5230, normalized size = 6.72

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)”~(-1+2xn)/(at+bxcsc(c+d*x"n))~2,x, algorithm="fricas")

[Out] 1/2*%((a”5 - 2*%a”~3%b~2 + a*b~4)*d"2xe” (2*n - 1)*x~(2*n)*sin(d*x"n + c) + (a~
4%b - 2%a"2*%b”3 + b75)*d"2*e”(2*n - 1)*x7(2%n) - 2x(a”3xb"2 - a*xb~4)*dxe” (2
*xn - 1)*x"n*xcos(d*x™n + c) + ((2%I*a~4*b - I*a"2%b"3)*e”(2%n - 1)*sqrt((a”2
- b72)/a"2)*sin(d*x™n + c) + (2%I*a”3*b”"2 - I*axb”™4)xe”(2*n - 1)*sqrt((a”2
- b"2)/a"2))*dilog(1/2*((2*a*sqrt((a™2 - b~2)/a"2) + 2xIxb)*cos(d*x™n + c)
+ 2% (I*xaxsqrt((a™2 - b72)/a"2) - b)*sin(d*x™n + c) - 2*xa)/a + 1) + ((2xIx*a
“4xb - I*a"2xb"3)xe”(2*n - 1)x*sqrt((a”2 - b72)/a"2)*sin(d*x™n + c) + (2xIxa
“3%b72 - Ixaxb"4)*e”(2%n - 1)*sqrt((a”2 - b72)/a"2))*dilog(-1/2*((2*axsqrt(
(2”2 - b"2)/a"2) + 2xI*b)*cos(d*x™n + c) - 2*(Ikxaxsqrt((a”2 - b72)/a"2) - b
)*sin(d*x™n + c) + 2*a)/a + 1) + ((-2*%I*a~4*b + I*a~2*%b~3)*e”(2*n - 1)*sqrt
((@”2 - b™2)/a"2)*sin(d*x™n + c) + (-2*I*a~3*b"2 + Ixa*b~4)*e”(2*n - 1)*sqr
t((a”2 - b72)/a"2))*dilog(1/2*((2*a*sqrt((a”™2 - b~2)/a"2) - 2xIxb)*cos(d*x”
n + c) + 2*x(-Ixa*sqrt((a”2 - b™2)/a"2) - b)*sin(d*x™n + c) - 2*a)/a + 1) +
((-2%I*a~4xb + I*a"2xb~3)*e”(2*xn - 1)*sqrt((a”2 - b72)/a"2)*sin(d*x™n + c)
+ (-2%I*a”3*b~2 + Ikaxb~4)*e”(2*n - 1)*sqrt((a”™2 - b~2)/a"2))*dilog(-1/2x*((
2xaxsqrt((a™2 - b72)/a"2) - 2xI*b)*cos(d*x™n + c) - 2x(-Ikaxsqrt((a™2 - b~2
)/a”2) - b)*sin(d*x"n + c) + 2*a)/a + 1) + ((a"3%b"2 - a*xb”4 - (2%xa"4*b - a
“2xb~3)*xcksqrt((a”2 - b72)/a"2))*e”(2*n - 1)*sin(d*x™n + c) + (a"2*b~3 - b~
5 - (2%¥a”3*b”2 - axb~4)*c*xsqrt((a”2 - b~2)/a"2))*e~(2*n - 1))*log(2*a*cos(d
*x™n + c¢) + 2xIkaxsin(d*x™n + c) + 2%a*xsqrt((a”2 - b~2)/a”"2) + 2*xIxb) + ((a
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“3*%b"2 - axb”4 - (2%a"4*b - a"2xb”3)*cksqrt((a”2 - b72)/a"2))*e”(2%n - 1)*s
in(d*x™n + ¢c) + (a"2*%b"3 - b5 - (2%a”"3*b"2 - a*b~4)*c*sqrt((a”2 - b~2)/a"2
))*e”(2*¥n - 1))*log(2*a*xcos(d*x™n + c) - 2xI*axsin(d*x™n + c) + 2xa*xsqrt((a
2 - b"2)/a”2) - 2*xIxb) + ((a”3*b"2 - axb”4 + (2*a"4xb - a~2xb~3)*c*sqrt((a
"2 - b72)/a"2))*e”(2%n - 1)*sin(d*x"n + c) + (a72%b"3 - b"5 + (2*a”3*b"2 -
axb~4)*cksqrt((a”2 - b72)/a"2))*e”(2*n - 1))*log(-2*axcos(d*x™n + c) + 2%Ix
axsin(d*x™n + c) + 2xaxsqrt((a”2 - b72)/a"2) + 2*xIxb) + ((a”3*b"2 - a*b™4 +

(2%a”4xb - a”2*b"3)*c*sqrt((a”2 - b~2)/a"2))*e”(2*n - 1)*sin(d*x™n + c) +

(a”2*%b"3 - b75 + (2%xa”3*b"2 - a*b"4)*c*sqrt((a”2 - b~2)/a"2))*e”(2*n - 1))*
log(-2*a*cos(d*x™n + c) - 2xIxa*xsin(d*x"n + c) + 2*axsqrt((a”2 - b~2)/a"2)
- 2xI*b) - ((2*%a”3*b72 - axb”4)*d*e” (2*n - 1)*x"n*sqrt((a”2 - b72)/a"2) + (
2%a”3%b”"2 - a*b~4)*cxe”(2*n - 1)*sqrt((a”2 - b72)/a"2) + ((2%a"4*b - a~2%b~
3)*dxe” (2*%n - 1)*x"n*sqrt((a”2 - b72)/a"2) + (2*xa~4*b - a”2%b”3)*cxe” (2*n -
D*sqrt((a”™2 - b72)/a"2))*sin(d*x"n + c))*log(-1/2*((2*a*sqrt((a”2 - b~2)/
a”2) + 2*%Ixb)xcos(d*x"n + c) + 2x(Ixa*xsqrt((a”™2 - b~2)/a"2) - b)*sin(d*x"n
+ ¢c) - 2xa)/a) + ((2%xa”3%b~2 - axb~4)xd*e”(2+n - 1)*x"n*sqrt((a”2 - b~2)/a”
2) + (2%a”3*b”2 - axb"4)*cxe”(2xn - 1)*sqrt((a”2 - b72)/a"2) + ((2%xa"4x*b -
a"2xb”3) *dxe” (2*%n - 1)*x"n*sqrt((a”2 - b72)/a"2) + (2xa”4*xb - a"2%b”3)*cxe”
(2%n - 1D*sqrt((a™2 - b72)/a"2))*sin(d*x"n + c))*log(1/2x((2*xa*xsqrt((a”2 -
b~2)/a”2) + 2*Ixb)*cos(d*xn + c) - 2*(Ixa*xsqrt((a”™2 - b~2)/a"2) - b)*sin(d
*x"n + c) + 2*a)/a) - ((2%a”3xb~2 - axb~4)*dxe”(2*n - 1)*x"n*sqrt((a”2 - b~
2)/a"2) + (2*%a”3*b"2 - axb"4)*cxe” (2*xn - 1)*sqrt((a”2 - b72)/a"2) + ((2xa"4
xb - a”2*%b"3)*d*e” (2*n - 1)*x"n*sqrt((a”2 - b~2)/a"2) + (2%a"4xb - a~2*b~3)
xcxe” (2xn - 1)*sqrt((a”2 - b~2)/a"2))*sin(d*x™n + c))*log(-1/2*((2*xa*xsqrt ((
a”2 - b72)/a"2) - 2xIxb)*cos(d*x"n + c) + 2x(-I*xaxsqrt((a”2 - b"2)/a"2) - b
)*¥sin(d*x"n + c) - 2*a)/a) + ((2%a”3xb~2 - axb~4)*dxe”(2*n - 1)*x"n*sqrt((a
"2 - b"2)/a”2) + (2%a”"3*b"2 - a*b"4)*c*ke”(2*xn - 1)*sqrt((a”2 - b72)/a"2) +

((2*a~4xb - a”"2*b~3)*d*e” (2*n - 1)*x"n*sqrt((a”2 - b72)/a"2) + (2*¥a”4*b - a
“2%b73)*xc*xe” (2xn - 1)*sqrt((a”2 - b~2)/a"2))*sin(d*x"n + c))*Llog(1/2*((2*ax*
sqrt((a”2 - b~2)/a"2) - 2*Ixb)*cos(d*x™n + c) - 2x(-Ixa*xsqrt((a”2 - b~2)/a”
2) - b)*sin(d*x™n + c) + 2%a)/a))/((a”7 - 2*%a~5*xb"2 + a~3*b~4)*d " 2*n*sin(dx*
x™n + c) + (a76%b - 2*%a"4*b”3 + a”2%b”5)*d"2*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+2%n)/(atb*csc(c+d*x**n))**2,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(ex)Z n-1
j‘ 5 dx
(besc(dx™ +c¢) +a)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+2*n)/(atb*csc(c+d*x"n))~2,x, algorithm="giac")

[Out] integrate((e*xx)~(2*n - 1)/(b*csc(d*x™n + c) + a)~2, x)
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(ex)—l +3n
(a+b csc(c+alx”))2

Optimal. Leaf size=1417

dx

384 |

result too large to display

[Out] (e*x)~(3*n)/(3*a"2%exn) - (I*b~2*(e*x)”(3*n))/(a"2+(a”2 - b72)*d*e*n*x"n) +
(2%b72x (exx) ~(3*n) *Log[1 + (a*xE~(I*(c + d*x"n)))/(I*b - Sqrt[a”2 - b~2])])
/(a”2*%(a”2 - b72)*d"2*%exn*x” (2*n)) + (2xb~2x(exx)~(3*n)*Log[l + (a*xE~(I*(c
+ d*x"n)))/(I*xb + Sqrt[a”2 - b~2])]1)/(a"2*x(a”2 - b~2)*d"2xe*n*x~(2*n)) - (I
*b~ 3% (exx) ~(3*n)*Log[1 - (I*a*xE~(I*(c + d*x"n)))/(b - Sqrt[-a~2 + b~2])])/(
a"2x(-a"2 + b72)7(3/2)*d*e*n*x"n) + ((2%I)*bx(e*xx)” (3*n)*Logl[l - (I*xa*xE~(Ix
(c + d*x™n)))/(b - Sqrt[-a”2 + b72])])/(a"2xSqrt[-a”2 + b~2]*d*e*n*x"n) + (
I¥b~3*(e*x) " (3*n)*Log[1l - (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])])/
(a”2%(-a"2 + b~2)7(3/2)*xd*e*xn*x"n) - ((2*xI)*bx*(e*xx)”(3*n)*Log[l - (I*xa*xE~(I
x(c + d*x"n)))/(b + Sqrt[-a”2 + b~2])]1)/(a"2xSqrt[-a”2 + b~2]*d*e*n*x"n) -
((2*%I)*b~2% (e*x) ~(3*n) *PolyLog[2, -((a*E~(I*(c + d*x"n)))/(I*b - Sqrt[a”2 -
b"21))1)/(a"2+(a”2 - b~2)*d"3*e*n*x”~(3*n)) - ((2xI)*b~2#(exx)” (3*n)*PolyLo
gl2, -((@a*E~(I*(c + d*x"n)))/(Ixb + Sqrt[a™2 - b72]))])/(a"2*x(a"2 - b~2)*d~
3xe*xn*x~(3*n)) - (2%b~3*(e*x)~(3*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b -
Sqrt[-a”2 + b72])])/(a"2*%(-a"2 + b~2)7(3/2)*d"2xe*n*x~(2*n)) + (4*b*(e*x)”
(3*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b - Sqrt[-a~2 + b~2])])/(a~2*Sqrt
[-a™2 + b72]*d"2*e*xn*x” (2*n)) + (2xb~3%(e*xx) " (3*n)*PolyLogl[2, (Ixa*E~(I*(c
+ d*x"n)))/(b + Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2) " (3/2)*d"2*e*n*x" (2+*n)
) - (4xbx(e*x)”(3*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a”2 + b~
2]1)]1)/(a"2xSqrt[-a”2 + b~2]*d"2*exn*x” (2*n)) - ((2*I)*b~3*(e*xx)” (3*n)*PolyL
ogl3, (I*a*xE~(Ix(c + d*x"n)))/(b - Sqrt[-a”2 + b~2])])/(a"2*x(-a"2 + b~2)"(3
/2)*d"3xexn*x” (3*n)) + ((4*I)*bx*(exx)” (3*n)*PolyLog[3, (I*a*xE~(I*(c + d*x"n
)))/ (b - Sgrt[-a”2 + b"2])])/(a"2xSqrt[-a”2 + b~2]*d"3*e*n*x~(3*n)) + ((2*I
)*b~ 3% (e*x) ~ (3*n) *PolyLog[3, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~2])
1)/ (@ 2x(-a”2 + b72)7(3/2) *d"3*e*n*x~(3*n)) - ((4*I)*b*(e*xx)”(3*n)*PolyLogl[
3, (Ixa*E~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d
“3%exn*x”(3*n)) - (b~2*(e*x)~(3#n)*Cos[c + d*x"n])/(ax(a”2 - b72)*d*e*n*x"n
*(b + a*Sin[c + d*x"n]))

Rubi [A] time = 2.44226, antiderivative size = 1417, normalized size of antiderivative =

. . b f rul
1., number of steps used = 32, number of rules used = 13, integrand size = 24, ==
integrand size

= 0.542, Rules used = {4209, 4205, 4191, 3324, 3323, 2264, 2190, 2531, 2282, 6589, 4521,
2279, 2391}

i(dx"+c) i(dx”+c) . i(dx"+c)
72 3n _ e -3n 72 3n _ e -3n ; 3n lae -
2ib*(ex)”"PolyLog (2, . m) x 2ib*(ex)*"PolyLog (2, -~ W) x ) 4ib(ex)*"PolyLog (3, - bZ—uZ) x
az(az—-bz)d3en az(az—-bz)d3en a?Vb? — a’d3en

Antiderivative was successfully verified.

[In] Int[(exx)~ (-1 + 3*n)/(a + b*Csclc + d*x"n])"2,x]

[Out] (exx)~(3*n)/(3*a"2xe*n) - (Ixb~2%x(exx)~(3*n))/(a"2*(a"2 - b~2)*d*e*n*x"n) +
(2%b72x (exx) ~(3*n) *Log[1 + (a*xE~(I*(c + d*x"n)))/(I*b - Sqrt[a”2 - b~2])])

/(a”2x(a”2 - b~2)*xd"2*e*n*xx”(2*n)) + (2xb~2*(exx)~(3*n)*Log[l + (axE~(Ix(c

+ d*x"n)))/(Ixb + Sqrt[a”2 - b72])])/(a"2*%(a”2 - b72)*d 2*exn*x~(2*n)) - (I

*b~3* (exx) " (3*n)*Log[1 - (I*xa*xE~(I*(c + d*x"n)))/(b - Sqrt[-a”2 + b72]1)]1)/(

a"2x(-a"2 + b~2)7(3/2) *d*e*xn*x"n) + ((2%I)*b*(exx)”(3*n)*Log[l - (I*xaxE~(Ix*

(c + d*x"n)))/(b - Sqrt[-a”2 + b~2])])/(a"2*Sqrt[-a~2 + b~2]*d*e*n*x"n) + (
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I*¥b~ 3% (e*x) " (3*n)*Log[l - (I*a*E~(I*(c + d*x™n)))/(b + Sqrt[-a”2 + b~2])])/
(a”2%(-a"2 + b72)7(3/2)*d*e*xn*x"n) - ((2*I)*bx*(e*xx)”(3*n)*Logl[l - (I*xa*xE~(I
x(c + d*x™n)))/(b + Sqrt[-a”2 + b~2])])/(a~2*Sqrt[-a~2 + b~2]*d*e*n*x"n) -

((2%xI)*b~2% (exx) ~(3*n) *PolyLog[2, -((a*E~(I*(c + d*x"n)))/(I*b - Sqrt[a~2 -
b~2]))]1)/(a"2%(a”2 - b72)*d"3*kexn*xx~(3*n)) - ((2%I)*b~2x(e*xx)” (3*n)*PolyLo
gl2, -((a*xE~(I*(c + d*x™n)))/(I*b + Sqrt[a”2 - b72]))])/(a"2x(a"2 - b~2)*d"
3xexn*x”(3*n)) - (2%b"3x(e*x)~(3*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b -
Sqrt[-a”2 + b~2])]1)/(a"2x(-a"2 + b72)7(3/2)*d"2*xe*n*x~(2*n)) + (4*b*(e*xx)”
(3*n) *PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b - Sqrt[-a”2 + b~2])])/(a~2*Sqrt
[-a™2 + b~2]*d"2*%exn*xx~(2*n)) + (2%b~3*(e*x) ~(3*n)*PolyLogl[2, (I*xa*E~(Ix*(c

+ d*x"n)))/(b + Sqrt[-a”2 + b~2])])/(a"2x(-a"2 + b~2)7(3/2)*d~2*e*xn*x"~ (2*n)
) — (4xb*(exx)” (3*n)*PolyLog[2, (I*a*E~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~
2])1)/(a"2xSqrt[-a”2 + b~2]*d"2*exn*x” (2*n)) - ((2*I)*b~3%(e*xx)” (3*n)*PolyL
ogl[3, (I*a*xE~(I*(c + d*x"n)))/(b - Sqrt[-a~2 + b~2])])/(a"2x(-a"2 + b~2)7(3
/2)*d"3*xe*n*x~(3*n)) + ((4*I)*b*(e*xx)” (3*n)*PolyLog[3, (I*a*xE~(I*(c + d*x"n
)))/(b - Sgrt[-a”2 + b~2])]1)/(a"2*Sqrt[-a~2 + b~2]*d"3*e*n*x~(3*n)) + ((2*I
) ¥b~ 3% (e*x) ~ (3*n) *PolyLog[3, (I*a*E~(I*x(c + d*x"n)))/(b + Sqrt[-a"2 + b~2])
1)/ (@ 2x(-a”2 + b72)7(3/2) *d"3*e*n*x~(3*n)) - ((4*I)*b*(exx)”(3*n)*PolyLogl[
3, (IxaxE~(I*(c + d*x"n)))/(b + Sqrt[-a~2 + b~2])])/(a"2*Sqrt[-a”2 + b~2]*d
“3xexn*x” (3*n)) - (b72x(e*xx)”(3*n)*Cos[c + d*x"n])/(ax(a”2 - b~2)*d*e*n*x"n
*(b + a*xSin[c + d*x"nl))

Rule 4209

Int[((a_.) + Cscl(c_.) + (d_)*x )" (@ )I*xM_.))"(p_)*x((e )*(x_))"(m_.), x
_Symbol] :> Dist[(e"IntPart[m]*(exx) FracPart[m])/x"FracPart[m], Int[x"m*(a
+ b*Csclc + d*x"nl)"p, x], x] /; FreeQ[{a, b, c, d, e, m, n, p}, xJ

Rule 4205

Int[((a_.) + Cscl(c_.) + (d_)*x(x )" (@ )I*M_.))"(p_)*(x_)"(m_.), x_Symbol
] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxCsclc + d*x])p
, x], x, x"nl, x] /; FreeQ[{a, b, ¢, d, m, n, p}, x] && IGtQ[Simplify[(m +
1)/n], 0] && IntegerQ[p]

Rule 4191

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, Xx_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]™n/(b + a*xSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, ¢, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

Rule 3324

Int[(Cc_.) + (d_)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)1)"2, x_
Symbol] :> Simp[(b*(c + d*x) m*xCos[e + fxx])/(f*x(a”2 - b~2)*(a + bxSin[e +
f*x])), x] + (Dist[a/(a"2 - b™2), Int[(c + d*x)"m/(a + b*Sin[e + f*x]), x],
x] - Dist[(b*d*m)/(f*x(a”"2 - b72)), Int[((c + d*x)"(m - 1)*Cos[e + f*xx])/(a
+ bxSin[e + f*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f}, x] && NeQ[a"2 - b~
2, 0] && IGtQ[m, O]

Rule 3323

Int[((c_.) + (d_D)*(x_))"(m_.)/((a_) + (b_.)*sin[(e_.) + (f_.)*(x_)]), x_Sy
mbol] :> Dist[2, Int[((c + d*x) " m*E"(Ix(e + f*x)))/(Ixb + 2*%a*xE~(I*(e + f*x
)) - I*b*E~(2%Ix(e + f*x))), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && NeQ[
a~2 - b"2, 0] && IGtQ[m, O]

Rule 2264
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Int [(FO)~(u)*((f_.) + (g_)*x(x_))"(m_.))/((a_.) + (b_)*(F_)"(u_) + (c_.)
x(F_)~(v_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(2*c)/q, Int[
((£ + g¥x) ™ m*F u)/(b - q + 2*%c*F~u), xJ, x] - Dist[(2%c)/q, Int[((f + g*x)~
m¥F~u) /(b + q + 2*cxF~u), x], x]] /; FreeQ[{F, a, b, c, f, g}, x] && EqQ[v,
2%u] && LinearQ[u, x] && NeQ[b~2 - 4*a*c, 0] && IGtQ[m, O]

Rule 2190

Int [(C(F)~((g_)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*x((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"mxLog[1l + (b*x(F~(gx(e + fxx)))"n)/al)/(bxf*g*n*Log[F]), x] - Di
st [(d*m) / (b*xf*g*n*Log[F]), Int[(c + d*x)"(m - 1)*Logl[l + (bx(F~(gx(e + f*x)
))"n)/al, x], x] /; FreeQ[{F, a, b, ¢, 4, e, f, g, n}, x] & IGtQ[m, 0]

Rule 2531

Int[Log[l + (e_.)*x((F_)~((c_.)*((a_.) + (b_.)*(x_)))) " (m_)I*x((£f_.) + (g_.)
x(x_))"(m_.), x_Symbol] :> -Simp[((f + g*x) m*PolyLog[2, -(ex(F~(cx(a + b*x
)))"n)]1)/(b*cxn*Log[F]), x] + Dist[(g*m)/(b*c*n*Log[F]), Int[(f + g*x)~(m -
1)*PolyLog[2, -(ex(F~(cx(a + b*x)))"n)], x], x] /; FreeQ[{F, a, b, c, e, £
, g, nt, x] & GtQ[m, 0]

Rule 2282

Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Dist[v/D[v, x]
, Subst[Int[FunctionOfExponentialFunction[u, x]1/x, x], x, v], x]] /; Functi
onOfExponentialQ[u, x] && !'MatchQ[u, (w_)*x((a_.)*(v_)"(n_)) " (m_) /; FreeQ[
{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E"((c_.)*((a_.) + (b_.)*x))*
(F)Iv_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

Rule 6589

Int [PolyLogln_, (c_.)*x((a_.) + (b_.)*(x_))"(p_.)1/C(d_.) + (e_.)*(x_)), x_8
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)7pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[b*xd, axe]

Rule 4521

Int[(Cos[(c_.) + (d_.)*x(x_)]*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_.)*Sin[
(c_.) + (d_.)*(x_)]), x_Symbol] :> -Simp[(I*(e + f*x)"(m + 1))/(b*f*(m + 1)
), x] + (Dist[I, Int[((e + f*x) " m*E"(Ix(c + d*x)))/(I*a - Rt[-a"2 + b2, 2]
+ b*¥E~(I*(c + d*x))), x], x] + Dist[I, Int[((e + f*x) " m*E~(I*(c + d*x)))/(
I*¥a + Rt[-a"2 + b™2, 2] + b*E~(I*(c + d*x))), x], x]) /; FreeQ[{a, b, c, d,
e, £}, x] &% IGtQ[m, 0] && NegQ[a"2 - b~2]

Rule 2279

Int[Logl(a_) + (b_.)*x((F_)"((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Dist[1/(d*e*n*Log[F]), Subst[Int[Logla + b*x]/x, x], x, (F (ex(c + d*x))
)°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Rule 2391
Int[Log[(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[c*d, 1]
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Verification is Not applicable to the result.
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time = 10.6024, size = 0, normalized size = 0.

[In] Integratel[(e*x)~(-1 + 3*n)/(a + b*Csc[c + d*x™n])~2,x]

[Out] Integrate[(e*xx)~ (-1 + 3#n)/(a + b*Csc[c + d*x"n])"2, x]

Maple [F]

(ex)—l+3 n

J

(a+bcsc(c+ dx”))2

time = 1.539, size = 0, normalized size = 0.

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((ex*x)”~(-1+3*n)/(a+bxcsc(c+d*x"n)) " 2,x)

[Out] int((e*x)~(-1+3*n)/(a+b*csc(c+d*x"n)) "2,x)

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+3*n)/(at+bxcsc(c+d*x"n)) 2,x, algorithm="maxima")

[Out] Timed out

Fricas [C] time = 1.3086, size = 8043, normalized size = 5.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x)~(-1+3*n)/(atb*csc(c+td*x"n))~2,x, algorithm="fricas")

[Out] 1/12%(4%(a”5 - 2*%a”3%b”2 + axb”4)*d"3*e” (3*n - 1)*x~(3*n)*sin(d*x™n + c) +
4x(a"4xb - 2*%a"2%b~3 + b75)*d"3*%e”(3*n - 1)*x~(3*n) - 12%(a”3*b"2 - a*b”4)*
d™2xe~(3*n - 1)*x~(2*xn)*cos(d*x™n + c) + (12+I*(2%a”3*b"2 - axb”4)*d*e” (3*n
- 1)*x"n*xsqrt((a”2 - b~2)/a"2) + (-12%xI*xa”2*b~3 + 12%xIxb~5)*e~(3*n - 1) +
(12%xI*(2%a"4%b - a”2xb~3)*d*e”(3*n - 1)*x"n*xsqrt((a™2 - b~"2)/a"2) + (-12%Ix
a~3*b”2 + 12*I*xaxb”4)*e”(3*n - 1))*sin(d*x"n + c))*dilog(1/2x((2*axsqrt((a”
2 - b"2)/a"2) + 2xIxb)*cos(d*x™n + c) + 2*%(I*xaxsqrt((a”2 - b72)/a"2) - b)x*s
in(d*x™n + c) - 2*xa)/a + 1) + (124I*(2%a”3*%b"2 - a*b”4)*d*e” (3*n - 1)*x"n*s
qrt((a™2 - b72)/a"2) + (12*%I*a"2xb~3 - 12*I*b~5)*e”(3*n - 1) + (12+I*x(2xa~4
*b - a”2*%b"3)*xd*e”(3*n - 1)*x"n*sqrt((a”2 - b72)/a"2) + (12%I*a”3%b"2 - 12x
I*axb~4)*e”(3*n - 1))*sin(d*x™n + c))*dilog(-1/2*((2*xa*sqrt((a”2 - b~2)/a"2
) + 2xIxb)*cos(d*x™n + c) - 2x(Ixa*sqrt((a”2 - b~2)/a"2) - b)*sin(d*x™n + ¢
) + 2%xa)/a + 1) + (-12xI*(2*%a”3%b"2 - a*b~4)*d*e”(3*n - 1)*x"n*xsqrt((a”2 -
b~2)/a"2) + (12%I*a”2*%b~3 - 12xI*b~5)*e”(3*n - 1) + (-12*%I*(2*a"4*b - a~2*b
“3)*d*xe”(3*n - 1)*x"n*sqrt((a”2 - b72)/a"2) + (12xI*a~3*b~2 - 12xIxaxb~4)*e
“(3*n - 1))*sin(d*x"n + c))*dilog(1/2x((2*xaxsqrt((a”2 - b72)/a"2) - 2%I*b)*
cos(d*x™n + c) + 2*(-Ixa*sqrt((a”2 - b~2)/a"2) - b)*sin(d*x"n + c) - 2*a)/a
+ 1) + (-12%xI*(2*%a”3%b"2 - axb~4)*d*e”(3*n - 1)*x"n*sqrt((a™2 - b~2)/a"2)
+ (-12%I*a~2%b~3 + 12*%I*b~5)*e”(3*n - 1) + (-12%xIx(2*a"4*b - a~2xb~3)*dxe” (
3xn - 1)*x"n*xsqrt((a”2 - b72)/a"2) + (-12*%I*a"3xb~2 + 12*I*xaxb~4)*e”(3*n -
1))*sin(d*x"n + c))*dilog(-1/2%((2*a*sqrt((a”2 - b~2)/a"2) - 2%Ix*b)*cos(d*x
“n + c) - 2x(-Ikaxsqrt((a™2 - b72)/a"2) - b)*sin(d*x™n + c) + 2*%a)/a + 1) +
6% (((2%a~4xb - a”2*%b~3)*c ™ 2xsqrt((a™2 - b72)/a"2) - 2x(a”3*b"2 - axb”4)*c)
xe”(3*%n - 1) *sin(d*x"n + c) + ((2%a”3*b"2 - a*xb”4)*c"2*sqrt((a”2 - b~2)/a"2
) - 2x(a”2*%b"3 - b7B5)*c)*e”(3*n - 1))*log(2*a*cos(d*x™n + c) + 2*xI*xaxsin(dx*
X"n + c) + 2xaxsqrt((a”2 - b72)/a”2) + 2*I*xb) + 6%(((2%¥a"4*b - a~2*b~3)*c"2
xsqrt((a™2 - b72)/a"2) - 2x(a”3*b”2 - a*b~4)*c)*e”(3*n - 1)*sin(d*x"n + c)
+ ((2%a”3*%b72 - axb”4)*c"2*sqrt((a”2 - b~2)/a"2) - 2*%(a"2*xb”3 - b~5)*c)*e”(
3*xn - 1))*log(2*axcos(d*x"n + c) - 2*I*xa*xsin(d*x"n + c) + 2%a*xsqrt((a™2 - b
~2)/a”2) - 2%Ixb) - 6%(((2%xa"4*b - a~2*b"3)*c”2*xsqrt((a”2 - b~2)/a"2) + 2%(
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a”3%b”2 - a*b74)*c)*e”(3*n - 1)*sin(d*x"n + c) + ((2*%a”3*b72 - a*b”4)*c"2*s
grt((a™2 - b72)/a"2) + 2x(a”2%b"3 - b"B)*c)*e” (3*n - 1))*log(-2*a*xcos(d*x"n
+ ¢c) + 2xIxaxsin(d*x™n + c) + 2xa*xsqrt((a”2 - b~2)/a"2) + 2*Ixb) - 6x(((2%
a~4xb - a”2*%b"3)*xc”2*xsqrt((a”2 - b72)/a"2) + 2x(a”3*b”"2 - axb”4)*c)*e” (3*n
- D*sin(d*x™n + c) + ((2%a”3xb~2 - axb~4)*c™2xsqrt((a”2 - b~2)/a"2) + 2*(a
T2%b73 - b75)*c)*e”(3*n - 1))*log(-2%a*xcos(d*x"n + c) - 2*I*xaxsin(d*x™n + c
) + 2xaxsqrt((a”2 - b72)/a”"2) - 2*Ixb) - 6%x((2*xa”3*b”"2 - a*b~4)*d"2*e” (3*n
- 1)*x~(2*n)*sqrt((a”2 - b~2)/a"2) - 2*%(a"2*b"3 - b75)*d*e”(3*n - 1)*x"n -
((2%a~3*%b~2 - a*xb”4)*c 2*sqrt((a”2 - b~2)/a"2) + 2*x(a"2xb~3 - b~5)*c)*e” (3%
n - 1) + ((2¥a"4*xb - a”2*%b~3)*d"2*e~(3*n - 1)*x~(2*n)*sqrt((a”2 - b~2)/a"2)
- 2%(a”3*%b72 - a*xb”"4)*d*e”(3*%n - 1)*x"n - ((2*%a"4*b - a”2xb~3)*c"2xsqrt((a
"2 - b"2)/a”2) + 2*%(a”3*b"2 - a*b"4)*c)*e”(3*n - 1))*sin(d*x"n + c))*log(-1
/2% ((2*a*sqrt((a”2 - b~2)/a”"2) + 2*Ixb)*cos(d*x™n + c) + 2*(I*axsqrt((a”2 -
b~2)/a”2) - b)*sin(d*x™n + c) - 2xa)/a) + 6%x((2%a”3*%b"2 - a*b”4)*d"2%e” (3%
n - 1)*x~(2*n)*sqrt((a”2 - b72)/a"2) + 2%(a"2*b~3 - b~5)*d*e”(3*n - 1)*x"n
- ((2%a™3%b"2 - axb~4)*c”2*sqrt((a”2 - b72)/a"2) - 2x(a"2*b~3 - b75)*c)*e”(
3xn - 1) + ((2%xa”4*b - a”2%b73)*d"2*e”(3*n - 1)*x~(2#n)*sqrt((a”2 - b~2)/a”
2) + 2%(a”3*%b72 - axb”4)*d*e”(3*n - 1)*x"n - ((2*%a"4xb - a~2*xb~3)*c"2xsqrt(
(2”2 - b72)/a"2) - 2x(a”3%b”2 - axb”4)*c)*e”(3*n - 1))*sin(d*x"n + c))*log(
1/2%((2*a*xsqrt((a”™2 - b~2)/a"2) + 2xI*b)*cos(d*x"n + c) - 2x(Ixaxsqrt((a”2
- b72)/a"2) - b)*sin(d*x"n + c) + 2*a)/a) - 6%((2%xa~3*b~2 - axb~4)*d"2*e” (3
xn - 1)*x”(2*n)*sqrt((a”2 - b~2)/a"2) - 2*(a"2*xb”3 - b~5)*d*e” (3*n - 1)*x"n
- ((2*%a”3%b72 - axb”4)*c"2xsqrt((a”2 - b72)/a"2) + 2%(a"2*b~3 - b~5)*c)*e”
(3*n - 1) + ((2%a"4xb - a~2*%b~3)*d"2xe” (3*n - 1)*x~(2*n)*sqrt((a”2 - b~2)/a
72) - 2x(a”3%b”2 - axb”4)*d*e”(3*n - 1)*x"n - ((2%a”4xb - a~2*b~3)*c " 2*sqrt
((@”2 - b™2)/a"2) + 2%(a”3%b"2 - axb~4)*c)*e”(3*n - 1))*sin(d*x"n + c))*log
(-1/2%((2*a*sqrt((a”2 - b~2)/a"2) - 2*Ixb)*cos(d*x™n + c) + 2*(-Ixa*xsqrt((a
T2 - b72)/a”2) - b)*sin(d*x"n + c) - 2*a)/a) + 6x((2*%a”3xb"2 - a*b"4)*d"2*e
“(3*n - 1)*x~(2#n)*sqrt((a”2 - b"2)/a"2) + 2x(a"2%b”3 - b75)*d*e”(3*%n - 1)*
x"n - ((2%a”3*b"2 - axb”4)*c"2*sqrt((a”2 - b~2)/a"2) - 2*x(a"2*xb”3 - b~5)*c)
xe~(3*n - 1) + ((2*%a"4xb - a~2*%b~3)*d"2xe~(3*n - 1)*x~(2*n)*sqrt((a”2 - b~2
)/a”2) + 2%(a”3xb72 - axb"4)*d*e”(3*n - 1)*x"n - ((2%a"4*b - a"2%b"3)*c2*s
grt((a”2 - b72)/a"2) - 2*(a”3*b"2 - axb"4)*c)*e”(3*n - 1))*sin(d*x"n + c))*
log(1/2x((2*%axsqrt((a™2 - b72)/a"2) - 2xI*b)*cos(d*x™n + c) - 2x(-I*axsqrt(
(a2 - b72)/a"2) - b)*sin(d*x™n + c) + 2*a)/a) + 12x((2*a"4*b - a~2*b~3)*e”
(3*n - 1)*sqrt((a”2 - b72)/a"2)*sin(d*x™n + c) + (2%xa”3*b~2 - axb”4)*e”(3*n
- 1)*sqrt((a”2 - b72)/a"2))*polylog(3, -1/2*((2*axsqrt((a”2 - b~2)/a~2) +
2xI*b)*cos(d*x™n + c) + 2x(-I*axsqrt((a™2 - b~2)/a"2) + b)*sin(d*x™n + c))/
a) - 12x((2*%a"4*b - a"2xb"3)*e”(3*n - 1)*sqrt((a”2 - b72)/a"2)*sin(d*x"n +
c) + (2%a”3%b"2 - axb”4)*e”(3*n - 1)*sqrt((a”2 - b~2)/a"2))*polylog(3, 1/2%
((2xaxsqrt((a”2 - b~2)/a"2) + 2*Ixb)*cos(d*x™n + c) - 2*(-Ixa*sqrt((a”2 - b
~2)/a”2) + b)*sin(d*x"n + c))/a) + 12x((2xa"4*b - a"2+b~3)*e”(3*n - 1)*sqrt
((@”2 - b72)/a"2)*sin(d*x"n + c) + (2*%a”3*b"2 - axb"4)*e”(3*n - 1)*sqrt((a”
2 - b"2)/a"2))*polylog(3, -1/2x((2*xaxsqrt((a”2 - b72)/a"2) - 2x%I*b)*cos(d*x
“n + c) + 2x(Ikxaxsqrt((a”2 - b72)/a"2) + b)*sin(d*x"n + c))/a) - 12x((2*a"4
xb - a”2*%b"3)*xe” (3*n - 1)*sqrt((a”2 - b~2)/a"2)*sin(d*x"n + c) + (2*%a~3%b"2
- axb~4)*e~(3*n - 1)*sqrt((a”2 - b~2)/a"2))*polylog(3, 1/2*((2*axsqrt((a”2
- b"2)/a”2) - 2*Ixb)*cos(d*x™n + c) - 2*(I*a*xsqrt((a™2 - b~2)/a"2) + b)*si
n(d*x™n + c))/a))/((a”7 - 2*%a~5xb”2 + a”3*b”~4)*d"3*n*sin(d*x™n + c) + (a”6%
b - 2%¥a”4xb”3 + a”2%b”5)*d”"3*n)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)**(-1+3*n)/(atb*csc(ctd*x**n))**2,x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (69()3 n-1 N

(besc (dx™ + ¢) + a)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx)~(-1+3#n)/(a+b*csc(c+td*x™n)) 2,x, algorithm="giac")

[Out] integrate((exx)~(3*n - 1)/(b*csc(d*x™n + c) + a)~2, x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
"B"],
||Cll] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICll s
"))

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involvesx)

(¥1 = rational functionx)

(*2 = algebraic functionx)
(¥3 = elementary functionx)
(¥4 = special functionx)
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(¥5 = hyperpergeometric functionx)
(¥6 = appell functionx)

(*7 = rootsum functionx)

(¥8 = integrate functionx)

(*¥9 = unknown functionx)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expnl],
If [Head [expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]1],
If [Head[expn[[2]]]===Rational,
If [IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]]],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType [expn[[2]]1],3]1]1],
If [Head[expn]===Plus || Headl[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]]1],
If [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]],
If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},func]

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, funcl

HypergeometricFunctionQ[func_] :=

MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]
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101 | AppellFunctionQ[func_] :=
102 MemberQ [{AppellF1},func]

4.0.2 Maple grading function

1 |# File: GradeAntiderivative.mpl

2 |# Original version thanks to Albert Rich emailed on 03/21/2017

3

4 |#Nasser 03/22/2017 Use Maple leaf count instead since buildin

5 | #Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

6 | #Nasser 03/24/2017 corrected the check for complex result

7 | #Nasser 10/27/2017 check for leafsize and do not call ExpnType()

8 | # if leaf size is "too large". Set at 500,000

9 |#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

10 | # see problem 156, file Apostol_Problems

11

12 |GradeAntiderivative := proc(result,optimal)

13 | local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

14

15 leaf count_result:=leafcount(result);

16 #do NOT call ExpnType() if leaf size is too large. Recursion problem

17 if leaf count_result > 500000 then

18 return "B";

19 fi;

20

21 leaf_count_optimal:=leafcount (optimal);

22

23 ExpnType_result:=ExpnType (result) ;

24 ExpnType_optimal:=ExpnType (optimal) ;

25

26 if debug then

27 print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;

28 fi;

29

30 |# If result and optimal are mathematical expressions,

31 |# GradeAntiderivative[result,optimal] returns

32 | # "F" if the result fails to integrate an expression that

33 | # is integrable

34 | # "C" if result involves higher level functions than necessary

35 | # "B" if result is more than twice the size of the optimal

36 | # antiderivative

37 | # "A" if result can be considered optimal

38

39 #This check below actually is not needed, since I only

40 #call this grading only for passed integrals. i.e. I check

41 #for "F" before calling this. But no harm of keeping it here.

42 #just in case.

43

44

45 if not type(result,freeof('int')) then

46 return "F";

47 end if;

48

49

50 if ExpnType_result<=ExpnType_optimal then

51 if debug then

52 print ("ExpnType_result<=ExpnType_optimal");

53 fi;

54 if is_contains_complex(result) then

55 if is_contains_complex(optimal) then

56 if debug then




57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

73
74

75
76
77
78
79
80
81

83
84
85
86
87
88

90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

print ("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do
not as well");
fi;
if leaf count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print ("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF OH OH OHF H H H H H
© 00 N O O WN -

ExpnType := proc(expn)
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181

if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn))
elif type(expn, 'sqrt') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply(max,map (ExpnType, [op(expn)]))) else
9
end if

end proc:

ElementaryFunctionQ := proc(func)

member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)

member (func, [
erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)

member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])

end proc:

AppellFunctionQ := proc(func)

member (func, [AppellF1])
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182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
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end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Svyvmpy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma ,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]

def is_atom(expn) :
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True




44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

72
73

74

75
76
77
78
79
80
81
82
83

84
85
86
87
88
89
90

100
101
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else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1l,expn), 'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args([1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(l,expn
)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or
type(expn, ' *"')
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map [ExpnType
,Apply[List,expn]],71],
return max(7,ml)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,ml1) #max (5, apply (max,map (ExpnType, [op(expn)]1)))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf count_result = leaf_ count(result)




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119

120
121
122
123
124
125

el e N D =2 %2 T N CUR ol

W W W N N N DN DN DN DN N N N = e e e e e e
N H S © 00 9 S Gk W HE O O 0NN R w N RO

L
_ W

350

leaf_count_optimal = leaf_count(optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != -1:
return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

#
#

Albert Rich to use with Sagemath. This is used to
grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'

#

'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def

def

tree(expr) :
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(1l.35xlen(flatten(tree(anti))))=",round(1.35%len
(flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
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#what it should be compared to Mathematica's

is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech', 'csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch','sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin', 'fresnel cos','Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M','
hypergeometric_U']

is_appell_function(func):
return func.name() in ['hypergeometric']  #[appellfl] can't find this in
sagemath
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def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens")

return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:

return False

def expnType(expn):
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer

)

return expnType(expn.operands() [0])  #expnType(expn.args[0])

elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],

Rational)

if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)

return 1
else:

return max(2,expnType (expn.operands() [0])) #max(2,expnType (

expn.args[0]))

else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()

[1])) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)

ml = expnType (expn.operands() [0]) #expnType(expn.args[0])

m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))

return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn
.func)

return max(3,expnType (expn.operands () [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
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return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml1) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):
debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf count_result = leaf count(result)
leaf_count_optimal = leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result expnType (result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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